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Powers of large random unitary matrices and Toeplitz
determinants

Maurice Duits * Kurt Johansson |

Abstract

We study the limiting behavior of Tr U¥("™) | where U is a n x n random unitary
matrix and k(n) is a natural number that may vary with n in an arbitrary way. Our
analysis is based on the connection with Toeplitz determinants. The central observa-
tion of this paper is a strong Szeg6 limit theorem for Toeplitz determinants associated
to symbols depending on n in a particular way. As a consequence to this result, we
find that for each fixed m € N, the random variables Tr U* ™/, /min(k;(n),n),
7 =1,...,m, converge to independent standard complex normals.

1 Introduction and statement of results

Random matrix theory

Let U be a random unitary matrix with respect to the Haar measure on U(n), where
U(n) is the group of unitary matrices of size n x n. Denote the eigenvalues of U by
e for p=1,...,n with 6, € [—m,m). Throughout this paper we will consider the
random variable X, defined by

Xn(U) =Y fale), (1.1)
pn=1

where f, is a square integrable function on T = {z € C : |z| = 1} with Fourier-series

B ajzkj(n)
fal2) = a (1.2)

1j]>0 mln(’k](n)lan

Here we assume that {o;};cz is a square summable sequence satisfying a_; = @j,
for each n € N the sequence {k;(n)},cn consists of mutually distinct positive integers
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and k_;j(n) = —kj(n). Under these conditions f,, is real-valued. Alternatively, we
may write X, as

X, ()= | Tr ki), (1.3)

15]>0 mln(|k‘](n) 1
The main result we obtain is the following theorem.

Theorem 1.1. We have that

lim E[e*r] = e~ izl (1.4)
n—oo
Hence, for each fited m € N, the random variables ———— Tr U™ for j =
min(k;(n),n)
1,...,m, converge to independent standard complex normals.

The latter result was obtained before in several special cases. When k;(n), 1 <
j < m, do not depend on n, this result is proved by Diaconis and Shahshahani [7]
using moment identities. In this case it is in fact a direct consequence of the strong
Szego limit theorem for Toeplitz determinants and the Weyl integration formula. If
we consider a single k;j(n) > n this result is due to Rains, see [I1]. More details and
an extensive list of references can be found in the survey article by Diaconis [5]. See
also Diaconis and Evans [6].

There is a remarkable difference in normalization between the two cases kj(n) < n
and kj(n) > n. For the single case k;j(n) > n, Rains proved that the eigenvalues of
U*i(") behave like n independently and uniformly distributed points on the unit
circle. Therefore (ILT)) follows from the classical central limit theorem. In particular,
the sum of the eigenvalues is of order y/n.

For k;(n) < n, the term Tr U*(") is normalized by \/k;(n). This normalization
follows from the correlation between the eigenvalues of U"s (") Due to repulsion,
the typical picture one finds for the eigenvalues is that of a small perturbation of n
equidistant points on the unit circle and we have a very effective cancellation. Note
that the sum of n equidistant points on the unit circle is zero.

Our result generalizes previous results by allowing arbitrary powers depending on
n and thus combines the result from Szegd’s theorem with that of Rains.

An interesting generalization of the problem we consider would be to allow the
coefficients o; to depend on n. In this case it seems difficult to formulate a general
theorem. See section [0l for a remark.

Strong Szego limit for n-dependent symbols

The starting point of our analysis is the connection with Toeplitz determinants. If
a € Ly(T), let T),(a) be the n x n matrix given by (Tn(a))jk = aj_y, where the ay,
are the Fourier-coefficients of a. The Heine-Szego identity states that

E[e®n] = det T}, (e'/"), (1.5)

see [5]. Using this identity we see that in case kj(n), 1 < j < m, do not depend on
n, Theorem [[.T]is nothing else then the strong Szego limit for Toeplitz determinants.



In order to prove Theorem [[Tlin the general case, we will prove a strong Szego limit
for n-dependent symbols of the type (L.2]).

Note that f, as defined in (L2]) is a real-valued function. The strong Szegd
limit that we prove holds for complex-valued functions as well, but with a stronger
condition on the coefficients ;. For the sake of completeness we will prove the
general complex-valued case.

Let {a;}jez be any sequence of complex numbers satisfying >, o[ < oco. For
each n € N let {k;(n)};en again be a sequence of mutually distinct positive integers
and set k_;(n) = —k;j(n). Define g,, : T — C by

kj(n)

()= 3 =L 3 (1.6)

1j]>0 mln(‘k](n)lan

for all z € T and n € N. Our main result is the following

Theorem 1.2. If 3, |ay| < oo, then

o
nh—>H<;lo det T),(e9") = eXpZajoz_j. (L.7)
j=1
This is the analogue of the strong Szego theorem for Toeplitz determinants, but
now for symbols that vary with n in a particular way.

Now Theorem [I.T] follows from (LE]) and Theorem with g, = if,, but under
the extra condition }_, |a;| < oo. This condition can however be eliminated by a
standard approximation argument which is described in Section[dl However, we want
to emphasize that this argument depends on the fact that f,, is real-valued.

Overview of the proof

We will omit the dependence on n in the notation and simply write g and k;. Split
g in

9(2) =gV @) +gP () = a’zkj > %f—J (1.8)
0<|kj|<n K] |kj|>n "
Let a and b be defined by
a=ed" and = e (1.9)

Define

C(l) = Z OéjOé_j, 0(2) = Z OéjOé_j, C = Zajoz_j, (1.10)
j=1

0<k;<n kj>n

Note that ) and C'® depend on n, whereas C' does not.



The terms a and b are very different in behavior. As a consequence, we analyze
them separately. We therefore divide the proof of Theorem into two parts. The
first part consists of proving that

lim e ¢ det T}, (a) = 1. (1.11)
n—oo
To this end we need the Fredholm determinant identity for Toeplitz determinants,
which was found by Case and Geronimo [8] and independently by Borodin and Ok-
ounkov [3].
The second part consists of proving that

e=C® det T, (ab)

li =1 1.12
noo det Tn(a) (1.12)

Indeed if we can prove that (LII) and (II2) hold, then a simple multiplication of
the two gives
lim e~V det T, (ab) = lim e~ det Ty (ab) = 1. (1.13)
n—oo n—oo
Now, since C' does not depend on n we can multiply both sides with e which proves

Theorem
For reasons of clarity we will prepare the proof of (LI2)) and first prove

lim e C“ det T, (b) = 1. (1.14)
n—oo
The proof of this result follows by a fairly direct computation. The results of this
computation can be used for proving (LIZ). Hence, in the remaining proof of (I.12I)
we can restrict ourselves to only those parts that come in by interaction of ¢™) and
¢?. In our opinion, it helps to get a better understanding of the problem. Moreover,
combining (LIT)), (I12)) and (LI4]) we immediately find the following result.

Proposition 1.3. We have that

. det T, (ab)
lim =1. 1.1
o det T, (a) det T,,(b) (1.15)

This is a so-called separation theorem. Such results have been often investigated
before, see for example [2, 14]. However, all the results known thus far use the fact

that H(a)H (b) is of trace class. This is not necessarily true in our case, which makes
Theorem [L3] an interesting result in its own right.

2 Preliminaries

To fix notation, we recall some definitions of certain operators and Banach algebras
we need later. For a more detailed discussion we refer to [4].
For ¢ € Loo(T), define infinite matrices T'(c) and H/(c) by

T(c) = (Cj—l);,(zzl and H(e) = (cj+l_1)]°.3:1, (2.1)



where ¢, are the Fourier coefficients of ¢. These matrices induce bounded operators
on £3(N). Moreover, ||T(c)|lcc = |[¢]lLo and [[H(c)[loo < [¢]|oo-

Denote with P, the projection operator on £5 that projects on the subspace of all
x € l5(N) for which 2 = 0 for all £ > n. Define Q,, = [—P,,. Let W, : £5(N) — /5(N)
be the operator defined by

Tn— 5 1 < k < n,
(W) = { e LRSS (22

for all x € 5(N). If ¢ € L, then
Wy T () Wn = To (@), (2.3)

where ¢é(z) = ¢(1/2).

Next we recall the definition of certain Banach algebras which will appear fre-
quently in the sequel.
The space Bé/z consists of all f € Lo(T) for which 3, |k||fx|? < oo, equipped
with norm defined by
1912, = 20+ IRDIS (2.4)

k

/? is a Sobolev space

Again, the fi denote the Fourier coefficients of f. The space B21
and a Banach algebra.
The Krein algebra K21/ ? is defined as Bé/ >N Lo (T). This is a (non-closed) sub-

algebra of Lo (T). However, the norm defined by

1 22 = N F Mo + £l 522, (2.5)

for all f € K21/2, turns K21/2 into a Banach algebra.
The Wiener algebra consists of all f € Lo, for which ), | fx| < oo and has norm

1Fllw = e, (2.6)
k

for all f € W. It is well-known that this is again a Banach algebra.

Note that due to the assumption 3 |a;| < oo we have that g(!) € K21/2 and
¢ € W. In particular this shows that ¢ and b in (L) are well-defined. Moreover,

a € K21/ 2 , b€ W and we have the following inequalities

1/2

1)
ey ez i), (2.7)

lall g1z <e
[bll < o™ W < Slogl/vin, (2.8)

Hence, [|a|| ;1/2 and [|b[|w are uniformly bounded in n. For convenience we define
2

A=Yyl amd A= (Y |aj|2)1/2. (2.9)



These constants will appear frequently in upcoming inequalities.

Besides the operator norm || - ||oc we will also use the trace norm, denoted by

| - |1, and the Hilbert-Schmidt norm, denoted by || - ||2. Note that if ¢ € K21/2, then
H(c) is a Hilbert-Schmidt operator and

[e.e] o0
IH@)IE = > lejal> =D dlegl? < HCHQB;/z- (2.10)
jil=1 i=1

This will be used frequently in the sequel.

3 Proof of Theorem

3.1 Proof of (.11

First, we will prove (LII). To this end we will use a celebrated Fredholm identity

for Toeplitz determinants. Let gi” be the projection of ¢(*) onto the subspace of all

(1)
fe K21/2 for which f, = 0 for all k& < 0. Moreover, define g(_l) = ¢ —gil), ay = eg+1

1

1

(1) —
and a_ = e’~ . Finally, define ¢ = a7 a_ and ¢ = aja
The Borodin-Okounkov-Geronimo-Case identity now states that

det Ty (a) = e det(I — QuH (¢)H (1))Qn), (3.1)

for all n € N. Note that since K21/2 is a Banach algebra, we find that ¢,y € K21/2 and
hence Q, H(¢)H (1)@, is a trace class operator. The determinant on the right-hand
side is a Fredholm-determinant. Note that we use the formulation by Basor and
Widom, see [1], which is slightly different from the one by Borodin and Okounkov in

[3].

So we need to prove that the Fredholm-determinant converges to 1 to obtain

(LIT).

Lemma 3.1. We have that

0 1/2 / s 1/2
| det(I — QuH($)H (1)Qn) — 1] < exp (Z kr¢k+n12> (Z krwk+n\2> ~1,
k=1 k=1

(3.2)
for all n € N.

Proof. A standard inequality for Fredholm-determinants gives
det(I — Q H(¢)H())Q,) — 1| < elQnH@OHW)@nllr _ 1
| det(

The trace norm can be estimated by

1QnH (¢)H () Qnll1 < |QnH (&)]2]|H (¢)Qnll2-



A straightforward calculation shows that

IQnH ()5 =D klorsnl®,  and  [H@)Qul3 = kltinl®,
k=1

k=1

which proves the statement. O

Hence we need to show that
lim Y klgp4n> =0  and lim Y~ Eltgn|” = 0. (3.3)
k=1 k=1

Note that if ¢ and ¢ did not depend on n (as in the classical case), then this trivially
holds. But since they depend on n there is still some work to be done.

Lemma 3.2. Let N € N and t be defined by the Fourier series t(z) = 3 g ;<n iﬂ/—T_J‘
= j
Define Fy associated to t by Fy(z) = > o <y |t;|27. Then

1

m(Ft(eFt 1)) nin (3.4)

(e ktn| <

for all k € N.

Proof. First consider powers t for | > 2. Then

tiveots
On = 2 F—=
Jitia b g=hn Vil
Since ji + j2 + -+ j; = k+ N, there should be at least one jg, with js > (N +k)/I.
But js < N and hence j; + jo + - -+ + j; — js > k. Hence there exists a j,. # js such
that j, > k/(I —1) > k/I.
Therefore

[

! ! P N S
‘(t )k-ﬁ-N‘ < \/ﬁ Z ’tn t]z‘ = Kkt N) (Ft)k+N'

jitjetetii=k+N

Hence,
> (tl)k | > (Fl 1
t < ‘ +N < t)k+N — F Fy 1
‘(e)’“N‘ _Z; I! ;(1—1)! k(k+ N) \/k:(k:+N)( e Dien
This proves the statement. O

Now we immediately find the following corollary.

Corollary 3.3. With Ay as in ([2.9) we have that
> Aj(edr —1
3 Mol < 2D (35)
k=1

for all n. The same estimate holds for 1.



Proof. Applying Lemma with ¢ = ¢ and N = n, we find

[ee)
[Fp(e"s — )]
Zk|¢k+n|2 < ]Lz'
k=1
The statement now follows from the fact that || - ||, < || - [|[w, the fact that W is a
Banach algebra and || Fy|lw < A;. O

Now (L.II)) follows by combining Corollary 3.3] Lemma 3.1l and (B.1]).

3.2 Proof of (I.14)

Next we analyze det T,,(b). In this case the identity (B.I]) breaks down at two places.
First, the factor in front of the Fredholm-determinant is infinite, since b is not nec-
essarily contained in Kzl/ 2, Second, the operator in the Fredholm-determinant is no
longer of trace class and the determinant is therefore not well-defined. However,
there is no need for such a strong result as ([B.]), since a direct analysis on det T, (b)
will suffice.

We will use the notion of regularized determinants. For a trace class operator A
the regularized determinant is defined by

dety (I+A) =e T4 det(I + A). (3.6)

One can prove that A — dete (I + A) is a continuous function defined on a dense
subspace (namely the space of all trace class operators) of the space of Hilbert-
Schmidt operators. Therefore it can be extended and defined for all Hilbert-Schmidt
operators. Moreover, we have that

[dety (T +4) — 1] < [|Allzexp (3(1All2 +1)?). (3.7)

for all Hilbert-Schmidt operators.
We will use the regularized determinant only for matrices, but ([3.7) plays a crucial
role. Write

det T;,(b) = det(I + T, (b — 1)) = e T Ndety (I + T, (b— 1)). (3.8)

The proof of (I.14) falls into two parts. First we will show that the Hilbert-Schmidt
norm of T,,(b — 1) tends to 0 as n — oo, hence the regularized determinant tends to
1. And second, we show that Tr7T},(b — 1) — C® tends to 0 as n — co. Then (14

follows by ([B.7) and (B.85).

. 2 ;2% 2
We start with the trace of T),(b —( )1). We define gg_) as Z\kj|>n ngJ and g(_) =
2
g — gf). Moreover, we let by = e+ .
Lemma 3.4. With Ay as in (2.9) we have that
TrTh(b—1) — CP| < n(eM/VP —1)2 — A2, (3.9)

for all n € N.



Proof. First note that Tr7T,(b— 1) = n(by — 1). Now

bo—1=3" (egi)>j (eg(f))_j 1=y (egi) _ 1)) (eg(—z) - 1)_j

J=0 J=0

) (@)
:ii < >;!£@! )_]

Since Y ., aja—j =n) 5 (gf))j (g(_2)>_j, we find

1
ST T - 1) - Zaja_j‘ -
j>n

b1 X (), ()
j=0

) (@)
s e ),

135>0 7=>0

Now apply the Cauchy-Schwarz inequality to obtain

1 19 e llg® " I
2 — 2
ST e-1) - aja_J‘ <y E Mg g ®

]
Jj>n =1 m=1 I'm!
2 m
92 I llg®™

S o 162 1w 119 lw

=1 m=1 T

e [P T TP )
S Nim)! ”g+ ” ”g ‘hV

=1 m=1 e

Now Hgf) llw < Aj/y/n proves the statement. n

Next we proceed with the Hilbert-Schmidt norm of 7}, (b — 1).
Lemma 3.5. With A; as in (2.9), we have that
1T (b = D2 < V(e V™" —1)%, (3.10)
for all n € N.
Proof. Since (b+ —1); =0for j=—-n+1,...,n —1 we find

||T(b—1\|2<nz (b —1); —nz ((by — 1) (b — 1)),

j=—-n+1 Jj=—-n+1
< nll(bs = D)(b- = DIE, < nll(b4 = 1)(b- = Dl
<nllby —1)F - — 1|3 < n(ellgf)llw _ 1)2(ellg(f)||w —1)2.

By |l¢1|lw < A1/+/n we obtain the statement. O

9



By Lemma 3.5l and ([B.7)) we obtain
lim dety (I +Tp(b—1)) = 1. (3.11)

By substituting this in (3.8) and using Lemma B.4] we obtain (L.I4]).

3.3 Proof of (I.12)

Since we proved the result for the cases (LII)) and (LI4) in a completely different
way, a natural way to deal with the general case is to split the two cases. To this end
we use a factorization theorem due to Widom

To(ab) = T, ()T, (b) + Py H(a)H(b) P, + Wy, H(a)H (b)W,, (3.12)
and the operator B,, defined by
B, = To(a™Y) — PyH(aTY ) H(a~ V)P, — Wy H(a™ Y H(aT )Wy, (3.13)

The operator B, is a good approximation of the inverse of 7, (a). In the case that
a does not depend on n, this observation is due to Widom. Moreover, the operator
can be used to prove the strong Szegé limit, see [4, [13]. We will prove that it is also
a good approximation in our case. One can show, see [4, [13], that

BoTo(a) = I + PoH (a7 ) H(a~)QuT (a) Py + WoH (o~ ) H(a 7 )QuT (@)W, (3.14)

for all n € N. Even in our case where a depends on n, the operators on the right-hand
side are small in trace norm.

Lemma 3.6. We have

D=

|1BnTn(a) — I}y = O(n~2), (3.15)
forn — oo.

Proof. First note that

| PoH (7 H (=) QuT (@) Pall < [PuH (a3 ") 2] H (0= )Qull2]| T(@) Pa .

Now
|PaH (@) ll2 < IH (@)l < o] gy < exp(V245),
and
1T (a)Palloo < llalloo < llallw < exp(Ar),
and finally

IH(0=)Qull3 = 3 Kl(a= )pinl

k=1

By Lemma and the same arguments as in Corollary 3.3 the latter is O(n™!), as
n — oo. This proves the statement. O

10



Therefore the following corollary is immediate.

Corollary 3.7. We have that

lim det B, T,(a) = 1. (3.16)

n—~o0

In view of this corollary, it is enough to show that

lim exp(—C®)det B, T, (ab) =1, (3.17)

n—oo
to prove (LIZ). This will cover the rest of this section.
We will again use the regularized determinant. Write

det B, T}, (ab) = ¢BnTnla) =D qety B, T), (ab). (3.18)

In view of [B.8) and (3.7)), to prove (B.17)) it is enough to (1) prove that B, T, (ab) — I
converges to zero in Hilbert-Schmidt norm and (2) calculate its trace.
If we introduce the notations

B, = —PyH(aT)YH (@™ P, — WyH(a~ ) H (a1 )W, (3.19)

and

Fy = PyH(a)H(b) P, + Wy H (@) H(b)Wh, (3.20)
and multiply (8:12) from the left with B,, we find by (B.I3])

B, Ty (ab) = BT, (a)Tn(b) + Tp,(a"Y)F,, + E,F,. (3.21)

We will analyze the three terms on the right-hand side separately. In the following
lemma, we state results about the Hilbert-Schmidt norms and the trace of each of
these three terms, except for the trace of T}, (a=1)F,. All the statements follow from
earlier results. However, Tr T}, (a~1)F;, is more subtle and needs some extra attention.

Lemma 3.8. We have that
1| Bn T (a) T (b) — Ill2 — O,
2. | Te(BpTh(a)T,(b) — I) — CP)| — 0,
3. ||EnFn||1 — 0,
4 I Tn(a™) Fall2 — 0,

for n — oo.

Proof. 1. We estimate the Hilbert-Schmidt norm by

|BaTa(@)Ta(®) = T2 < | BaTula) = 1) Tu(®)ll2 + [ Ta(b 1)1l
< IBuT(@) = 1ll2| T ®)lloe + 1 T(b = 1]l

B.5, Lemma [3.6] and (2.8).

Note that ||T5,(0)|lcc < [|0|lL.. < ||6]|w- The statement now follows from Lemma

11



2. Note that

| Tr(B, T (a) T, (b) — I) — CP)|
< ‘TI‘ ((BnTn(a) - I) Tn(b)) ‘ + ‘ TrTn(b - 1) - C(z)’
< H (BnTn(a) - I) ||1||Tn(b)Hoo + |TrTn(b - 1) - C’(2)|

The statement now follows from Lemma [3.4] and Lemma
3. First note that || E,F,|1 < ||Enl2]|Fnll2- Now

[Fnll2 < [[PoH (a)||2]| P (b) | + Wi H (@) ||2] H () Walloo
< llall gr/211b = Lloo < llall iz b = Llw

< llall 2 (exp(As/v/) 1), (3.22)

with Ay as in (Z9). By combining (3:22]) with ([27)) we obtain ||F},|l2 — 0. By
similar estimates one finds that || E, |2 is bounded in n.

4. This follows from [B.22)) and the estimate ||T,(a™ ) Fyll2 < |1 (a™Y)]loo || Fnll2-
Note that || T, (a7 |lce < |la™ oo < ||a™Y||w and the latter is uniformly bounded

in n.
U
From this lemma, (B18]), 31) and (B:21)) it follows that
lim exp ( -C - Tr(Tn(a_l)Fn)> det B, T),(ab) = 1. (3.23)

Hence it remains to prove that Tr7T,(a™!)F, tends to 0 as n — oo, which is the
most difficult part of the proof. We start with an estimate that follows from a subtle
cancellation.

Lemma 3.9. There exists a constant D such that

X D
> (@) (0)yy < = (3.24)
=7

for all n,N € N with N > n.

Proof. Let n, N € N with N > n. Define j* = sup{j | k; < n}. The proof follows by
an induction-like argument with respect to j*.

Suppose first that k;- is such that N — kj= > y/n/2. In this case split the sum
into two parts

Vn
Z (a_l)s(a)N—s = Z (a_l)s(a)N—s + Z (a_l)s(a)N_s (325)
s=— i s </7/3 J/3<s|<v/n

12



The second sum of the right-hand side of (3.25]) is estimated by

1/2 1/2
>, @@y < X )P > 1@yl
Vn/3<ls|</n Vn/3<ls|<v/n Vn/3<ls|<vn
N g\ 12 o\ /2
. Z ]sH(a_ )8’ Z ‘N_SH(CL)N—s‘
B |s| [N — 5|
Vn/3<|s|<v/n Vn/3<|s|<v/n
\/§Ha_1HB;/2HaHB;/2 _ \/EHCL_IHB;M”CLHB;M (3.26)
nt/A\/N—\n n3/4 ’ ’

where we used that N —\/n >n+1—+/n > n/2. Note that Ha_lHBuz and [[al| ;1/2
2 2

are uniformly bounded in n by (2.7).
The first sum of the right-hand side of ([3.23]) is estimated in a similar way

1/2

S (@) @ns <l [ Y] @)yl

|sl<v7/3 |sl<v7/3

The term ||a~}||r, is uniformly bounded in n. Applying Lemma[3.2] with ¢ = a, gives

efa — 2
> lanaP< Y (‘(Fa< D)yl

N —s—kj)(N —s)

|s|<v/n/3 |s|<v/n/3
1

< S IFEE 1)y P
(N = /n/3 = kj=)(N = v/n/3) Ky
18 18

< W\I(Fa(eF“ — D, < WII(Fa(eF“ - Dllw
18

< WAl(eAl —1). (3.27)

By combining ([3:25)), (3:26) and ([3:27)) we obtain the statement in the case N —k;- >
Vn/2.

Now suppose N — kj« < y/n/2. We will then show that the terms that come from
j* are negligible. To be precise, define

€1 = exp ((aj*zk; + a2 R ) [\ ), (3.28)
a1 = acy'. (3.29)
We will show that
Vn Vn
Z (a_l)s(a)N—s B Z (al_l)s(al)N—s S (‘aj* + ‘a—j*’)Dl/n7 (330)

s=—+/n s=—y/n

13



where Dy is a constant independent of j*, n and N that can be expressed in terms
of Ay and Ay only. Redefine j*, now with respect to a;. If N — k;j+ > /n/2, then
the above arguments show that ([B8.24]) holds for a;. By combining this with (3.30)
we see that ([3:24]) also holds for a. If however N — kj« < /n/2 then we define as
and ¢y as in (3.28)) and ([3:29) and redefine j* with respect to a;. We also have that
the inequality (330) holds with a; replaced by ag, a replaced by a; and j* is with
respect to aj. If N — kj+ > /n/2 then we are again done. Otherwise we continue by
defining a3 and c3 and so on. After a finite number of steps, say m < n+./n/2— N,
we do find N — kj= > \/n/2. At each step | we have the inequality (3.30]) with a
replaced by a; and a; replaced by a;11 and j* is with respect to a;. We can reduce
all the inequalities together to the single inequality

NG VA
S @@y Yo (o) (o) | < 2R
s=—+/n s=—+/n

Combining this inequality with the fact that the above arguments show that ([3.24])
holds for a,, leads to the statement.
Hence it remains to prove (3.30). First note that

vn Vn
Z (a_l)s(a)N_s - Z (afl)s(al)N_s <hL+ 1+ 1 (3.31)
s=—+/n s=—+/n
where
N Vn Vn
Il - (a_l)s(a)N—s - Z (al_l)s(a)N—s = Z ((11 1(Cl_1 - 1))s(a)N—s ’
s=—+/n s=—+/n s=—y/n
Vn Vn
‘[2 = (al_l)s(a)N—s B Z (al_l)s(al(l + IOg Cl))N—s
s=—+/n s=—+/n
— Z (afl)s(al(cl —1—1log Cl))N—s ,
and
NG
B=| Y (o) (aloge)y |-
s=—+/n

The terms I; and I3 can be estimated by the Cauchy-Schwarz inequality,

1/2

v 2 lax llwller " = llw llall /2
— — Z B
s=—+/n
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and
I < llay l2llar(er — 1 = loger)l2 < [lai *lwllatllwller — 1 — log eyl

Note that ||a1 |, ||a; *|w and l|all ;12 are all uniformly bounded in n and N. Now
2

Hcl_l — 1w < exp (—*> -1,
e

c1 —1—logellw <exp | =12y g Bl 8500
lle1 gcllw < p( T ) T

Since kj+ > n/2 it follows that

I < (laje| + |y ) Dan ™, (3.32)

for some constant Ds.
This brings us to the most important part of the proof, namely estimating I3.
Note that log ey = (aj«2%* +a_j27% )/ /kj-. Write

I3 < I31 + I3g,

where

I3 =

I3o =

\/_s__n Nsk*’ \/_*s__n Ns—i—k*'

The term I32 can again be estimated by the Cauchy-Schwarz inequality. The result
is that

Vgl allanl gz 2lay,.lllar s ol 52

I3o < 2 < 3.33
32 > kj*n = n 9 ( )

where we used the fact that N — s+ k;= > n/2if [s| < /n and kj= > n/2 .
The term I3; is more subtle. Since N > kj« we find

Jn
Z () (a1) y_, ke T Z ar’ )N ko :Z(al_l)s(al)]\f—s—kj*
s=—/n [s|>vn s
= (ay a1)N—k; =0
Therefore
Tar — |a| 1
31 = [ Z (al )s(al)N—s—kj*
T Is|>vm
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Now we estimate the latter expression by the Cauchy-Schwarz inequality again. Note
that [N — s — kj«| > \/n/2 if |s| > y/n. The result is that

-1 3/2( v (ll,—1
O e P L P o P PR
- ny/kj - n3/2 ’
where we also used kj+ > n/2. So from B3.32), (333) and ([3.34]) we find
I3 < (lag,. | + la—g,. ) Ds/n (3.35)

for some constant Ds. Now (B30) follows by (B.31) and (B.33). This proves the
statement. O

Now we can prove the following corollary by fairly direct estimates.

Corollary 3.10. We have that

Tr T, (a™ )Py H(a)H(92)) P, = O(n~/*), (3.36)
for n — oo.
Proof. A straightforward calculation leads to
_ e Oj N,
Tr Ty (a P, H(a)H(g?)) P, = Z 77; Z (a 1)8(a)kj_s(n —1s]). (3.37)
kj>n s=—n

We estimate each term in the sum with respect to k; separately. So let k; > n. Write

n VR
Yo (@ s@p—s(n—1lsh) = > (@™ )s(@)r—s(n —|s])
sS=—n 5:_\/5
+ ) (a7 )s(@—s(n —s]). (3.38)
Vn<|s|<n

After some preparation, the rightmost sum of the right-hand side of (B:38]) can be
estimated by the Cauchy-Schwarz inequality as before

> @ sl@ st = ls)| £ D0 @@, olln—

Va<ls|<n Va<ls|<n
_ n—|\s
= Y VIV sl ]
Vn<ls|<n |s[(kj —s)
< {lg—1 1/4 .
< lla™ ll yrzllall gyr2n™, (3.39)

where we used that

n—|s| n—|s| < pl/A

|s|(1<:j—s)S sl =
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for all /n <|s| <n.
Now consider the left sum of the right-hand side of (B.38]).

Vvn Vn Vn
Y Il (@,
s=—+/n s=—y/n s=—+y/n

(3.40)

The second sum of the right-hand side of ([8.40]) can again be estimated by a Cauchy-
Schwarz argument, from which it follows that it is of order n=1/2. The first sum of
the right-hand side of ([8:40]) can be dealt with by using Lemma [3.9] and therefore

vn
Y @@= s = 0!/, (3.41)
s=—yn

for n — oo.

Inserting (B:39) and (3:41)) in (B:38]) and using (B.37) gives

T T, ()P H (@) H(g)) Py = O ™) Y a_j = O(n~14),

k:j >n
for n — oo. This proves the statement. O

We are almost at the end of our proof. The final thing we need to show is that

the dominant term in Tr 7}, (a)F},, comes from Tr T}, (a~!) P, H (a)H(9))P,, which is
small by the previous corollary.

Corollary 3.11.
lim Tr T, (a ) F;, = 0. (3.42)

n—oo

Proof. Since W2 = P, and by (23] we find

Tr T, (e HE, = Tr Ty (a Y PyH(a)H (D) P, 4+ Tr Ty (o™ )W, H (a)H(b) W,
= Tr Ty (a™ ) PoH (a) H(B) Py + Tt Wy, Ty (a=2) Py H (@) H(b) W,
b

= Tr T, (a™ )P, H(a)H (b) P, + Tr Ty, (a=1) P, H(a)H (b)P,,.

We will only show that TrT},(a~")P,H (a)H(b)P, — 0. The right term tends to 0
by the same arguments. Write

T (a™ )P H(a)H(B) Py = Tr Ty (a~ V) Py H(a)H(b — ¢® — 1)P,
YT T (0~ Y ByH (a) H(g@) P, (3.43)
Since

1B - g = )P < VAl — g ~ 1, < v (el — @]y 1),
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and ||g@ |lw < A1/y/n it follows that

ITe Ty (0™ ) PoH (a) H (b — ¢@ — 1)Py| < |T(a™ ) PoH (a)H (b — g — 1)B, |1
~ = 1
<N Tnla™ s PuH (@)|2]|H(b — g@ — 1) Py, |2 = O(n~2),

for n — oo. By combining this with ([3.43]) we see that it only remains to estimate

Tr T (a )P, H(a)H(g)P,, which was done in Corollary B.I0l This proves the
statement. O

Now (LI2) follows from Corollary B.11] and (3.23)).

4 Proof of Theorem [1.7]

We will now show how the condition ) |a;| < oo can be made obsolete when we
assume that a_; = @;. Let m € N. We split X,, into two parts

Xn=Xpm+Yom= Tr Uhi+ Y —— Tr Uk,

0<il<m \/min |k: l,n T \/min |k‘ [,n

(4.1)
Since both X, ,, and Y,, ,, are real we find that
1/2
E[[Yoml SEYaml2 = D Iy - (42
lj|>m
In the last expression we used the fact that the elements W Tr U are or-
min(|k;|,n
thonormal with respect to the Haar measure on U(n). It follows that
1/2
lim sup |[E[e!(Xnm+Ynm) _ E[eiX”vm]‘ < Z ;|2 . (4.3)
ljI>m
Since ;< o] < 00, it follows by Theorem [[.2]and (LH) that
lim E[eiXW”] — o~ it layl?, (4.4)
Hence
hm sup ‘E Xn m+Yn m) _ _ZJ 1 ‘a]‘ ‘ < hm sup ‘E 1(X7L m+Yn m) _ E[ean,m] (45)
+ lim sup (E [l Xnm] — e ikl ‘ + ‘e_ jmilesl® _ o= 355 ‘aﬂ"z‘ (4.6)
1/2
<[ Tlagl) [Tl D, (17)
lil>m

If we let m — oo the right-hand side tends to zero.
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5 Some comments on more general n-dependence

The n-dependence in the symbols we consider is of a special type. Let U be an xn
unitary matrix randomly chosen with respect to the Haar measure. Consider the
random variable X, by

X, ()= o) Tr ki), (5.1)

15]>0 mln(|k‘](n)|,n

where aj(n) now also depends on n. Again we assume that for each n we have that

aj(n) = a—;(n), {kj(n)}jen is a sequence of mutually distinct positive integers and
k_j(n) = —k;j(n). Define

on =2 laj(n)]*, (5.2)
j=1

and assume that o, — o as n — oo for some o. A natural question is now under
what conditions it is still true that

lim E[e!¥n] = e~10"/2, (5.3)

n—oo
Since then X, converges to a complex normal with mean zero and variance o2.
Although, it is known in some cases that it is true, it will not hold in general.
We will illustrate the subtleties that are involved by an explicit example inspired
on [12]. Let f be a C*° function with support within [—m, 7] and let 0 < v < 1.

Define k;(n) = j and
a;(n) = /min(|j[, n) f(j/n“’), (5.4)

2mn”

for all j and n. Here f stands for the Fourier transform of f. We assume that

F(0) = /R F(z) dz = 0. (5.5)

The random variable X,, can now be rewritten as
X, (U) =" f(n76,). (5.6)
pn=1

Since f has compact support X, only depends on a few eigenvalues, for which 6, is
close to zero. If 0 < 7 < 1, then it is true that X,, — N(0,0?), where

7 = [ WP dy, (57)

assuming that the latter is finite. This is proved by Soshnikov [12].

However, the result does not longer hold for v = 1. This case is considered by
Hughes and Rudnick in [9] and for the classical compact groups other then U(n)
in [10]. In these works the authors analyzed the limiting behavior of the moments
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E(X,") for m € N and proved that in general the limiting value of the moments
depend on f and are certainly not Gaussian moments. Hence a result like (5.3]) can
not hold. However, if supp f C [~2/m,2/m] then the m-th moment does converge
to the m-th moment of the normal distribution with mean zero and variance

1

2
g = —
472

[ minul. 170 a. (5.8)

This phenomenon is called mock-Gaussian behavior in [9].
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