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Singularity confinement for a class of
m-th order difference equations of combinatorics

Mark Adler!, Pierre van Moerbeke? and Pol Vanhaecke?

Abstract

In a recent publication, it was shown that a large class of integrals
over the unitary group U(n) satisfy difference equations over n, involving
a finite number of steps; special cases are generating functions appearing
in questions of longest increasing subsequences in random permutations
and words. The main result of the paper states that these difference equa-
tions have the discrete Painlevé property; roughly speaking, this means
that, after a finite number of steps, the solution to these difference equa-
tions may develop a pole (Laurent solution), depending on the maximal
number of free parameters, and immediately after be finite again (“sin-
gularity confinement”). The technique used in the proof is based on an
intimate relationship between the difference equations (discrete time) and
the Toeplitz lattice (continuous time differential equations); the point is
that the “Painlevé property” for the discrete relations is inherited from
the “Painlevé property” of the (continuous) Toeplitz lattice.
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1 Introduction

In a recent publication ([2]), we have shown that a large class of integrals over
the unitary group U(n) satisfy difference equations over n, involving a finite
number of steps; these U(n)-integrals are motivated by generating functions
appearing in questions of longest increasing subsequences in random permuta-
tions and words (see [1], [2], B], [B], [6], B], [[0] and [I1]). The main result of
the paper, announced in [2], states that those difference equations, which are
also recursion relations, have the discrete Painlevé property; roughly speaking,
this means that the solution to these difference equations may develop a pole
(formal Laurent solution) after a finite number of steps and immediately after
be finite again. Moreover, these formal Laurent solutions depend on the max-
imal number of free parameters, which equals ((order of difference equation)
—1) x (dim of phase space), with the poles disappearing after a finite number
of steps (“singularity confinement”).

The technique used in the proof is new and is based on an intimate relation
between the difference equations (discrete time) and the Toeplitz lattice (con-
tinuous time differential equations), introduced in [IJ; the point is that the the
“Painlevé property” for the discrete relations are inherited from the “Painlevé
property” of the (continuous) Toeplitz lattice. Before making a more precise
statement and describing the technique, recall the basic facts about the Toeplitz
lattice and the recursion relations [II, 2].

For k € N and € € {—1,0,1}, consider the matrix integrals
T (t, 8) :/ (det M)eﬂez;";lTraco(tjMszM*j) dM (1)
U(k)

where dM is Haar measure on U(k). Special choices of t; and s; lead to gener-
ating functions in combinatorics (see [2]). Set 7 := 70 and 7% := 7+ In 2] it
was shown that the ratios

T (s T, (t,s
xk(t’ S) = (_1)kM7 yk(tvs) = (_1)k 72((;,75))

)



satisfy the Toeplitz lattice, an integrable Hamiltonian system,

Oz oH;" Ay oHY
= 1— 2 = — 1— 2
o, (1 — zryr) o ot (1 — zryr) I
(2)
Oy, oH;” Oy oH>
= (1- i = —(1- i
D5, (1 — 2kyx) o D5, (1 — 2kyx) .

and moreover, 7, is a polynomial expression in the variables z; and y; and 71:

n—1

=11 [ = zhe)" "
k=1

The Hamiltonians Hi(l) appearing in (@) are given by

1 )
HY = -~ TraceLi, i=1,2,3,...,1=1,2,
1
where the matrices L, and Lo are defined by
—r1y0 1 -2 0 0
—T2yo —T2Y1 1 —zoyo 0
Ly:=| —%% —3h —I3Y2 1 —w3y3 (3)
—T4Yo —T4aY1 —T4Y2 —T4Y3
and
—ZoY1 —ZoY2 —ZoYs3 —ZoY4
I—my1  —x1y2 —T1Y3 —T1Y4
Ly = 0 1—2oy2  —a2ys3 —T2Ya (4)
0 0 1—w3ys —x3y4

The system admits a reduction, interesting in its own right, obtained by putting
xr = yi for all k. We refer to it as the self-dual Toeplitz lattice.

In [1], it was shown that the matrix integrals (l) satisfy a s[(2, R)-algebra of
Virasoro constraints, which combined with the Toeplitz lattice equations, lead
to difference equations for x; and yi given in 2], a subset of the cases leading
to recursion relations, which we now describe. Given arbitrary polynomials

N

P =)

i=1

the variables

and

3

1

N

u,i/\i
Z 7




with
T (¢, 8) :/ (det M)eJr'yeTracc(Pl(M)—Pz(Mfl)) M,
U(k)

satisfy 2N + 1 step difference equations in terms of the matrices L; and Lo
defined above, (set v; ;=1 — z;y;)

Fe(ry) = 2 —(La Py — (LaPo(Lo)lik ) 0
Yk +(P{(L1)) k41,6 + (PH(L2)) k41

Fo(ry) — v [ —(LaP{(L1))ks — (L2Py(L2))kr1,k+1 Ny —
Tk +(P{(L1)) k41,6 + (Py(L2)) ke o41

(5)
Looking closely, one observes that these difference equations I'y and I}, are
indeed linear in x4+ x5 and yx4n, and can thus be solved in terms of xx— N, Yr—n,
ey ThtN-1, Yk+N—1- See the appendix for a proof of this fact.

This paper deals with the difference equations (@) for their own sake, without
further reference to the special solution x(t, s) and yi(t, s), given by the uni-
tary matrix integrals above. Moreover, we will consider the bi-infinite Toeplitz
lattice, which is defined as in (@), but with k£ € Z. The recursion relations are
then also considered for k € Z, with the semi-infinite case obtained by special-
ization. The bi-infinite Toeplitz lattice will be introduced in Section Bl where
we also discuss the self-dual Toeplitz lattice and the recursion relations.

It came as a surprise that the generic solutions of these (very general) equa-
tions (@) have the singularity confinement property (see [7] and [9]); a fact,
which had been observed by Borodin (see [6]) in the very special case of unitary
matrix integrals related to longest increasing sequences of random permutations.
The main result of the paper is to show this surprising fact for the difference
equations ({), namely:

Theorem 1.1 (singularity confinement: general case) Foranyn € Z, the
difference equations Ty(z,y) = Tp(z,y) = 0, (k € Z) admit a formal Laurent
solution © = (x(A))kez and y = (Yyx(N\))kez in a parameter A, having a (sim-
ple) pole at k =n and A = 0, and no other singularities. These solutions depend
on 4N non-zero free parameters

Qp—2Ny -y, An—2,0n_1, 6’!7.72]\7; RS 67172 and \.

Settmg Zn = (:Enuyn) and Yi = (ai7ﬁi)7 and Y= (/711—21\/'7"'7’)/71—27 an—1)7



the explicit series with coefficients rational in vy read as follows:

() = 2220 () k < n-—2N,
w(N) = n—2N < k<n-2
Tn-1(A) = anp-1,

Yn-1(A) = 1/an—1+A,

W) = X A ()N

a(hy) = Z?w@(»a n o< k.

For the self-dual case, the statement reads as follows:

Theorem 1.2 (singularity confinement: self-dual case) For any n € Z,
the difference equations T'x(x) = 0, (k € Z) admit two* formal Laurent solution
x = (zx(N\)kez n a parameter A\, having a (simple) pole at k = n only and
A = 0. These solutions depend on 2N non-zero free parameters

a = (Qp—aN,.-.,Qn—2) and A

Explicitly, these series with coefficients rational in o are given by

2N = 22,2 (@), k < mn—2N,
() = ag, n—2N < k<n-2,
Tno1(A) = e+ A\

(V) = Y2l ()N,

TN = —e+ 35 2l (@)X,

o\ = 22,2 (@), n+l < k.

The proof of Theorems 1.1 and 1.2 is by no means direct, but proceeds via
the Painlevé analysis for the Toeplitz lattice. As a starting point, the zero locus
M, of all polynomials I'y, and Ty, form an invariant manifold for the vector field
of the Toeplitz lattice with Hamiltonian H 1(1) — H2(2), by viewing the coefficients
of Pi(A) and P»(\) as constants, except for uyi, which moves linearly in time.
Explicitly, this vector field is given by

0

9Tk = (1 —:Ekyk)(iZ?kJrl _xkfl)v

ot keZ. (6)
Oy -

2 = =@y e = ye),

4parametrized by € = £1.



In the self-dual case, this vector field reduces to

Or
6—: = (1 - Ii)(karl — :Ekfl), keZ. (7)

The first idea is then to restrict the principal balances (formal Laurent solutions
depending on the maximal number (= dim phase space —1) of free parameters,
besides time) of (@) to these invariant manifolds. We fix n and look for a formal
Laurent solution to the Toeplitz lattice that has a (simple) pole for x,, and y,
only, and we find a unique such family, as given by the following proposition:

Proposition 1.3 For arbitrary but fized n, the first Toeplitz lattice vector field
(@) admits the following formal Laurent solutions,

1
n(t) = ———an_1a, 1 t O(t?
1 (nt10s — Qp_10— 5 )
n(t) = ——— -1+ (a+ t+ O(t
Y ( ) (anfl - an+1)t ( ( Gn41 — An—1 ) ( )
Tpr1(t) = ans1 + aprrast + O(t?)
yn:tl(t) - 1/an:l:l - a:t/aniplt+0(t2)
whereas for all remaining k such that |k —n| > 2,
xk(t) = ap+ (1 — akbk)(akH - akfl)t + O(tQ) (8)
yk(t) = by + (1 — akbk)(ka — bk_l)t + O(t2) (9)

where a, ay, ant1 and all a;, b, withi € Z\ {n—1,n,n+ 1} and with bp11 =
1/an+1, are arbitrary free parameters, and with (ap—1 — Gp41)an—10n+1 7
0. In the self-dual case it admits the following two formal Laurent solutions,
parametrized by € = £1,

Ta(t) = —% (14 (ar —a )t +0(t2)),
Tnt1(t) = e(F1+4ast+O(t?)), (10)
wp(t) = e (an+ (1= ap)(ans —ap—1)t +O(t?)), |k —mn|>2,

(11)

where aq,a—_ and all a;, with i € Z\ {n —1,n,n+ 1} are arbitrary free param-
eters and an—1 = —an4+1 = 1.

Together with time ¢ these parameters are in bijection with the phase space
variables; we can put for the general Toeplitz lattice for example zj < (ay, bx)
for [k —n| > 1 and 41 < ant1 and Ynt1, Tn, Yn < ax,a,t. Thus, this formal
Laurent solution is the natural candidate to work with; see Section

It is however, a priori, not clear that these formal Laurent solutions can be
restricted to the invariant manifold M. Indeed, upon introducing a proper time-
dependence for u already mentioned, one has that T'y(t) := Ty(x(t), y(¢t); u(t))
and Ty (t) := Tp(z(t), y(t); u(t)) satisfy a system of differential equations, as
given in the following proposition:



Proposition 1.4 Upon setting agtﬂ = 015, the recursion relations satisfy the

following differential equations

I = 0e(Tepr —Tiot) + (@rg1 — zo-1)(@ele — yele),

- - . - (12)
L = oe(Trg1 = Tho1) = Wrtr — yr—1)(@elk — yale),
which specialize in the self-dual case () to
Iy = op(Tgr — Dioa). (13)

In addition to Propositions 1.3 and 1.4, many other arguments are needed
to fine-tune the free parameters, when going from the Laurent solutions of the
Toeplitz lattice to the existence of formal Laurent solutions to the difference
equations, depending on the announced number of free parameters. See Section
Bl The proof of these facts will be spread over two sections, as the arguments
get rather involved; see Section H for the self-dual case and Section Bl for the
case of the general Toeplitz lattice. This ultimately leads to the proof of the
main Theorems 1.1 and 1.2.

2 An invariant manifold M for the first Toeplitz
flow

In this section we introduce the bi-infinite Toeplitz lattice, in analogy with the
semi-infinite Toeplitz lattice, introduced in [I]. We also recall the basic formulas
related to the invariant manifold M that we will introduce below (see [2]).

The (bi-infinite) Toeplitz lattice consists of two infinite strings of vector fields
on the (real or complex) linear space of bi-infinite sequences (z;,y;)icz. The
particular vector field that we will be interested in (the “first” Toeplitz vector
field) is given by

0
Tro_ (1 = zeyr) (Tpr1 — 2p—1),
ot ke Z. (14)
Oy
B (1 — 2ryr) Yrt1 — Yr—1)s

The semi-infinite Toeplitz lattice is obtained from it by setting (x, yx) = (0,0)
for £ < 0 and (x0,y0) = (1,1). The invariant polynomials of the matrices L
and Lo, defined by

—xiYj—1 + 0ip1,; if  j—1 <1,
= { o jois
L (15)
—yiTi—1 + 041, i j—i>1,
(L2)ij = .
0 if j—i<1,



provide two infinite strings of constants of motion Hl-(l) and HZ—(2) (i € Z) of (@),
defined by

1 .
HY = —~TraceLi, i=1,2,3,..., 1=1,2 (16)
1

The first Toeplitz vector field ([[d) is the Hamiltonian vector field that corre-
sponds to

Hl = Hl(l) — H1(2) = Trace(Lg — Ll) = Z(miyi_l — xi—lyi)u
i€Z

with respect to the Poisson structure defined by
{wi,z;} ={vi,y;} =0, {zi,y;} = (1= @iy;)d45,

and the functions Hi(l) and HZ-(Q) are all in involution with respect to {-,-}, as
follows from a direct computation. As a corollary, all Hamiltonian vector fields

Xi(l) = {-,Hi(l)} and X¢(2) = {-,Hi(2)} commute. If we denote (A|B) :=

Trace AB, whenever this makes sense, then for i =1,2,...,

1 . . L
Xi(l)[:zrk] = {xk, —— Trace Lzl} = —(1 —zryx) <Lﬁ_1 | b> ,
) Yk
and similarly for Xi(l) [yx], which leads to the following expression for the vector
field X,
8xk

— i—1| L
JYONY BT ~( =) (L7 52,
t WY

8ti = (1 — xkyk) <Li_l | ng1;> .

The vector field Xi@), has the same form, but with L, replaced by Lo. This is a
particular case of a phenomenon that we will refer to as duality. Namely, there
is a natural automorphism o of our phase space, given by o : (2, ¥;)icz —
(yi,xi)iez. It preserves the first Toeplitz vector field ([[d), it permutes the

(17)

Hamiltonians Hi(l) — HZ@), it permutes the Lax operators as follows: L; <+ Ly
and it reverses the sign of the Poisson structure. The first Toeplitz vector field
(@) can be restricted to the fixed point locus (x; = y;)icz of o, which leads to
the self-dual (bi-infinite) Toeplitz lattice,

% =(1—23)(@pr1 — Th_1), keZ. (18)
All constructions in this paper will be done for this self-dual lattice first, and
then for the general Toeplitz lattice. This is not only for pedagogical reasons:
even if the ideas that lead to the proofs are similar in both cases, the self-dual
lattice can for our purposes not be treated as a particular case of the general
Toeplitz lattice, as we will see.



For i = 1, the equations ([[) for Xi(l) and for Xi(z) specialize to

Xl(l’Q)[wk] = (1 — zryp)Trtr, (19)
1,2
X"kl = (1 — mrk) e
Fixing 2N constants v := (u—_n,...,u—1,u1,...,un), with uny # 0 and

u_pn # 0, we consider the polynomials

i N oI
P:=Y Wl and B = 3 =il (20)

: 1 :
=1 =1

They lead to two strings of polynomials® I'y and T in z;, y; (1 € Z), where
vp =1 —xpyk (= o(vk)):

vk [ —(LaPI(La) ket ket — (D2 Pa(L2))k i
Fk(%% ’LL) = —_ ’ ’ + k(Ek,
Yk +(P{(L1)) k1,5 + (Po(L2))k k41
- —(L1P/(L — (Lo PY(L
Th(z,yiu) = Uk (L1 1/( ) — (L2 /2( 2)) k41,41 + kg
Tk +(P{(L1))k1,k + (Po(L2))k ks
(21)
Notice that the only elements that appear in these polynomials are the diagonal
and next-to-diagonal entries of L} and L) for I =1,...,N. For fixed u we

consider the zero locus of all polynomials I'y, and T,

M, = ﬂ {(Iiayi)iez | Pr(2,y;u) = 0 and fk(Ia?ﬁU) = 0}- (22)
keZ

In terms of the variables x; and y; the leading terms of T’y and Ty are given by

N-1 N-1

Lr(z,y5u) = unren H Uk+i T T U-—NT-N H Vk—i,
i=0 i=0
N-1 N-1

Lr(ziyiu) = u-NYrtn H Vg+i + T UNYK-N H V—i-
i=0 i=0

See the Appendix for a precise statement, a few more terms and a proof. We
often write A, as a shorthand for the vector (I'y,T%) " and zj for (@, yx)".

In order to get the corresponding formulas for the self-dual case we put
o(u;) := u—_;, so that o permutes P; and P, as well as 'y and T'j, hence

5The structure of the matrices L1 and Lo implies that I'y, and f‘k are indeed polynomials.
They are also polynomials (of degree 1) in the variables u;, but we often do not mention this,
because we think of these variables as parameters.



P, = P in the self—dyal case, and I'y = l:‘k. Writing L := L, and P := Py, the
polynomials 'y, and T'y reduce in that case to

Di(aru) i= 2 (AP (L))irnie = (LP/ (D) i — (LP(L)ik ) + ke, (23)

while its leading terms are now given by

N-1 N-1
Tr(x;u) = unZgeN H Vi + -+ UNTE—N H Vi - (24)
i=0 i=0

The zero locus M, now takes the simple form

M, = () {(:)iez | Tilw;u) = 0}. (25)

kEZ

Following ([2]) we show that, upon introducing a proper time dependence,
the polynomials I'y, and T'j, satisfy a simple set of differential equations, showing
that the zero locus (22) of these polynomials is a (time-dependent) invariant
manifold of the first Toeplitz flow ().

Proposition 2.1 Let (x(t),y(t)) be a solution to the first Toeplitz vector field

@A), to wit:
i (50 )= (=) ()
and let T(t) := D(z(t), y(t);u(t)) and T(t) := '(z(t),
u(t) = (U_ny ey g Uy +tug +tug, . u). (26)
Then T'(t) and T(t) satisfy the following differential equations:

Iy = 0e(Cepr —Tio1) + @rr1 — zo-1)(@ele — yele),

. Dk . (27)
Uy = ve@r1 —Tro1) = (a1 — Ye—1) (@ lx — yulk).

In particular, M) is a (time-dependent) invariant manifold of the first Toeplitz
flow. In the self-dual case, these differential equations specialize to

Fk = Vg (FkJrl - kal)- (28)

Then My is a (time-dependent) invariant manifold of the first vector field of
the self-dual Toeplitz lattice, where u(t) = (u1 +t,ug, ..., un).

Proof We first show that

% [Ik] + kxy,
Lr(z,y;u) = =V"[yr] + Ky,

-
&
<
<
I

10



where V" is the Hamiltonian vector field

N
Vu = Z (ule(l) =+ u,iXi(z)) .

i=1

It suffices to prove that I'y(x,y;u) = V*[xx] + kxk, the other identity being
obtained by duality (indeed, o(V*) = —V* since O'(Xi(l)) = —Xi@)). In view of
the Definition 1) of T'j, this means that we need to prove that

xW(g] = Vk ( i1 (L ) ,
i ] o (L4 )k+1,k ( 1)k+1,k+1 (30)
2 _ Uk i—1 i
X7 ] = " ((Lz Jiksr — (L2)k,k) '
According to (@), the first equation amounts to
9L , :
i—1 1 _ i 1—1
Yk <L1 | 3yk> - (Ll)k+17k+1 - (Ll )k+1,k’ (31)

where we recall that (A|B) = Trace AB. The proof of @) follows immedi-
ately by writing (L%)k41 641 as (LlflLl)kHka, and the expression (&) for
the entries of L. For the second equation in (BI) the proof is similar.

Notice that [J) implies that the time-dependent polynomials T'x(¢t) and
['k(t) are given by

Ti(t) = Vu(t)[;vk](t)—i—k;vk(t),
Tht) = —V"Oyt) + kye(t),

where V¥(*) can, in view of [Z8) be written as
Ve =y + a2 v

Since the vector field /0t commutes with all the Hamiltonian vector fields Xi(l)
and Xi@), it follows from these equations and (™) that

De) = XVe)(t) + X2 [z (t) + V" OLa](t) + kiw(t)

= (b D) el = (b = DX 2] (1) + V" o (w041 = 20-1)] (1)

= (k+Doe®)zrs1(t) — (b = Dor(t)zr—1(t)

+ok (VY 21 = @-1] (8) = @er (8) = -1 (D) [ryn] (1)

= oe(®)(Trpa(t) = Tror (1) + (i1 (1) — 21 () (@ (0)Ta () — yn(OTk(1))-

This yields the first relation in (). The second equation is obtained by duality.
At points of M,, all T'y, and I'y, vanish so the right hand sides of (1) vanish.

The unique solution to (1) that corresponds to such initial data is the zero
solution, I'y(t) = I'y(t) = 0. As a consequence, M, is a time-dependent
invariant manifold for the first Toeplitz flow. O

11



3 Painlevé analysis of the first Toeplitz flow

In this section we will show that the first Toeplitz flow admits many fami-
lies of formal Laurent solutions, a property reminiscent of (finite-dimensional)
algebraic completely integrable systems (see []). They will be used in the sub-
sequent chapters. We will first consider the self-dual case, which is easier, and
then we will consider the full Toeplitz lattice.

3.1 The self-dual Toeplitz lattice
Recall that the first vector field of the self-dual Toeplitz lattice is given by

p = (1 - 23)(ehp1 — 2p-1), ke Z, (32)
which we also write as @ = vg (k41 — Tg—1), since vy := 1 — 2%, for k € Z.

Proposition 3.1 For any n € Z, the first vector field (Z3) of the self-dual
Toeplitz lattice admits a formal Laurent solution x(t), with only x,(t) having a
pole, given by

1
rp(t) = € (ak +ag(agsr —ag—1)t + idk(akfﬂikfl + Qp420k+1
—ar((ar1 — ar—1)® + 2 = 2ap_1ax11) + Kx)12 + +O(£))
Tnt1(t) = e (F1+4dast +4as(2ante F (a— +aq))t® + O(t?))
€ 1
en(t) = -5 (1 +(ay —a-)t+ 3 ((ay — a-)*

+4(ayany2 —a—an—s+1—2ara-))t* + O(t%)),

where ay,a—_ and all a;, with i € Z\ {n — 1,n,n+ 1} are arbitrary free param-
eters, ay is an abbreviation for 1 — a%; also, €2 =1 and ap_1 = —apyq = 1.
When |k —n| > 2 then ki =0, while Kp12 = Flag.

Proof We look for formal Laurent solutions x(¢) to [B2) that have a simple pole
for one of the variables (only). To do this, we substitute x, (t) = xslo)/t +0(1),
with 2\ # 0, and z;(t) = x;o) + O(t), j # n into [B2) for different values of k.

2
Taking k£ = n £ 1 we find that (xfloi)l) = 1, in both cases because 1 — z%(t)

needs to cancel the pole coming from z,,(t). Given this, B2) with & = n is given
by

0
(0) T
-3 +0<1>=——( ) (aidy —ai) + 0.

2 2
Since 2 # 0, we deduce from it on the one hand that xsloll and xslozl have
opposite signs, so that xsloll = —xﬁfll and that z) = 1/(290510_31). It follows

that z,41(t) = Fe + O(t) and z,(t) = —¢/(2t) + O(1), where 2 = 1. For

12



|k — n| > 2, the coefficient in t~1 of @) does not impose any condition on
the constant coefficient of xy(t), which is therefore a free parameter, which we
denote as cag.

Having determined the first term of the series we suppose that

xp(t) = a(ak—FZx(l)tz—F (T+1)tr+1>, |k —n| > 2,

i=1

(4[1 + Zx N x(TH)tT“) ,
en(t) = -5 (1 + Zx“ £ +x<T+1>tT+1> :

Tn+1 (t)

where all coefficients :C,(:), with ¢ < r have been determined. We show that

B2) then yields linear relations on the coefficients xl(fﬂ). To see that, pick the

coefficient in ¢" in [B2) when k # n, while taking the coefficient in "~ when
k = mn. This yields the following relations, where “known” means coeflicients
a:,(;), with 7 < r:

lk—n|>2 : e(r+1)z, (1) — known,
k=n+1 : am:gﬁ; ) = known, (33)
k=n : —5(7“ +2)z(r+t) = 4( 5::11) (TH)) + known.

This yields a linear system in the unknowns x,(c ), where k € Z, which has

upper triangular form when :v( ) g put at the end. It uniquely determines
the coefficients 33;@ rH ), except when £k = n £ 1 and r = 0: the corresponding

equations both reduce then to 0 = 0, so that 3351421 and x

parameters; we denote them by 4ay := a:(j)tl Then the third equation in

a )1 are also free

@B3) implies that ) = ay — a_; also, the first equation is explicitly given by

a:cgg) =¢e(1 — a?)(agt1 — ak—1), for |k —n| > 2. Since for r > 0 we can solve

uniquely for all J:ZH, we get a formal Laurent solution depending on the free
parameters, as indicated. The extra term that is given in the proposition is
easily verified. O

Notice that under the natural correspondence between the phase variables xj
(with k # n) and the free parameters a; (a4 in the case k = n+1) we have that
the number of free parameters on which the coefficients of the series depend, is
one less than the number of phase variables, a property reminiscent of principal
balances for (finite-dimensional) algebraic completely integrable systems (see [4,
Chapter 6]). There are of course also formal Laurent solutions that depend on
less free parameters (lower balances), but these will not be used here.
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For future reference we give the first few terms of the formal Laurent series of
vk, := 1 — 22, which is easily computed from the series given in Proposition B}

vk(t) = ap — 2akdk(ak+1 — akfl)t + O(tz), |k — n| > 2,
vpe1(t) = £8axt+ O(t?), (34)
1
vp(t) = —@(1+2(a+ —a_)t+0(t?).

The displayed terms are the only ones that will be needed below.

3.2 The full Toeplitz lattice

We will now show that the full Toeplitz lattice also allows such formal Laurent
solutions. To make the analogy with the self-dual case transparent we will

vectorize the variables and the equations, namely we introduce zj := < zk >
k
and ¢ := @k , for k € Z; the variables a; and by will be the free parameters

br,
in the formal Laurent series. With these notations the first Toeplitz vector field
(@) becomes

Z = (1 — 2pyr) (Zhg1 — 26—1)- (35)

Proposition 3.2 For any n € Z, the vector field [33) of the (general) Toeplitz
(t)

lattice admits a formal Laurent solution z(t) = ( y() ), such that only x,(t)
and yn(t) have a (simple) pole. It is given by

Zk(t) = Ck +ék(ck+1 —Ckfl)t+0(t2), |k—n| > 2,
. On+1 + Gpt10+1 2
Znil(t) - ( 1/an:i:1 _ ai/an$1t ) + O(t )

1 an_lan+1(1 + at)

n(t = a arta)—an_1(a_+a O(t),
z () (an—l —Gn+1)t ( 1+ n+1( Zlffa:,i( + )t ) + ()

where a, a+, an+1 and all ¢; = ( ZZ ), with i € Z\ {n—1,n,n+ 1} are ar-

bitrary free parameters, and where cp41 = ( 11/1211 ) Precisely, the free
n+1

parameters a,+1 satisfy the condition apy1an-1(ant1 — an—1) # 0. Also, ¢, =
1 — agbk. The parameters on which the next order term in the series x(t) and
y(t) depend is given in Table

Remark 3.3 In Sectionld we will need some extra information on these formal
Laurent series, namely that the coefficient in t? of zy, for |k —n| > 2 depends
in the following way on ck4o2,

1 -
Z]E:2) = §ékék+10k+2 + Z]iz), (36)
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where Z,(f) is independent of ap+o and of byyo. In particular, x,(f) depends lin-

early on ax42 and is independent of byyo, while y,(f) depends linearly on by and

is independent of ap+2. This easily follows from the given terms by considering

the coefficient of t in [F3).

Table 1: We list on which free parameters the first few terms of the formal Lau-
rent solutions depend. It is understood that we do not list again the parameters
that appear already before, on the same line; for example, xsll) depends only
on Gp41, Gp—1 and a. The last two lines correspond to the values k for which
|k —n| > 2. For k # n, x,(;) is the coefficient of ¢ in xy(t), while for k = n it is
the coefficient of t'~! in x,(t).

x(0)7 y(O) x(l), y(l) x(Q), (2)

Ty, Gn+1,0p—1 a G_, 04, Qp42,bpt2,an_2,by_2

Yn Gn+1,0p—1 a,ay,0_ Cn+2,bpt2, Gr—2,bp_2
Tntl An41 a+ An+2, bnto, ax, @, Anx1
Ynt1 An+1 Unx1, 0+ An+2, bnto, ax,a
Tnt2 (n+2 On+3, Ant1, bt (nt4,bp+3, a+
Yn+2 bnto bn+3, bnt1, Qnto bpta, An+3, A+, AnF1

Ty ag k41, 0ax—1, bk a2, bpy1,ap—2,bp—1

Yk b b1, bk—1,ax br+y2, Qk+1, bp—2, Ap—1

Proof For fixed n € Z, we look for formal Laurent solutions z(t) = ( ;Eg ) ,

to (BH) where z,(t) or y,(¢) have a simple pole, and where none of the other
variables z(t) or y(t) have a pole (in t). Thus, we substitute z,(t) = zr(LO)/t +
O(1) and z;(t) = z](o) + O(t), j # n into @) for different values of k. For

k =n=x1 we find that :v,(zoj)tly,(zoj)[l =1, because 1 — z,+1Yn+1 needs to cancel the

pole coming from x,, or from y,; we put a,+1 := xgloil, so that yffil = 1/ani1.

The parameters a,11 are free, except that a,yia,—1 # 0. Next, ([BH) with
k = n, yields
(0) (0) (0)
Tn Tplq — X
+1 1 ,T%O)yr(LO)
0 0 0
4 )\ -,

which shows on the one hand that x%o) and yflo) are both different from zero

(since at least one of them is supposed to be different from zero), so that also

15



Gpt1 — ap—1 7 0. On the other hand it shows that x%o) and yr(LO) are expressible
in terms of a,4+1 and a,—1 as

0) _ Ap4+10n—1 0) _ 1
x’n, - 7, n - - -
Ap—1 — Ap+1 Ap+1 — Ap—1

For |k — n| > 2, the coefficient in ¢! of ([BH) does not impose any condition
on the constant coefficient of zx(t), yielding free parameters for the constant
coefficients of zj, and of yi, with |k —n| > 1. We denote these free parameters

by ¢, = ( Z: ) . Upon specialization, some of the formulas below may contain

Cn+1 OF Cp—1; it is understood that these stand for

Cral = Gnt1 — Gn4t1
" bnil 1/ani1 '

We can now proceed as in the second part of the proof of Proposition Bl namely
we suppose that

a(t) = e+ gt T
=1
An41 - i) 4 r+1),r
Zng1(t) = ( 1/ans ) +Zz7(u)[1t +Z7(zi1 i
=1

Zn(t) _ (( an—iain-i-l ) + er(;‘)ti +Z7(lr+1)tr+1> 7

(anfl - anJrl)t i=1

where all coefficients z,(:), with 7 < r have been determined. On the coefficients

z,(:H), k € Z, we find linear relations by substituting the above series into (BH).

For k such that |n — k| > 1 it is clear that, as in the self-dual case, z,(fﬂ)
is linearly computed in terms of the known coefficients, from the coefficient of
t", when substituting the series in (B3). Therefore, let us concentrate on what
happens for k € {n — 1,n,n+ 1}. Taking k =n + 1 in [B) the coefficient of ¢"

yields

I(T'f‘l) An—1Qn+1
+1 +1 +1 n_1—an
(r+ 1)27(;:1 R (== N yr(:il L o 4 known,
Gn+1 —1
Ap—1—0n+1
a linear equation in x,+1 and y,+1, which can be written in the compact form

(B + (r+1)1d) 21(:;:11) = known,

where L is the matrix that governs the linear problem,

1 —a —p—10p+ 10
Li — 4 ) nFl n—1Un4+10n+1 )
Ap—1 — Qp1 /an:i:l an+tl
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Since det(Ly + (r+1)Id) = r(r+1) this linear system admits a unique solution,
except when r = 0 (recall that r > 0). Before analyzing the case r = 0 further,
let us first consider what happens to ([BH) in the remaining case k = n. As in
the self-dual case, we pick the coefficient of "~ ! in ([BH) to find a linear system
that can be written in the compact form

(L, + 71d) 20+ = known,
where the matrix L,, is given by

L. — 1 —Qp+4+10np—1
"\ 1/ (ant1an-1) 1 .

Since det(L,, +r1d) = r(r+2) we have again that 27 is determined uniquely,

unless r = 0. Thus, we are done with r» > 1.
As we have seen, a free parameter may appear in zfllle, in 27(117)1 and in 27(11)7
but one has to check that the corresponding linear equations are consistent.

Therefore we substitute

() = a+20t+0),
Znan(t) = < 1?;:i1 > + 20t + 02, (37)

wlt) = —— (( e ) + 2t + 0<t2>) ,

(anfl - anJrl)t

in ([BH), which yields for Kk =n £+ 1 and ¢ = 0 the homogeneous linear system

1
x’EL:il - 1 .’L'Sil (1) Gp—10n41
==+ + Ynt1an+1 ’
1 (n—1 =~ Gn4+1 \ Qn+1 1
Ynti1

which is equivalent to

Ilez)tl + anflanﬂylefg =0. (38)

. 1
Thus, upon setting 33513:1 = anp+1a+, where ay and a_ are free parameters, we

n

have that y,, {; = —a+/ans1 = —a+bpy1. Similarly, for k = n the substitution
of the series ([B7) in (BH) yields at the level ¢~ 1:
Ap—1Anp+1
e @) =l ) = 2l 4 anaanayD =0,
Ap—1 — Ap+1
B Y Y RN A
Ap—1 — Ap+1 il n—1 " Ap—10n+1 '

These equation are proportional, in view of Bg)). Thus we have

1
e = apiian-1a,

1 Ap4+104+ — Ap—10—
y = a+ :

Ap+4+1 — Ap—1
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where a is a free parameter.

The first two terms in the series lead at once to the second and third columns
of Table M In order to obtain the last column it suffices to list on which pa-
rameters the linear term (resp. the constant term) in the right hand side of
(1 — 2 (t)yr(t)) (zr+1(t) — zk—1(t)) depends, when k # n (resp. when k = n).
The two leading terms of x(¢) and y(¢) that we computed suffice for doing this.
O

It is easily verified that the involution o, that permutes z; and y; extends
naturally to an involution on the free parameters, given by

o(ar) = by, 0(an+1) = 1/an+1, o(at) = —a+an+1/ans1,

(39)

An4104+ — Ap—-10—

ola) =—a— .

Ap+1 — Ap—1

Notice that, altogether, we have besides the free parameters ag,bg, for
|k — n| > 1, which naturally correspond to the variables xj, and yy, five extra
free parameters a,+1, a+ and a, that correspond to the remaining six variables
Tp+1, Ynt1 and x,, yn, which again yields that the number of free parameters,
plus time, is equal to the number of phase variables. This count will be impor-
tant, and rigorous, when we restrict these formal Laurent solutions to certain
finite-dimensional submanifolds.

4 Tangency to M

We have seen that the polynomials I'y, and I, which define an invariant manifold
for the first Toeplitz flow, satisfy a non-autonomous system of linear differential
equations, where the time-dependence is defined by the latter flow. In a (finite-
dimensional) manifold setting, if such differential equations have coefficients
that depend smoothly on time, solutions (integral curves) that start out on the
invariant manifold will stay on it, by the uniqueness of solutions to differential
equations with smooth coefficients and given initial conditions. In the case that
we deal with the situation is quite a bit different, because the coefficients develop
poles in ¢, for t = 0, and of course the solutions are only formal Laurent series.
As it turns out, the conditions that assure that the formal Laurent solutions
“stay on the invariant manifold” are similar to those in the smooth case for the
self-dual Toeplitz lattice, but are different in an essential way for the general
Toeplitz lattice.

4.1 Tangency in the self-dual case

We start out with the case of the self-dual Toeplitz lattice.

Proposition 4.1 Let x(t) denote the formal Laurent solution that is given by
Proposition [E, and let T'(t) := T'(x(t); u(t)), where we recall that u(t) = (u1 +
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t,ug,...,un). Then, as formal series in t,

Tu(t) = I +o(), keZ\{n}, w0
1
Ta(t) = E(I‘ﬂl —TO ) 4+10 4 o).

Moreover, T(t) = 0 as a formal series in t, for all k € Z, as soon as x(t) is
such that
1'% =0, for all k € Z.

Proof According to (24), I'x(x; u) involves only the variables x; with |l — k| < N
(2N + 1 step relation). Since only x,(¢) has a pole, T'y(t) = O(1) as soon as 'y,
does not contain x,, i.e., if |n — k| > N. But notice that [28) implies
Inon = Dnonot + N2,
Un—N-1

so that T';,— n () = O(1), as the leading term d,,—ny—1 = 1—a?_y_; of v,—n_1(?)
is non-zero (recall that a,_n_1 is a free parameter). This argument can be
repeated to yield T'y(t) = O(1) for all k < n, and similarly it is shown that
I'k(t) = O(1) for all k > n. Since I'),(¢) satisfies the differential equation £25),
for k = n, we have in view of ([B4l) that

%"(t) = Un()(Cns1(t) = Tnoa () =

which leads upon integration to ().

Suppose now that z(t) is such that I‘Eﬂo) = 0 for all £ € Z. In view of the
first part of the proof, we have that I'y(¢t) = O(t) for all k € Z. We show that
this implies that I'y(t) = 0 as a formal series in ¢, for all k € Z. We do this
by induction on r € N*: assuming that I'y(t) = O(t") for k € Z we show that
T(t) = O(t™*1) for k € Z. Notice that in the case r = 1 the assumption holds.
For k ¢ {n—1,n,n+ 1} the right hand side of E8) is O(¢"), by @) and by
the assumption, so that I'y(t) = O(t"), hence Ty (t) = O(t"+1), by integration.
For k = n+ 1 we have from B4) that v,4+1(t) = O(t), so that ] yields for
k=mn=+1that [\p1(t) = O@"1), ie., Tpry(t) = O("2). For k = n we have
that v, (t) = 1 — 22(t) has a double pole, but since we have just shown that
Thi1(t) — Tpoi1(t) = O(t"2) the differential equation EH) for k = n leads to

[, (t) = O(t") and we conclude that T',,(t) = O(t"1), as was to be shown. O

1

_4t2 (FfzoJ)rl - Fglozl) + 0(1)5

4.2 Tangency in the general case

For the full Toeplitz lattice the tangency condition is rather similar, yet is
different in some detail that will turn out to be crucial in the next section. We
recall that the differential equations that are satisfied by the polynomials I'y,
and 'y are given by

I = 0e(Tepr —Tiot) + @rg1 — zo-1)(@ele — yele), (41)

Ty = we(Tesr —Tro1) = Wrar — vr—1) (@D — yaTw).
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Proposition 4.2 Let (x(t),y(t)) denote the formal Laurent solution that is
given by Proposition[Z3, and let T'(t) := T'(x(t), y(t); u(t)), where u(t) is given by
(Z0). Then, as a formal series in t, T'y(t) = F,(CO) +O(t) and T (t) = f‘,(co) +0(t)
for ke Z\ {n}. Also

2
. Apt1 0 2 1(0) |
Fn(t) - a—(an—l — an+1)2t2 (anl - anflrlnfl) + gF’EL ) + 0(1)7
~ _ (p4+10n-1 ©0) ;2 = (0) 1=
Pult) = a—(an—1— ans1)?t? (P"_l/a"_l - P"_l) + ?F% '+o),

(42)
where TS and TS are both linear combinations of I‘gloj)tl and 1:‘510}[1 for the
explicit formula, see {J)); moreover, the latter coefficients are related in the
following way:

(0 1 0
o (F - i) e
n+1

ST R ) @)
n—1
Proof As in the self-dual case, the polynomials T'y(z;u) and Ty(z;u) define
2N + 1 step relations, so they depend only on the variables z; and y; with
[l — k] < N. Only z,(t) and y,(t) have a pole, so that T'y(t) = O(1) and
Tw(t) = O(1) for |n — k| > N. Writing @) for k — k — 1 as

1 . ~
'y = (qu = (zg — wp—2)(@p—1Tk-1 — ykflfk,l)) +Tyo,
) (44)
'y = o (qu + Yk — Ye—2)(@k—1Lk—1 — ykfll“k,l)) + T o,
-1
and taking as consecutive values k := n — N,...,n — 1 in [#d) we find that

Tk(t) = O(1) and T'y(t) = O(1) for all k < n — 1, since v (t) does not vanish for
t =0 when k # n=+1. Similarly T'x(t) = O(1) and T4 (t) = O(1) when k > n+1.
So we have that T'y(t) = O(1) and Ty (t) = O(1) when k # n and we are left
with the case k = n.

_ In order to deal with the case k = n we write (Il as an equation for I';, and
I',, in two different ways:

1 . -

Fn = Una (Fnzl:l + (:En - xn:l:2)($n:tlrn:t1 - ynzl:lrlnzl:l)> + Fn:t?;
ntl

~ 1 B ~ ~

Fn = $1} N (Fnil + (yn - yni2)($ni11—‘nil - ynill—‘nil)> + FniZ-
ntl

) (45)
Either of them implies that T',,(t) = O(¢t72) and that [',,(t) = O(t~2), so we
write

1
Talt) = (1“5;2) +TCDE 4702 4 O(t3)) ,
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and similarly for T, (¢). In fact, as v,,1(t) and v,_1(t) have a simple zero, while
x,(t) and y,(t) have a simple pole, the coefficient of t=2 in (@H), leads to the
following linear equations

-2 0 0 0
i = —5551)( ( )1F7(zj)[1 _yv(zi)l nil) /Unilﬂ (46)
f‘l%—m _ 2) (0 /:E
where we have written v,41(t) = v,(loj)[lt + O(t?), so that
00, = T S (47)
anIl
It suffices now to substitue ;Efloi)l = Qpt1 = 1/3/7(10;[1 and xslo) = Gp-10n+1/

(ap—1 — Gpy1) = —an_lanﬂy,(zo) in (@) to find the coefficient of t=2 in ({@2).
Actually, the latter corresponds to taking the lower sign; equating the two ex-
pressions for T in D) that correspond to the two signs leads to EJ); notice

that this is also the expression that is obtained from the two expressions of f%ﬂ)

in (EG).
It remains to compute 1"%71) and 1:‘5171), which can be done from the coeffi-

cient of t=2 in T',,(¢) and in T',,(t), computed from their differential equations

I.‘n Un(Fn+1 - anl) + (:EnJrl - xnfl)(xn n - nFn)7

L, —y
f‘n = Un(l—‘n—i-l - I‘n—l) - (yn-i-l - yn—l)(xnfn - ynrn)

(48)

Since v, (t) has a double pole, while T',41(¢) and f‘nil( t) have no pole, the

)

contribution of the first term to the coefficient in ¢* will be linear in I‘( 14 and

in I‘,(zil. Since x,,(t) and yy, (t) have a simple pole, while T',,(¢) and I',, () have a
double pole, the contribution of the second term will yield a linear combination
of on the one hand I‘( % and f‘(_ ) which, as we have seen, are themselves linear

combinations of T''°) i1 and in I‘Sd)d, on the other hand, F( Yoand T 1), which
are the unknowns. Explicitly, this linear system is given by

Ay 10y 1f(_1) _ _ Gn-10n41 Fffjl — Filoll _
1/(an+1an 1)F(_1) (an—i-l - an—1)2 F;O_i)_l F(O)

n—1
1 (-2) = (—2) )
< 1/ant1an-1 ) (F" o(a) + T " aan1an-1).
(49)
Since F(_2) and f(_2) are linear combinations of I‘;Oj)ﬂ and F;j)ﬂ it follows that

cach of ', " and I, is a linear combination of I‘;Oj)ﬂ and F;i)l, as we asserted.
O
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Proposition 4.3 Suppose that (z(t),y(t)) is a formal Laurent solution of the
first vector field of the Toeplitz lattice, such that Ty (t) = O(t) and Ty (t) = O(t)
for all k with k # n + 1, and such that, as formal Laurent solutions in t,
Tho1(t) = O(t?) and Tpi1(t) = O(t). Then, as formal Laurent series, Ty (t) =

0="Tx(t) for allk € Z.

Proof According to (@3), the hypothesis imply that T',41(t) = O(t). In view
of Proposition B we have that T'y(t) = O(t) and Tx(t) = O(t) for every
k € Z. We will now proceed by induction on r € N*, but in a different way
than in the self-dual case: assuming that I'y(t) = O(t") and T'y(t) = O(t") for
k#n+1, as well as Tyeq(t) = O(t"+1) and Tpay (£) = O(t" 1), we show that
Dw(t) = O(t" 1) and T (t) = O(t" 1) for k # n=+1, as well as Tp11(t) = O(t"+2)
and T',,11(t) = O(t"2). Notice that the 7 = 1 induction assumption needs to
be shown at the end of the proof, as only part of it is in the actual hypothesis
of the theorem.

For k such that |k —n| > 2 the differential equations @) yield that 'y (t) =
O(t") and Tx(t) = O(t"), so that Ty(t) = O(t"*') and Tx(t) = O(t"t1), by
integration. So we are left with k € {n — 1,n,n + 1}. Let us write

r, Ynt" + O™, Lp = Ant"+O(t"t),
Ty = w1 +0(™*2), T = %t 4+0(t*2), k#n,

which we substitute in

1—‘ln:I:l = :Fvnzl:l(Fn - 1—‘ln,:|:2) + (In:i:Q - zn)(znﬂ:lfnil - yn:tlrn:tl); (50)

Fnil = FUp+1 (Fn - fni?) + (yni2 - yn)(xnilfnil - ynilrnil)'

Remembering that v,11(t) = O(t) we pick the coefficient of " in (&), which
leads to the following linear system,

(r+Dymer = :F% (an:tl:)/n:tl - #ﬂ'}’nﬂ:l) ) (51)
(r+ 11 = ?7%71;%1 (anil%il - anlﬂ%il) -
Since
r + 1 :F an_rr1 anflan_#»lanil
Ap—1—0An+1 Ap—1—0An+1 — (’F 4 1)2 _ (’F 4 1) — T’(T + 1)7
1 An+
+ (@an—1—ant1)an+1 r+1+ an—l*alnﬂ

it follows, since r > 1, that v,+1 = Jn+1 = 0, and hence that Ty +1(t) = O(t"+2)
and [',41(t) = O(t"2). Tt follows that, if we substitute the series in

I.‘n = Un(l—‘n—i-l - I‘n—l) + (xn—i-l - xn—l)(xnf‘n - ynrn)a

. ~ N 3 (52)
Pn = Un(l—‘n—i-l - I‘n—l) - (yn-i-l - yn—l)(xnrn - ynrn)a

22



then the coefficient of ¢"~! is simply given by

Ve = —(an_lan+1’7n + '771)7
~ 1 ~
S WA
an—10n4-1
Since
r+1 Apn—10n+1
det o =(r+1°-1#£0,
L r+1

An+410n—1

we have that v, = 3, = 0, so that I',(t) = O(t"+") and T',(t) = O(t"t1), as
was to be shown.

We finally check that our assumptions imply that for » = 1 the induction
hypothesis is valid. According to Proposition E2L we have that I'(t) = O(t) and
[(t) = O(t). Let us write Tpgy = Yn41t+O0(t2) and Typgy = Fpa1t-+0(¢2). Then
we need to show that y,+1 = 41 = 0. From (&), which is also valid for r = 0,
we conclude that V41 = @n_10n+19n+1. It was assumed that T',,_1(t) = O(t?),
i.e., that v,—1 = 0, so that we can conclude that 4,_1 = 0. In order to obtain
a second relation between v, and 7,41 we consider the residue in the first®
equation in (&), which reduces to 0 = an_1an11Vnt1/(@n_1 — ani1)?, since
F%O) = fgo) = 0. Thus, Yp+1 = Jn+1 = 0, as was to be shown. O

5 Restricting the formal Laurent solutions: the
self-dual case

We have seen conditions on I'(t) = I'(z(t); u(t)) that guarantee that solutions
z(t) to the self-dual Toeplitz lattice that start out in the invariant manifold
M) stay in it, formally speaking. In this section we show how these conditions
can be translated into conditions on the formal Laurent solution z(t) to the first
vector field of the self-dual Toeplitz lattice.

5.1 Structure of the polynomials I';,

The polynomials I'y,, which define the invariant manifolds M depend on the
variable z, in a special way, that we will analyze by using the fact that I'j
remains pole free (for k # n) when the formal Laurent series z(t) are substituted
in them, as we have seen in Proposition EEIl Let us denote by A the algebra
of polynomials in all variables xj, where kK € Z and by 4, the subalgebra
of those polynomials that are independent of z,. Also, let us denote by A/,
the subalgebra of A that consists of those elements that can be written as
polynomials in wy,wy and x, with k # n, where

wy = Tp(Tpt1 + Tn-1), W2 :=Tp(1+ Tpi12n-1). (53)

6Taking the second equation would lead to the same result.
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Thus, elements of A/, may depend only on z,, through w; and we. For future
use, we give the first few terms of the formal Laurent series of the generators of
Al . as obtained by substituting the series from Proposition Bl in (B3)):

wi(t) = —2(ay+a_ +2(arant2 +a_a,_2)t + O(t?)),
we(t) = —2e(ay —a_ +2(ayansa —a_an_2)t + O(t?)), (54)
zr(t) = elag + (1 —ai)(ars1 —ar—1)t + O(t?)), k #n.

It follows that G(z(t)) = O(1), for any G € A},. Notice that the polynomials
W4 = Vpt1%n, which both have the property wy (t) = O(1), belong to A}, since

(1— 22, )20 = wa — Tpe1wy. (55)
The following proposition generalizes this statement.

Proposition 5.1 For G € A, let G(t) := G(x(t)), where z(t) is the formal Lau-
rent solution to the first vector field of the self-dual Toeplitz lattice, constructed
in Proposition Bl If G(t) = O(1) then G € A}, i.e., G is a polynomial in

Tn(Tnt1 — Tn-1), Tn(1 + Tpt1@n—1), and zx (k #n).

Proof We suppose that G € A is such that G(t) = O(1), where G(t) := G(z(t)).
We write G as a polynomial in z,, with coefficients in A/,

G =Gl + G2+ + Gy + G,

where G, ...,G; € Al,. If | = 0 then we are done. Let us suppose therefore that
[ is minimal, but [ > 0. We will show that this leads to a contradiction. Since
each coefficient G; belongs to A/, we have that G;(t) = O(1). Thus, the pole
that x,(t) has, needs to be compensated by a zero in G(t), i.e., Gi(t) = O(¢).
We show that this implies that G;z,, € A,,. By Euclidean division in A/, we can
write G} as

Gi=(1—a2 1)K+ (1—23_)K>+ K3, (56)

where K7, Ky and K3 belong to A/, and where K3 is of degree 1 at most in
Tp41 and x,_1: we can write K3 as

K3 =k1(Tny1 + Tn-1) + ko(l + Tpi1@n—1) + K3Tpt1 + Ka

where K1,..., K4 are elements of A/ that are independent of x,41 and z,_;.
Since Gy(t) = O(t) and 1—22 , (t) = O(t) it follows from (BH]) that K3(t) = O(t),
and so that the leading terms Hgo) and /@SLO) of k3(t) and k4(t) satisfy /@(10) = 5/@&0).
Since the leading terms eay, of all xx(¢), with k € Z\ {n — 1,n,n + 1}, and the

leading terms of wq(t) and wy(t) are all independent, even modulo ¢, it follows

that 1@(10) = Iiéo) =0, as k4 and k3 are independent of x,,+1. Using (BH) it follows
that
Gizn = (1—22 )z, K1+ (1 —22_)2, Ko + k1w + rows

= (’LUQ — xn+1w1)K1 + (w2 — xnflwl)Kg + K1w1 + Kowa,
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where K1, K», k1, k2 € A, showing that Gjz,, = G} € A,, as promised. Then,
G = (G + Gz, 4+ G, + Go,

with G} 4+ G;—1 € AJ,. This contradicts the minimality of [. O

Lemma 5.2 For k # n, T'(t) := Tk (x(t); u(t)) is of the form

Fk(t) — f(ak—Nu Afg—N+1y -+ A+ N, A, a—) + O(t)7 (57)

i.e., the constant term in U (t) is a polynomial in the variables” ay_n, ar—n+1,
.oy Qg4 N, a4 and a_ only.

Proof According to 24)), Ty, depends on xp_n,...,xx+n only. For k # n we
know from Proposition BTl that T'x(t) = O(1), so that Proposition BTl yields
that I'y, depends on x, through w; and ws only, i.e., 'y is a polynomial in
wy, we and the z; with |k — | < N and | # n. Each of these variables is O(1),
so the constant term in I'y, is a polynomial in their leading terms, which are the
parameters ax— N, Qk—N+1,-- -, Gk+N, a4 and a_ (see [B)). O
It is clear that when |k —n| > N then I'y(0) is independent of a4 and a_, as
it cannot contain wy or we. The following lemma deals with the case of T', (),
which is slightly harder because I',,(t) develops a pole.

Lemma 5.3 T, (¢) := Ty (z(t); u(t)) is of the form

0 0
T,
n(t) - T

+ Flan-N-1,-,GnyNy1,04,0_) + O(t)
where F is a polynomial in all its arguments, with an+n+1 and a,—n_1 present
(linearly).

Proof Consider the following alternative ways of writing I';, = I, (x; u),
T (z;u) = vp Hp (z;u) + ney = 2n,Gr(x;u) + Hy (25 1). (58)

H, is a polynomial in = (x;);cz, because [3) implies that H, (x;u) = V¥[x,],
and because Oz, /0t; = {x,,H;} is always divisible by v,, see (). Also,
we have put G, (x;u) := n — x, Hy(z;u) to obtain the second equality. The
first equation in (BY)) implies that H, (x(t);u(t)) = O(t), since 'y (z(t);u(t)) =
O(t™1) and x,(t) = O(t™1), while v,(t) = —1/(4t?) + O(¢t~1). The second
equation in (B) then allows us to conclude that G, (x(¢);u(t)) = O(1), and
hence also that Gy, (z(t); u) = O(1), since u is an arbitrary vector of constants.
Thus, G,, is, by Proposition Bl an element of A/,, depending (linearly) on the
parameters u;.

Summarizing, the constant term in I',,(¢) will be given by the constant term
in 2, (t)Gn(t), hence will depend only on the first two terms e(1+(ar—a_)t)/(2t)

"Recall that an+1 = F1 and that a, does not exist; so an+1 and a, may be thought of as
being absent in the list. Thus, a4+ is the natural substitute for an+1.
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of z,(t) and on the first two terms of G,(t), where G, € A/. The lat-
ter first two terms can depend only on the first two terms of the variables
Tp—N,---,TntN, w1 and we that appear in G,,; the first two terms of their
series can be read off from (B4)), yielding that the constant term in I',(¢) can
only depend on a,—N—-1,...,0n+N+1,0+,a—. Notice that the only dependence
on a,—n-1 can come from the presence of z,_y, but 2) tells us that x,_x
appears linearly in I';;, and with a non-zero coefficient. Therefore, the parame-
ter ap—n—1 is indeed present in the constant term in I'y; similarly, a,4n41 is
also present. The leading term of I',,(¢) was already determined in Proposition

ET O

5.2 Parameter restriction

We now show that we can tune the free parameters in the formal Laurent so-
lution z(t) of the self-dual Toeplitz lattice in such a way that I';(¢) = 0 for all
k € Z, as a formal series in t. As it turns out, it will be possible to keep 2N — 1
parameters arbitrary, and the other ones are determined rationally in terms of
these. Together with time it means that the constructed solution depends on
2N free parameters, which is the maximum one can hope for in an 2N + 1 step
relation.

Proposition 5.4 Keeping the 2N — 1 parameters an,—an, .. .,an—2 arbitrary,
the other parameters in the formal Laurent series x(t), given by Proposition
[Z0, can be chosen as rational functions of these parameters, so that T'y(t) = 0,
as a formal series in t, for all k € Z.

Proof In this proof we will assume that N > 1. See Remark below
for the adaption to the case N = 1. According to Proposition BTl it suffices

to determine the parameters in the series x(t) so that I‘;ﬂo), the constant term

in Tk (t), is zero, for all k € Z. Thus, we need to write F,(CO) in terms of the
parameters in the series z(t). We do this for the different values of k in a very
specific order, as indicated in Table 1. The second column indicates which 'y
we consider; it is easy to see that we consider all of them (exactly once); it
is understood that steps (6)—(8) are absent when N = 2. We know from (4
that for any k € Z, I'y, depends only on the variables z;— N, Tk—N+1,-- -, Tk+N,
which yields the third column. It is important to point out that the two written
variables, which are the extremal terms, are actually present in I'y, and that
these two variables appear linearly (see Proposition in the Appendix).

The delicate step is in obtaining the last column; the information displayed
in it contains the parameters® that may appear in I‘I(CO), where the underlined
term actually does appear, and it appears linearly. Before validating this column
in each of the steps, let us first point out how the proposition follows from it.
Precisely, we can in each step solve for one of the underlined parameters in
terms of the nonunderlined parameters, as the underlined parameter appears

8Besides the constants u1,...,uy that define P.
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linearly in the equation F,(CO) = 0. Using the previous steps, this yields (using
the previous steps) inductively a rational formula for each of the parameters,
in terms of a,,_on, ..., ay_2, which remain free. In fact, the variables a,,_on_;,
with ¢ > 0 are determined in steps (1) — (3); an—1 = —an+1 = 1 while a,, does
not exist; the variables an4,+1 with ¢ > 0 are determined in steps (6) — (12);
the only other variables are a_ and a4, which are determined in steps (4) and
(5).

We now show that in each step the parameters that are indiciated in the
fourth column of the table appear indeed (linearly) in 1",(60). This is done by
carefully using the leading terms of I'y, as given by Proposition As a
general remark, notice that ([24]) implies that T’y contains the variables zj_
and zpyn linearly, but that the behaviour of its coefficients Hij\;_olkari and
H?L—Ol vg—i, evaluated at ¢, depends on k, as given in (B4).

For step (1) we have that x,_an_1(t), ..., Zn—1(t) have no pole in ¢, so that
only their leading coefficients, the parameters a,_on—1,...,0n—2, Gn—1 = 1,
can appear. Since z,_on_1 appears (linearly) in I',,_ny_1, with a coefficient
un Hfil Un—N—; that is non-vanishing for ¢ = 0, namely Hfil Un—nN—i(0) =
Hfil Gn—N—i, the parameter a,_on_1 appears (linearly) in FilolN,l. The same
argument works in steps (2) and (3). Step (4) is more interesting because it
involves x,, (linearly). However, x,, appears only in the leading term of T',,_ x,

which we can write, using w_ = x,v,—1, as
N—1 N—2

UNTp H Un—N+i = UNW— H Un—N+i» unN 7é 0. (59)
i=0 i=0

Now w_(t) = 4ea_ + O(t), and the other factors in (BJ) are finite, non-
vanishing, which yields the proposed dependence on the parameters in step (4).
For step (5), x, may be present in other terms than the leading term in
I'h_n+1, but in view of Proposition Bl T',,—n4+1 € A, is a polynomial in

Tp—2N+41,--+>Tn—1,Tnt1 and in wy and we only. Since their series do not have
a pole for t = 0, we get an eventual dependence on ay and a_, besides the
parameters a,_an+1,---,0,—2. Let us show that ay actually appears. The

leading term in T',,_ 41 is, according to (E4),
n—2

UNTpn4+1UnUn—1 H Vs.
i=n—N+1

Since it is the only term in I',_ y 41 that contains x,,+1 we can write I';,_y41 =
Pl + PQ, where

n—2
Pr=un(Tpir+ 2o )vnvn [ v
i=n—N+1
and Py is independent of z,41, so P, depends only on =, _an41,...,ZTy. Now

Py (t) = O(1), since
Tni1(t) +2a-1(t) = O(),  wa(t) =O(7%),  wai(t) = O(t),
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while the other v;(¢) that appear in Pyi(t) are O(1). Since T',,_n41(t) = O(1)
this implies that Pa(t) = O(1), so that P, satisfies the hypothesis of Proposition
BT since P, is independent of x,41 we may conclude, as in step (4), that P is
independent of a4. On the other hand P;(0) depends (linearly) on a4, as

(Tn1(8) + Tp—1(6))vn (O)vn—1(t) = 8ea—(a— + ay) + O(t).

The conclusion is that Ffloz ~n41 = P1(0) + P>(0) depends (linearly) on a.

We are at step (6). Skip this step and steps (7) and (8) when N = 2.
Proposition Bl implies that I‘glol N2 can only depend on the proposed param-
eters, and that the dependence comes from the constant terms of the series
in (B4). The dependence of F;O_) Ni2 On Gpi2 comes only from the leading
term uUNTpni2Unt1VnUn_1 H?Zf Un—N+2+¢ which, at ¢, is O(1), since the prod-
uct vp41()vn (t)vn—1(t) = O(1) and non-vanishing. It follows that F;OENH
depends on a,42 (linearly). The same happens in steps (7) and (8), as the
leading term will always contain the product v,41v,v,—1 which is finite and
non-zero for ¢ = 0.

A new phenomenon arises in step (9). Notice that we have moved to T’ 1,
keeping T, for step (10). The leading term of T, 41 is

N

UNTn+N+1 H Un+i,
i=1

which does not contribute to F7(104)-17 since vy, 41(t) = O(t), while all other factors

in this term are finite in ¢. Therefore, 1"510_21 is independent of a,in11. To

show that 1"510_21 depends on a4y we need to investigate the next term in I';, 41,
the one that contains z,y, because it is the only one that might lead to a
dependence on a,4n. According to Proposition B2 this term consists of the

following three pieces,

N-2 N-2
2
UN—-1Tn+N H Un+1+i — UNTpy NTn+N-1 H Un+1+i
i=0 i=0
N—-2 N—2 (60)
—2UNTniN H Upt14d E Tt j+1Tntj-
i=0 §j=0

The two terms on the first line of (@) do not contribute to F7(104)-17 again because
both terms contain v, 1, and all other terms are finite for ¢ = 0. The third term
however does contribute, when j = 0, as x, (t)vp+1(t) ~ a4+ + O(t); moreover,
this term is the only one that involves a,, n, so that the latter parameter appears
(linearly) in ng)rl. For step (10) the presence of anyny1 was established in
LemmaE3 Starting from step (11) the leading coefficients do not contain vy, 41
or v, anymore, so that everything goes smoothly. ([
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Remark 5.5 When N = 1 the polynomial that defines the recursion relation
reduces to
Ty = kxp +ui (1l — Ii)(zk+1 + XTp—1)-

Steps (4)—(9) then get replaced by two steps in which we consider T'ypy1, which
allows us to determine ay. Indeed, substituting the series x(t) in I'yyq yields
for the leading term (t =0):

(n+1)+4urag = 0.

The other parameters are determined as in the general case.

6 Restricting the formal Laurent solutions: the
general case

In this section we will do a similar analysis as the one that has been done for
the case of the self-dual Toeplitz lattice in Section

6.1 Structure of the polynomials I'; and T,

We first investigate on which parameters the leading term(s) in the polynomials
', and I'y, depends on the free parameters. We denote by A the algebra of all
polynomials in the variables x; and y;, where ¢ € Z, while A, stands for the
subalgebra of A that consists of all polynomials that do not depend on z,, and
on y,. Consider the following four polynomials®

W1 = TpYn—1 1 YnTn+1, w2 = Tp+ Tp-1YnTn+l, (61)
w(lT = YnTp-1+ TpYnti, wg = Yn T Yn—1TnYn+1-

For future use, observe that these polynomials are linked by the following iden-
tity:
xn(wg - yn—lw(lT) = yn(w2 - xn—lwl)u (62)

in fact both expressions in [2) are equal to x,ynvn—1. We denote by A/ the
subalgebra of A that consists of all polynomials that can be written in terms of
these four polynomials, besides all x; and y;, with ¢ # n. The polynomials w
have the following series in ¢, when the first few!® terms of the series z;(t) and
y;(t) that are constructed in Proposition B2 are substituted in them.

w1 (t) = Qb,_1—a_+ (a+an+2bn_1 — a_an_lbn_g)t + O(t2),
wa(t) = Q+ (ayanio+a_an_2)t+ O(t?),

9Recall that v; := 1 — z;y; in the case of the general Toeplitz lattice, and that ¢ denotes
the involution that permutes all x; < y;.

10A priori, one needs to compute an extra term in the series zy, (t) (see Proposition BZ) in
order to find the shown terms in (B3). After Proposition we will however show how such
a cumbersome can be avoided.

(63)
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where
Ap—10n+1

Qi=—
(an+ﬂ,_'an71)2

(an-1(2a —ay) — any1(2a —a)).

The formal Laurent series for the other polynomials in (@) is found from it by
using the automorphism o (see ([Bd)), which yields in particular

() = Qby_1bpis + aybu1 — a_byys. (64)

It follows that if G € A!, then G(t) = O(1), where G(t) := G(z(t),y(t)), with
x(t) and y(¢t) as above. We will show that the converse is also true, so that the
algebra A/ plays in the general case a similar réle as in the self-dual case. For
this we need the following lemma.

Lemma 6.1 Let G be a polynomial in A, that is independent of wy and none
of whose terms contains Tp41Ynt1 OF Tn—1Yn—1. If G(t) = O(t) then G =0, as
a formal series in t.

Proof Tt follows from (E3) that

w1 (0) - a(@n-1 = Gn+1)
wi(0) | = m G4 Qi1
w3 (0) a—0n—1
where
2041 —Qp_1 2ap41 — Gp—1
T:=| 2a,_4 Gnt1 — 2Gn_1 Ant1
2 antl (ant1 — 2ap-1) ?1“(2(%4& —ap_1)
T is an invertible matrix, since det T = —2(ay_1 — @ns1)*/(an_1any1). Let G

be a polynomial in A/, that is independent of wy and suppose that G(0) = 0. We
write G = 37, gijrwt (w)? (wg)F, where g;;1. is a polynomial in the variables
xy, and yi with k& # n only. Notice that g;;%(0) is independent of a, a4 and a_.
Therefore, the fact that 7" is invertible and that a, a4 and a_ are independent
free variables implies that g;;x(t) = O(t) for any 4, j, k. If we assume now in
addition that g;;r does not contain either product T,4+1Yn+1 Or Tp_1yn—1 then
it is clear that g;jx = O since the leading terms aj of z, and b of y; are
independent (k # n), except that an4+1bn41 =1 = ap_1bp_1. O

Proposition 6.2 For G € A, let G(t) := G(x(t),y(t)), where (x(t),y(t)) is the
formal Laurent solution to the first vector field of the Toeplitz lattice, constructed
in Proposition [ZQ. If G(t) = O(1) then G € A, i.e., G depends only on x,

and yy, through the polynomials w1, wa, wy and w3 .
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Proof Given G € A we may write G as a polynomial in z,, and y,,, with coeffi-
cients in A/ ; in fact, writing x,, = wa — Zp_1YnTnt1 We may assume that G is
independent of x,, and we write

G =Gy +G 1y -+ Giyn + Go,

where Gy, ...,G; € Al,. We suppose that this is done in such a way that [ is
minimal. If [ = 0 then G € A], and we are done; assume therefore that { > 1.
We will show that Gy, € A/, which is in contradiction with the minimality of
[, like in the self-dual case. We first show that we may assume that ws is absent
in Giy,. If we substitute z,, = wy — Tp—1YnTn41 in the identity ([GZ) then we
find

YnW2 = w2(wg - yn—lwg) + yn(wlxn—l + xn—lxn-i-l(yn—lwf - wg))u

which allows us to replace any term in Gy, that contains ws, or a power of it,
by a term of lower degree in ws, at the cost of changing G;_1, so that we can
eventually remove wsy entirely from the leading coefficient GG;. Assuming that
G| does not depend on ws we perform an Euclidean division in A/,

Gr=(1—=2p1yn—1)K1 + (1 = Tpi1yns1) K2 + K3, (65)

where K, Ky and K3 belong to A/, with K3 independent of ws and not con-
taining Tn,—1Yn—1 OF Tni1Yni1-

Assume now that G(t) = O(1). Since all G;(t) are O(1), as G; € Al,, we
must have that Gi(t) = O(t), as y,(t) has a pole. Then (BH) implies that
K3(t) = O(t), since 1 — Zp11(t)Ynr1(t) = vpx1(t) = O(t). This means that K3
satisfies the conditions of Lemma 1] hence that K3 = 0. The identities

(1 - xnflynfl)yn = wg - yn,1WT S A;l
(1 = Zp1Yn+1)Yn = WG — Ynyrw1 € A,

then imply that Gy, € A}, as was to be shown. O

As a first application of this proposition, we show how the shown terms in (G3)
can easily be computed. Since w;(t) = O(1) we also have w;(t) = O(1) for
i = 1,2. By Proposition B2, w; € A, in fact

ns

W1 = (TaYn-1+ YnTny1)
= Yn-2Tn-1Zn W7 + TppaW] — Yn—2Vp_1W2 + Up—1 — Uny1,
w2 - xn + (xnflynanrl).

o o
- xn+2xn—lw+ — Tp—2Tp4+1W_ + Tn+1Un—1 — Tpn—1Un+1,

where wl = vp41Yn, with w7 (0) = *asby,r1 + O(t). Since v,+1(0) = 0, it
follows that

w1(0) = bp2an_10,11w7(0) + ani2wi (0) = ayany2bp1 —a_a,_1b,_2,

w2(0) = any20p 1w (0) — apn_2a,11w7 (0) = any204 + an_2a_,
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which yield after integration the linear terms in ([E3). The same formulas can
be used to show that wgz) and w§2), which are the #? terms in wi(t) and in
wa(t), depend only on the parameters ¢,,—s, ..., Cnts, a4+, a— and a; the precise
formula will not be needed, except that they depend on ¢, 43 as follows:
2 1 y
w; )= ‘Tfﬂ)&wi (0)/2+ -+ = an43a4bp—1Cny2/2+ -,

(2) (€]

(66)
wy" = T ipTn-1(0)wi(0)/2+ - = anysaybaia/2+ -,

where the dots are independent of a3 (and of by,43).

The following lemma is the analog of Lemma and is proven in exactly
the same way.

Lemma 6.3 If k # n, then the series Ty(t) := Tp(2(t), y(t); u(t)) and Tj(t) =
Cr(z(t), y(t); u(t)) are of the form

Di(t) = F(ak—N, Ck—N+1,- - s Ckt N—1, G4 N, A, @) + O(2),

Tpu(t) = F(Oro N+ ChoN+1, - - - Chi N—1, by N, @k, @) + O(F),
where we recall that ¢; = (a;,b;) and that apt1bye1 = 1, and ]—",f are polyno-
mials in their arguments.

For k = n the corresponding result is more complicated and the method of proof
is different from the one in the self-dual case (Lemma BE3).

Lemma 6.4 The constant terms 1",(10) and 1:‘,(10) are of the form

() AntN+1
_A< >+-7:(CnN17--'70"+N’ai’a)’

f‘%o) by N1

where A is an invertible 2 x 2 matriz and F is a polynomial 2-vector that depends
on the listed free parameters only. See Proposition [[.3 for the leading terms of
L. (t) and T, (¢).

Proof We will assume in our proof that N > 2, see Remark &3 below. The
proof is based on the explicit expression for T';, that is given in Proposition
(see the Appendix), which we write in the form T',, = v, H,, + nx,, where

N—-1 2 N-—-2
Hn = UNZTn+N Hi:l Un+i — uan_i_N_lynJerQ Hi:l Un+i
N-—-2 N-—-2
—UNTntN-1 (wnyn_1 +2>0 :vn+jyn+j_1) | | A

N-2
+(uN71:Cn+N71 - quynJerlInflIn) Hi:l Un+i

F+ F(Tp—Nt1s- o T N=2, Yn—N+2+ -+ - Yynt N—2)

N-2
- (uanxn-i-lyn—N-i-l - u—an—NUn—N-i—l) Hi:l Un—i-
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Our first claim is that F € A},. Since I',,(¢) and v, (t) have a double pole, while
x,(t) has a simple pole, H, (t) = O(1). The terms in the above expression that
do not involve z,, or y, are also O(1), because z(t) = O(1) and y(t) = O(1)
for k # n. There are a few terms that contain z,, or y, (linearly), but they are
all of the form =, vp41, YnVn+1 OF Tpv,—1, which are both O(1). It follows that
F(t;u(t)) = O(1), and hence that F(t;u) = O(1). Thinking of u as constants
we have, in view of Proposition B2 that F € A,.

Since vy, (t) has a double pole, only the first three terms of v, (t) and of F(t)
can contribute to the constant term in v, (¢)F(t); in view of Table [l this con-
tribution can only yield a dependence on the parameters ¢,—n—_1,...,Cn+nN, 0+
and a.

We now turn to the other terms in H,, and we use their explicit form to
show that they only depend on the listed parameters. Let us first consider the
following terms that do not involve z,, or y,,

2 N-2
- (uNﬂﬁnJrN_lynJerz + 2UNTniN-1 ijg Tn4jYn+j—1

N-—-2 N-1
_UN—lxn-i-N—l) Hi:l Un+44 + U_NTn—N Hi:l Un—s-

(67)
Since vy,+; has a simple zero for ¢ = 1 and is O(1) for i« > 1 we have that
Hf\:f Unaq and Hfi}l vp—_; have a simple zero, so we only need to look for the
parameters that appear in the first two terms of the coeflicients. The former
add nothing new to the above parameter list. For the coefficients of the first
one for example, we read off from Table [l that the constant and linear terms of
22 n_1()YntN—2(t) only depend on apq N, ¢ N—1, Cng-N—2 and by y—3, which
falls inside the proposed limits. Notice in particular that neither a,4n4+1 nor
bn4+nN+1 appear in this term. We arrive similarly at the same conclusion for the
other three terms in (@Z). Notice that the lowest free parameter that appears
is ap_n—1; it comes from the last term in (G).

We now get to the terms that contain x, or y,. As we already noticed
these terms always come with v, 11 or vp—1. As @, (t)v,11(¢) = O(1) we must
investigate the first three terms in the remaining factors. For the term

N—-2

TUNTnUn—1Tn41Yn—N+1 H Un—i
i=2

we need to look at T, 4+1Yn—nN+1 Hi\;f VUn—q, which yields terms with a low index,
the lowest coming from the coefficient in 2 in ¥y, _ny1(t), to wit b,_n_1 and
an—N- The other three terms that involve z,, or y, can be written as
N-2
TpUni1 (UNTny N—1Yn—1 + U-NYnt N—1Tn—1)
B .= - H Unti-
F2UNYnVn+1Tn+ N-1Tn+1 i=2

Again, since v, has a double pole the first three terms in B(t) = B + Bit +
Bst?+0(t?) will contribute to the constant term in v, (¢)B(t). It is clear that By
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. . . 2 .
will contain a,4n+1, coming from xSH)rN_l and by, N1, coming from Y, n_1.

To know the precise value, it suffices to substitute the relevant coefficients of
the formal Laurent series z(t), y(¢) in the following part of Bs,

(2) (0) nte

N-—-2
_ ( (,Tn’l)n+1)(0) (uN:vffJ)rN_lnyO_)l +U—Ny7(12-|)-N—lx51031) ) H U(O)
+2UN(ynvn-i-l)(O)anerl‘rn-i-l

i=2
which gives, by using Proposition B2, and in particular —(:Cnvn+1)(0) = a4 Qnt1
and _(ynanrl)(O) = —a4by-1,

N

(UNCntN4+1bn—1 — U—NCp—1bnyN1) H Crnti + 00, (68)
=2

_ 040n+41
2

where the dots are independent of a,,+ ny+1 and b, ny+1. There remains one term
in H,, namely the leading term C' := unxp+nN Hi\;_ll Up+q- 1t does not involve
Zy, but does involve v,4+1, which will also lead to a dependence on a,4+n+1-
Writing C(t) = Cit + C2t? + O(t3) we have that

_ 1 (1) N-1_(0)
02 - U’NInJvanJrl =2 vn—i—i

N
= UNOn4+N+10+ (an—i-l - an—l)bn—l Hi:2 Cnti+ -,

where the dots are again independent of a,+n+1 and by y41. Summing up, we

have that the leading terms in 1"510) are given by
) N
5 (uN(@nt1 = 2an—1)bn—10ny N1+ U-NCnt1@n—1bng N11) H Crti-
i=2

By duality, the leading terms in 1:‘510) are given by

_ G/+’U1(lo)

N
9 (u—N(an-1 = 2an4+1)bpyN+1 + UNDp—1GniN41) H Crti-
n—1 N
=2

We may conclude that

r{ Gn+N+1
_0 | =A + F(Cn—N—1,--+CngnN, O+, Q), (69)

T, bniN+1
where
2
A a4 Qpiq (a’n«+1 - 261,",1)11,]\[ An+10n_1U—N N
= V— —— C i
— 2 UN H n+1
2(an—1— An+1) _ (2an41 — an_1)u_n | i=s
Ap—1
Since
UNU ara N ’
NU—N 1 .
det A = 5 " +_n;r H Cnti |
n+1 n—1 i—9
A is invertible. O
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Remark 6.5 The above proof breaks down at several places when N = 2. The
polynomial H,, then reduces to

Hn = u2(xn+2vn+l - xn-i—lwl) + U1Tn+41 (70)

Fu_o(Tp—2Vp—1 — Tp1W]) + U_1Tp_1.

Using [€@) and Proposition A we find that H, depends in the following way
On Gp43 and byys,

@ 0 2 0 2
u2(117514)r207(1421 - xng)rlwg )) - u72:17517)1w(17( :
A4 Cpio
- 2J:1 - (uz(@nt1 — 2an—1)an4+3 + u—2ﬁn+1ai_1bn+3)-
n—1

It leads as in the case N > 2 to ([64), with precisely the same matriz A.

6.2 Parameter restriction

The parameter restriction works more or less like in the self-dual case, the main
difference coming from the fact that in the self-dual case we had to put all

1",(60) = 0, while in the general case the tangency condition is equivalent to

1. Tx(t) = O(t) and Ty(t) = O(t) for all k with k # n + 1;
2. Fn_l(t) = O(t2);

In a sense, the condition I',,_1 (t) = O(t?) replaces the condition I',, 1 (t) = O(t),
which is redundant because it is a consequence of the other conditions (see
Proposition E3)).

Proposition 6.6 Keeping the 4N — 1 parameters'' c,_on,...,Cn_2,0n_1 ar-
bitrary, the other parameters in the formal Laurent series (x(t),y(t)), given by
Proposition[T3, can be chosen as rational functions of these parameters, so that
Tw(t) = 0 and Ty(t) = 0, identically in t, for all k € Z.

Proof We give the proof in the case N > 1 only, leaving the case N =1 to
the reader (see Remark B0 for the self-dual N = 1 case). As in the self-dual
case, we summarize the order in which we treat the different equations in a table
(see Table B). The second column shows which Aj, = (I', Tx) we consider. For
k #mn £ 1 it is clear that each Ay appears (precisely once). The fact that T',,_1
appears on line (9a), while A, _; already appears on line (8) comes from the
fact that we consider in line (9a) the coefficient in ¢ of I',_1(¢) (rather than the
coefficient in t°); similarly, f‘n+1 is absent because the nullity of f‘n+1(0) is a

HRecall that ¢j = (ak,bk) and that ant1bpt+1 = 1.
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consequence of the nullity of the other Ag(0) (Proposition EE3)). We know from
Proposition B2 that for any k € Z,

Ti(z,y;u) € R[Tp—N, - oy Thp Ny Y= N415 - - s Ykt N—1)s (71)
Ti(2,y5u) € RITE-N41s- -0y ThtN-15 Ybo N - - -+ Yk N
so that
Ak(x,y; U) S R[Zka, ey ZkJrN].

This leads, with no effort, to the third column of the table. For future use, let
us recall that T'y, depends (linearly) on z;_ N and on .y, while Ty, depends
(linearly) on yi—n and on yr4N-.

Let us now turn, line by line, to the last column, which demands a care-
ful inspection of the polynomials I'y and I'y. In particular, we show that
these polynomials depend on the underlined parameter(s) (linearly), in such
a way that one can solve for them. In steps (1) — (3) we have that z, is ab-
sent, so that A,,_n_(0) (k > 1) depends on z,_an_k(0),...,2,-£(0) only,
ie, on ¢p_aN—k,--sCnk. Now I'y_n_p depends on x,_on_ (linearly), but
not on y,_on_, while the opposite is true for l:‘n_N_k, so that we can solve
the equation I',,— y_(0) = 0 linearly for a,—on_k, and similarly f‘n,N,k(O) =

0 can be solved linearly for b,_on_ in terms of ¢,—oN—f+t1,---5Cn_k. FoOr
k = 1 this gives an—an-1 (resp. b,_an_1) in terms of the 4N — 1 parame-
ters ¢p—on,...,Cn—2,0n—1, SO that by taking k = 2,3,..., we get recursively

Cn—2aN—k in terms of these parameters, for all £ > 1.

We now get to step (4) which is different because A, _ y involves z,, and y,.
As for T'y,, according to Proposition B2 x,, appears only in the leading term of
I'y,_n, which we can write as

N-1 n—2
UNTp H Un—N+i = UNW— H Vg, uy # 0,
1=0 i=n—N

where w_ := z,v,-1 € A}, as w_(t) = a_an—1 + O(t). Therefore, using ([I),

n—2

T n(0) =una—an1 [ &+ Flan-an,caoni1, - cn1),
i=n—N

which can be solved linearly for a_ in terms of the previous parameters (¢; =
1—asb; #0 for n — N <i <n—2). Using the automorphism o (see (BY)),

n—2
~ —a_ .
anN(O) =U-N H ¢ + f(bn72N7 Cn—2N+41y--+, Cnfl)y
ntl, "N

so that f‘n,N(O) = 0 can be solved linearly for b, 1 = 1/an41.

For step (5), z,, and y,, may be present in several terms in A,,_n41, but in
view of Proposition &2 T',,_ny11 and I';,_ 11 are polynomials in z,_oni1,-- -,
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Zn—1,%n+1 and in wy, and we and their ¢ analogs only. Thus, I';,_ ny11(0) and
f‘n_NH(O) depend on their leading terms only, to Wit ¢,—on+1,- -+, Cne1, Gnt1
and a,ay. It follows that the only new parameters that appear at step (5) are
a4 and a. Let us show that they appear in such a way that we can solve for
them (linearly) in terms of the other parameters. We do this as in the self-dual
case by isolating the leading term in I',_ 541 as given in Proposition B2 namely
we write I',,_ y11 as

n—2

Tponi1 = —un(@nwi — tny)on1 [[ vi+ Flen-ania, .o 2),  (72)
i=n—N-+1

The relation () was obtained by writing the leading term

Tn+1Un = $n+1(1 - xnyn) = Tn+1 — (xnwl - Iiynfl)v

and throwing the 22y, 1 term into F. Since I',_n41(t) = O(1) and since the
first two terms in ([Z2) belong to A}, , the last term in ([[[2) is also O(1) in ¢; since in
addition this term does not contain z,41, by Proposition[f2 and @) x,, and y,
can only appear in it multiplied by v,,—1 =1 —2,_1yn—1, and so by Proposition
we may conclude that the contribution from this term in T';,— n41(0) will
not involve a4 or a. Also, the second term in (@), unTpn1+1Vn—1 H;;L{NH v;
does not contribute to I';,— x4+1(0) since v,—1(t) = O(t) while all other factors
are O(1). Thus, the dependence on a4 and a in I'),_ 541(0) comes entirely from
the first term in ([2), which in view of Proposition B2 and (&3)) is given by

n—2
Th-nt1(0) = —una_Q H ¢; + previous parameters.
i=n—N+1
By duality,
a_a n—2
Th-nt+1(0) = u,N;MU(Q) H ¢; + previous parameters,
n+1 i=n—N+1

where () was given in ([Ed). Since Q and o(£2) are linearly independent,
as linear functions of ay and a, we can indeed solve I',_n11(0) = 0 and
I',—n+1(0) = 0 linearly for ay and a in terms of the other parameters.

Steps'? (6) — (8) are easy, the point being that by Proposition B2 for 2 <
k<N-1

n+k—1

) Cnik (Vn— 10 V1) H ¢ + known.

i=n—N-+k
i#n—1n,n+1

u_N

Buas@ = ("

128kip these steps if N = 2.
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Let us concentrate on the next steps, which are more exciting. In step (9a)
we need to compute the linear term in I',_1(t), where we recall from Propo-
sitions and that I',_; € Al, hence that this linear term only de-
pends on the constant and linear terms of the elements of I';,_; € A/,. Since

Fnr€R[Tn-N_1,- s Zng N-1,Yn—N, - - -, Ynt N—2), With leading term
N-1
Ino1 =unTpyn—1 H Upgio1 + 0y
i=0

we have from Proposition that

N
anl(t) = Fglozl + <uNan+N(vnlvnvn+l)(0) H énJrifl + - ) t+ O(tz),
=3

where the dots only involve previous parameters. Therefore we may solve
F;lll = 0 (linearly) for a,y+n. Step (9b) is similar to step (9) in the self-
dual case; notice that we postpone again A, to the next step. First of all
I'ny1(t) = O(1) and so T'y4q € Al,. The leading term in T',, 1, namely the term
UNTn4N+1Vn+1 [[;_7 VUn+1+4i cannot contribute to I',41(0) because it is O(t),
which explains the absence of a,+n41 in I',11(0). By Proposition B2 b4 n
can come only from y, 4, which appears only once, namely in

N-2 n+N-—1
U NYn g NTnTni1 | [ Vnirri = —U-NYnyNTngr(@avngn) ] v
1=0 1=n-42

yielding at ¢ = 0 a non-zero linear term in b, 4+, as x, (t)v,41(t) = O(1).

Step (10) is the hardest one, but we dealt with it in Lemma Notice
that after this step we have that A, (¢) = O(t) since the nullity of the previous
Ak (0) already implies that A, (t) = O(1) (Proposition ELZ). Starting from step
(11) everything goes smoothly, as Ay (t) = O(1) for &k > n + 1 and the leading
term of T’ (0), resp. T'(0) will produce precisely the new parameter azx, resp.
br+n (linearly). O

7 Singularity confinement

We have constructed in the previous sections formal Laurent series for the
Toeplitz lattice (in the self-dual and general case) solving the recursion rela-
tions Tk (x(t); u(t)) = 0 (Ar(z(t),y(t);u(t)) = 0 in the general case). We will
now transform these into solutions of the recursion relations 'y (x; u) = 0 (resp.
Ag(z,y;u) = 0), depending on a certain number of free parameters, and blow-
ing up for only one (resp. two) variables. We will mainly concentrate on the
self-dual case, as the general case is dealt with in precisely the same way.

The main tool to do this transformation is a formal version of the implicit
function theorem, which we explain in the case of one variable, the scalar case.
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Suppose that we have a formal series in ¢,
z(t;a) = a+ fi(a)t + fa(a)t® +---; (73)

one may think for example of z(¢; a) as a formal solution of a vector field (differ-
ential equation & = F(x)) on the real line, with initial condition z(0;a) = a. In
our case the functions f; will be rational. We wish solve the equation z(¢;a) = «
formally, namely we wish to construct the formal series in ¢

a(t;a) =a+ gi(a)t + gz(a)t2 + -

with the property that z(t;a(t;a)) = «, as a formal t-series identity. Pre-
cisely, we claim that there exist for any s € N unique (rational) functions
g1(@), ..., gs(a), such that

z(t; o+ gr(a)t + ga(@)t? + - -+ gs(@)t®) —a = O(t* 1),

where x(¢;-) is given by ([33)). This is a trivial consequence of a formal version
of Taylor’s Theorem. For example, for s = 1 we neglect all terms in ¢2 and the
condition on g; becomes

z(t;a+gi(a)t) —a+0?) = gi(a)t + fi(a+ gi(a)t)t + O(t?)
= (91(a) + fila))t + O?),

so that g1(a) = —f1(a). For s = 2 we neglect the terms in 3, giving

a(t;a — fi(a)t + ga(a)t?) — a + O(t?)
= —fila)t + g2(a)t* + fi(a = fi(a)t)t + fa(@)t? + O(t?)
= g2(a)t* + fi(a) (= fi(@)t)t + f2()t* + O(t?)
= (92(a) = fi(@) fi(@) + fa(@))t* + O(t?),

which has go(«) := fi(a)fi(a) — f2(a) as a unique solution. Continuing in this
way it is clear that g;(«) equals —f;(«), up to a differential polynomial in the
fi(e), with j < 4. Notice that when all f;(a) are rational function the same will
be true for all g;(c).

Let us apply this to the formal Laurent series that we have constructed for
the self-dual Toeplitz lattice, and that yield formal solutions to the recursion
relations T'y(¢) := Tr(xz(t);u(t)) = 0, where k € Z. Recall from Proposition
B4 that these formal Laurent solutions xy(t) depend on 2N — 1 parameters
Ap—2N,-- -, ap—2, which are the leading coefficients of x,,_on, ..., Z,—2, namely

xi(t) = ar + O(t), k=n—2N,...,n—2, (74)

where the higher order terms are rational functions of the parameters a,,—on, . . .,
an—2. Besides the parameters a; these functions also depend (polynomially) on
the parameters u = (u1,...,uy) that define the recursion relations, namely
2k (t) = 2 (& an—an, . . ., an_2;u), for n — 2N < k < n — 2. The formal implicit
function theorem then leads to the following proposition.
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Proposition 7.1 There exist for k =n—2N,..., k =n — 2 rational functions

(1) _ (9 .
a,’ =ay, (Qn_aN,...,0p_2;U1,...,UN)

such that ap ==Y 2, ag)ti, k=n—2N,...,n—2 formally inverts {74), i.e.,

oo o0
Tk (t; Z CLS),QNti, RN Zaiﬁ? Z-; u) = g,
i=0 i=0

fork=n—-2N,....,n—2, withaéo):ak.

O
We can use these series to replace the free parameters a,_on,...,an_2 in
the series z(t), k € Z, by a := (@n—2n,-..,an—2), where we think of the
latter as (partial) initial conditions to the recursion relation. To do this, one
simply substitutes ar = Y .o a,(;)ti for k =n—2N,...,n — 2 in each of the
series xx(t) = zk(t;an—an,...,an—2;u), and rewrites this as a series in ¢; by
construction, this simply gives z(t) = ai for k =n —2N,... kK = n — 2. For
k =mn — 1, this yields

tna() = e+ Y 2 (gt =+ 3P ()t
=1 =1

where we recall that e = 1. The functions 57(511 are rational in o and u. We
will now use the formal implicit'® function theorem again, but in a form which
is different from the one explained above: putting x,_1(t) = € + I(t), i.e., we
put

l:= Z €@ (o u)t?,
i=1

which we solve for t as a formal series in [,
t(l) = ZT(i) (o u)l?, (75)
i=1

where it is important to note that the constant term in this series is absent.
Indeed, let us first substitute ([H) in the series for ay that was obtained in
Proposition ([Tl), to get ar = ar(e;l;u). Then, the latter and ¢(I) are substi-
tuted in all xy(t), to yield series in | whose coefficients are rational functions
of « = (an—an,...,an—2) (and of u = (u1,...,uy)), which take the following

13Call this the formal inverse function theorem, if you wish.
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S X (s u)l,

ap,

€e+1,

LYo ()l
—e+ 2 X ()l
SZox: (asw)l,

k < mn—2N,

n—2N < k<n-—1,

n+1l < k.

It may seem that we have reached the final result, but we should not for-

get that these series are constructed from solutions x = xz(t) to the recur-
sion relations T'y(z;u(t)), where u(t) = (u1 + t,ug,...,un). However, letting
U= U,...,Uy,) = u(t), and using ([ to get rid of ¢, we have that

zip(l,a; (U1 —t(1),Usa, ..., Un)), k€ Z solves Ty(z;U), k € Z.

Notice that, when it is all worked out, the z) are formal power series in [ (except
x, which has a simple pole in 1), and their coefficients are rational functions

of the initial conditions a,_on,...,a,_o and of the parameters Uy,...,U,.
Writing
i Ny
ol (Uy = (1), Us, ..., UN)) = > a (U, k€ Z\ {n}
=0
2n(l,0; (U = (1), Uy, Un)) = Y 2 U),
i=—1

leads to our final result.

Theorem 7.2 The recursion relations I'y(x;U) = 0, k € Z admit for any n €
Z two'* formal Laurent solution v = (wx(,l;U))kez, depending on 2N free
parameters & = (Qp—2aN, - .., Qn—2) and I with x,, having a (simple) pole for 1 —
0, and no other singularities. Fxplicitly, these series with coefficients rational
n « are given by

= Efooxl(cZ)(OC;U)li? k < n—2N,

= g, n—2N < k<n-1,

= T Zz O‘T" (a. U)”’
= _E+Ez lanrl(o‘;U)lia

r(l,asU) = S22 Oxg)(oz;U)lZ, n+1l < k.
Mparametrized by € = £1.

)
U)
U) = e+,
U)
U)
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The corresponding theorem for the recursion relations Ay = 0, which was for-
mulated in the introduction (Theorem [[l) follows in the same way, using the
formal Laurent solutions z(¢) that solve the recursion relations.

8 Appendix

In this appendix we obtain the leading terms of the polynomials I'y, and Tk,
which are needed in Sections [l and @l The notations are as in the body of the
paper, namely P; and P, are polynomials of degree N (see ([E0)), the matrices
Ly and Lo are defined by (@) and the polynomials T’y and '), are defined by
&I). Since Ty, is given by

o < —(LiP{(L0))ks 141 = (L2Py(L2)) ik

Fk(z, y;u> = Yk +(P1'(L1))k+1,k + (PQI(Lg))k,k—i-l ) Ak (76)

we need, by duality, only to determine the leading terms of (Lf)xr and of
(L) k41,5, for s,k € Z, with s > 2, which will be done in the following lemma.
Notice that the leading terms of I'y will also follow from it, by duality.

Lemma 8.1 Fork € Z and s € N, with s > 2, the diagonal and first subdiago-
nal entries of the Toeplitz matrices L1 and Lo, defined in {I3), are polynomials
in the following variables,

(Li)kk S R[xk75+17" oy Lhts—1yYk—s, - - '1yk+572]7
(L‘i)k+17k S R[xk—s+l7"'7xk+suyk—su'"7yk+s—l]'

More precisely'®,

s—1 s—2
2
(Li)kk = — Tk+s—1Yk-1 H Vk+i—1 + Thps—oYk+s—3Yk—1 H Vkti—1
i—1 i=1
s—2 s—2
— Tpis—2 | Yr—2Uk—1 — 2yx—1 E Thyj—1Yk4j—2 H Vkti—1
=1 i=1
+ —7:1 (xk—s+27 L] 7xk+5_3, yk—s+17 evey yk+s—3)
s—1
— zyks | [ vr-i
i=1
and
s—1 s—1
LD gy1e = — ThtsYr-1 H Vkti — Tht1Yk—s H Vk—i
i—1 i=1
+ Fo(Theost2s o s Thgs—1> Yhmstly - > Yhts—2)

15We give in each case the terms that will be used, no more, no less. When s = 2 only the
first two lines survive; the term on fourth line coincides with the first term on the second line
and should only be counted once.
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where F1 and Fa are polynomials in their arguments.

Proof The following notation is useful for obtaining formulas of this type. To
the bi-infinite vector x we associate, for any k € Z a bi-infinite diagonal matrix
X #) by putting Xi(f) = 2,4%0;; (Kronecker delta). Similarly we introduce the
diagonal matrices Y*) and V(¥ associated to y and v. We denote by A the
shift operator, which we view as a bi-infinite matrix, with entries A;; := ;11 ;.
It is easy to verify that

A'XO) = xXCHIAT 4 e Z,

which is the main formula that we will use, as it allows us to push all A to the
right (or to the left). One obvious consequence is that a monomial in X,Y,V
and A will only have a non-zero diagonal when it is independent of A (i.e., the
sum of all powers of A is zero). In order to apply this to obtain the above
formulas, observe that L, and Ly can be written as

Ly = AYVED Z ATIX@OyED — O A ZX(O)y(*ifl)A*i,
>0 >0

Ly = AT'WO N AXCEDY O — yEhATE N X CDy O,
i>0 i>0

Notice that, in view of what we said, all diagonal entries of (V(?)A)*~1 are zero.
Therefore, it follows from the second formula for L, that the leading term in z
of the diagonal terms of L{ will be gotten from the product

— (VAP Y X Oy (AT (77)

i>0
The diagonal entries of (1) are obtained by taking ¢ = s — 1, which yields

(_(Vw)A)sle(my(fs)Afsﬂ) _ (V<0> o V(sfz))X(sfl)y(fl))
kk kk

s—1

—Tk4+s—1Yk—1 H Vk4i—1-
i=1

Notice that this leading term already contains x;4+s—2, and that it yields, through
Vkts—2 = 1 — Tpys—2Yr+s—2, the single term that contains yx4s—2, which is the
highest y variable that appears in (L%)g.

In order to get the other terms in Lj that lead to xkis—2 we need As72
in front of X i.e., we need s — 2 copies of V(O A (not necessarily consecu-
tive), on the left of —>°,., X(©Y(=*=DA~% For the remaining factor we can
have another copy of VOA or of — Yoo XOy(=i=DA~ ingerted at an arbi-
trary place inside the product —(V®A)s=2%"._ X Oy (—=DA~i  This leads
to three possible types of terms. For the first ong, we put another V(A at the
end — (VO A2 Z XOy =AY OA),

i>0
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and we get the k, k diagonal term by taking ¢ = s — 1, which gives

s—2
(_(V(O)A)572X(0)y(75)A175V(0)A) = T2y 11 Vi1

For the second one we put another — ijo XOy(=i=DA~J at the end,
(VO A)—2 Z xOy(=i—)A—i Z XOy=i-DA-,
i>0 §>0
its diagonal terms are given by taking ¢ + j = s — 2, i.e., from

s—2
(V(O)A)S—Q ZX(O)Y(j_s+1)X(j_s+2)Y(_5+1)A2_5,
j=0

whose k, k term is given by

5—3 5—2
2 E
Yk—1 | Lkys—2Yk+s-3 + Tpts—2 Th+jYk+j—1 H Vk+i—1-
j=0 i=1

The third term has been obtained by inserting the constant term —X @y (=1
of —> 50 X©Oy(=i=DA~J at all possible places in the product (V(?A)s=2,

namely from

w

Y (VO A (XOY D) (O A2 3 X Oy (DA~
i>0

Il
=]

J
with ¢ = s — 2, so that its k, k term is given by

s—3 s—2

yk71$k+572§ T4 Yk+j—1 Hvk+i—1,
=0 i=1

which, combined with the first two terms, yields the leading terms of (L§)gx.
Using the first formula for L, the lowest term in y of the diagonal terms of L}
is gotten from

_A*SJrlx(S*l)y(*l)(Av(*l))sfl = _—xOyEs)yl=st)  yn,

whose k, k entry is —zpyi—s Hf;ll vg—;. 1t contains the lowest term in x, through
Vg—s+1 = 1- Th—s+1Yk—s+1-

One obtains similarly the entries of (L§)x+1,%x by selecting the terms in L}
that contain precisely A~!. Notice in this respect that if M is a bi-infinite
diagonal matrix then (MA™1)p 1 x = Myy1+1. It follows that the leading
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term in @ of (L§)k+1,5, which contains also the leading term in y, is obtained
from the product ([d), with i = s, yielding
s—1

= —Tk4sYk—1 H Vk4-i -
i=1

_ (V<o> . V(5—2)X(5—1)Y(—2)>
k41K

The lowest term in y, which contains the lowest term in z, is obtained in the
same way. (Il

The above lemma and ([Z8) lead by direct substitution to the following proposi-
tion.

Proposition 8.2 Fork € Z, the polynomials I'y, and L' depend on the following
variables x; and y;:

Fi(z,y;u) € RIZ—N, - o s Th Ny Y= N+15 - - s Yt N—1)
Pr(@,y;u) € RIZE—N41, - s Tk N—1, Yk=N» - - s Ykt N |-

More precisely'S,

N-1 N2
2
Lr(z,y5u) = unTrin H Vk+i = UNTpy N—1Yk+N—2 H Vk+i
i=0 i=0
N2 N2
—UNTE4+N-1 | ThYk—1 + 2 g Tl j Yhtj—1 H Vkti
N2
+(unaThp N1 — U YN8k 17k) | ] okt
i=0
FURF(Th-N11, - Tkt N-2, Yh—N+2, - - - » Ykt N—2) + kg,
N-2
— (UNTRTE 1Yk N1 — U NTRNVE-N11) | ] vk
i=0

where F is a polynomial in its arqguments, with a similar statement for Ty, gotten
by duality. In the self-dual case, I'y, takes the simpler form

N-1 N—2
Te(z;u) = unTpen H Vkts T UN-1Th4N-1 H Vkti
i=0 i=0
N—2 N—2
—UNTk4N-1 | Ty N-1Tp4N—2 + 2 E ThijThgj—1 H Uk
=0 i=0
+ ’Uk]:(xk,NJrl, ey karN,Q) + kxy,
N—2
—UN(TETR1TH—N4+1 — The NVk—N+1) H Uk—i-
i=0

16As in the case of Lemma Bl when N = 2 then the term —U2T | Th+1Yk—1VE, Which
appears twice, should only be taken into account once.
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Table 2: Setting I'y(0) = 0 in the given order allows us to solve for all free
parameters in the formal Laurent series, except for the 2N — 1 parameters
Gp—2aN,--.,0n—2, that can be taken arbitrarily. We solve (linearly) for the un-
derlined terms.

step I'x 'y polynomial in I‘Eﬂo) polynomial in
(1) Fn—N—l Ln—2N—1y++9sLpn—1 Ap—2N—1y+++,0n—1 = 1
(2) Fn,N,Q Lpn—2N—-25+++y3Lpn—2 Ap—2N—-245...,0n—-2
(3)
(4) Fn—N Tn—2Ny---yLn an_gN,...,an_g,a__
(5) | Thent1 Tp—2N-+1s- -« Tntl An—2N+1,- -+ An—2,0—, 04
(6) Fn—N+2 LTn—2N425-++yLnt2 Ap—2N+25+++,0n—2,0+4, M
(7)
(8) | Tp—N—1y-++ryTntN-1 Ap—N—1y+++,0p—2,04,
Ap+425+ 3y A+ N-—1
9) Fpnt1 | TnoNt1s -+ o Tngp N1 Ap—N41s--+,0n—2,0+
(10) Fn LTn—Ny-+ s Tt N Ap—N—1y-+-,an—-2,0+
An+42y 3y A+ N+1
(11) Lo Tp—N+25- -+ Tnt N+2 An—N+2y -5 An—2, 04
An+42; .-+ Any N+2
(12)
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Table 3: The tangency condition allows us to solve for all free parameters in the
formal Laurent series, except for the 4N — 1 parameters ¢,—on, ..., Cn—2,Gn—1,
that can be taken arbitrarily. The equations can be solved linearly for the
underlined terms.

step Ag Ay, polynomial in A;ﬂo), I‘Szl, FSJJL polynomial in
(1) An—N—l Zn—2N—1y-++32n—1 Cn—2N—1y---5Cn—1
(2) An,N,Q Zn—2N—24+++43”n—2 Cn—2N—-2,.-.,Cn—2
3)
(4) An—N Zn—2N,y -y 2n cn_gN,...,cn_l,a__,%
(5) | Ap_ni1 Zn—2N-41s -« Zntl Cn—2N+1;- -1 Cnt1, 0y Ay, @
(6) | Ap—nNi2 | Zn—2N+2,---,2Znt2 Cn—2N+2; - -+ Cnt2, Gk, @y Cny2
(7)
(8) An—l Zn—N—1y+++y”n4+N—1 Cn—N—-1y-+-9Cn—2,0+,04
Cn+2y:++3Cn4+N—1
(9&) Fn,1 Tn—N—-1y2n—Ny--- Ap—-N—-2,Cn—N—1y---
<oy ZngN—-2,TntN-1 <+ Cnt N—1, Ont N
(gb) Fn+1 LTn—N+1y2n—N+2;--- Ap—N+1yCn—Ny - -
o3 Bn4NyTn+N+1 ...,CnJrN,l,M,M
(10) A, Zn—Ny- -3 2ntN Cre N—1s--+sQp_2,0+
An+25- -+, CntN+1
(11) An+2 Zn—N+2y:++yRn+N+2 Cn—N+2y...,0p—2,0+
Ap+4+2y. -y Cn4N+2
(12)

48



	Introduction
	An invariant manifold M for the first Toeplitz flow
	Painlevé analysis of the first Toeplitz flow
	The self-dual Toeplitz lattice
	The full Toeplitz lattice

	Tangency to M
	Tangency in the self-dual case
	Tangency in the general case

	Restricting the formal Laurent solutions: the self-dual case
	Structure of the polynomials k
	Parameter restriction

	Restricting the formal Laurent solutions: the general case
	Structure of the polynomials k and "707Ek
	Parameter restriction

	Singularity confinement
	Appendix

