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Expectations of hook products on large
partitions

M. Adler* A. Borodin  P. van Moerbeke?

Abstract

Given uniform probability on words of length M = Np + k, from
an alphabet of size p, consider the probability that a word (i) contains
a subsequence of letters p,p —1,...,1 in that order and (ii) that the
maximal length of the disjoint union of p — 1 increasing subsequences
of the word is < M — N. A generating function for this probabil-
ity has the form of an integral over the Grassmannian of p-planes in
C™. The present paper shows that the asymptotics of this probability,
when N — oo, is related to the £™ moment of the y2-distribution
of parameter 2p%. This is related to the behavior of the integral over
the Grassmannian Gr(p, C") of p-planes in C", when the dimension of
the ambient space C" becomes very large. A different scaling limit for
the Poissonized probability is related to a new matrix integral, itself
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a solution of the Painlevé IV equation. This is part of a more general
set-up related to the Painlevé V equation.

Contents

1 Introduction

Consider the set of words
m € S) :={words 7 of length ¢, built from an alphabet {1,...,p}},

(with |S?| = p*) with the uniform probability distribution

P (1) = o (1.0.1)
Let Y denote the set of all partitions A\. Let AT be the dual partition, i.e.,
obtained by flipping the Young diagram X about its diagonal. So, A/ is the
length of the first column of A\. Moreover h* denotes the product of the hook
lengths A = \; + )\JT —1—j 4+ 1 and also 1?7 denotes the infinite vector

)

p
e e
17 .= (1,...,1,0,0,...).
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The RSK correspondence between words and pairs of semi-standard and
standard tableaux induces a probability measure on partitions

A € Y, = {partitions A € Y of weight || = ¢}, (1.0.2)
given by
A P
0 - [ sa(17)
P™P(\) = T (1.0.3)
having

( support P'?) C Y¥ .= {\ € ¥, such that A] < p}.

The symbol sy denotes the Schur polynomial associated with the partition A.
Besides the probability PP, we also consider the corresponding Poissonized
measure, depending on the real parameter x,

Al
ep(N) = e—pxﬂp‘*lvp@), Aey®, (1.0.4)
having

(support P,,) C Y := {\ €Y, such that A\] < p}.

We discuss very briefly the combinatorics needed in this problem; for
more details, see [I7, 19, 20]. For the partition A, define the symbol

(n)y := H(n+ 1—14)y, with (z), = z(z+1)...(x+n—1), 2o =1 (1.0.5)

Define for ¢ > A/, (throughout A, denotes the Vandermonde determinant in
q variables)

A standard tableaux | [All Al _
/7= #{ of shape A S NPY S/\(x)|2em;:5uu

Al AJg+ M —1,...,qg+ X, —q)
: q

[T+ x =)

1

Y

(1.0.6)
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and
semi-standard tableaux
A —1.... —
# < of shape A filled with =s,(19) = (4N q’_l 4+ = 0)
numbers from 1 to ¢ H-,
7!
i=1
J—ti+g
X
(i,5)EX hij
(Q)A
e (1.0.7)

A subsequence o of the word 7 is weakly k-increasing, if it can be written
as
c=01UoyU...Uoy, (1.0.8)

where o; are disjoint weakly increasing subsequences of the word =, i.e.,
possibly with repetitions. The length of the longest increasing/decreasing
subsequences is closely related to the shape of the associated partition, via
the RSK correspondence :

dy(r) = { length of the longest strictly } AT

decreasing subsequence of 7

() = { length of the longest weakly

k-increasing subsequence of 7 } =M+ F N

(1.0.9)

Define the generalized hypergeometric function in terms of the symbol ([CILH),
viewed as a symmetric function in an infinite number of variables z;

F (p i) =Y (p()ggq)“ S"‘h(f), (1.0.10)

which, upon restriction, using power sums and upon using ([LCILA), yields

2PV (p, g m; x)) == il )@

Sep=iun L (B9)2(n),
= > urd 7<(}§’2)“2((2; (1.0.11)
k=0 KEYg K
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As a reminder, the chi-square distribution of parameter m is the distri-
bution of .
Zm =3 X,
1

where the X;’s are m independent normal N (0, 1)-random variables.

partition A
'\

ls N
partition [
A
ls N
™
~\~ AV N~ -~
n—q q—p #boxcs =k

Figure 1

The expectations F,, and E“P are taken with regard to the probabilities
P, , and P% defined above. The functions on partitions, of which the expec-
tations are taken, are products of hook lengths restricted to a vertical strip
in the partition of width ¢ — p, as in Figure 1. In [3], expectations of this
type have been studied and linked to integrals over the Grassmannian space
Gr(p,C") of p-planes in C", with regard to the Weyl measure dp(Z7); besides,
these integrals relate to specific solutions of the Painlevé V equation.

We now state the following proposition, established in [3]:

Proposition 1.1 Given the partition

p

A

pw=mn—-pP:=m-pn—p,...,n—p). (1.0.12)

the mathematical expectation of the product of the hook lengths over the strip
of width q — p, with regard to the probability (I1L3), is given by*

'Remember ( support P“P) C {\ € Y, such that |A\| = ¢, A\| < p}.
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& Eop | InoyN) T Ry

(4,9)€X
n—q<j<n—p

(pz)’
- Z TEM Ioou (A) H h(Am

£>p(n— (1,5)€X
7p(n p) n—q<j<n—p

= Gl B (p, gsmiy)|

Y yi=01z
L / e U212 ot 71 2)"0) dp(Z)
Gr(p,C")
_ éx<n—P>pexp/ wy) =pn=p)+ry, (1.0.13)
0 Yy

where? u(x) is the unique solution to the initial value problem.:

22U 4+ 2u” + 620 — dud + 4Qu’ — 2Qu+ 2R =0

with (Painlevé V)
_ _ o p(n_q) n+1 n—+2 _
u(x) =pln —p) = =——a + ...+ appa" + O@"), near z =0,
(1.0.14)
with a specific coefficient a, 1 and where
4Q = —2*+2(n+2(p—q))r— (n—2p)°
2R = p(p—q)(z+n—2p). (1.0.15)

This paper is concerned with what happens when n — oo. This is related
to the behavior of the integral over the Grassmannian Gr(p, C") of p-planes
in C", when the dimension of the ambient space C™ becomes very large. To
be precise:

2with
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Theorem 1.2 Given the partition p = (n — p)?, as in Figure 1, the fol-
lowing expectation behaves, for large n, like the moments of the chi-square
distribution of parameter 2pq :

2_
lim n*z EPPIthe (IAQuO‘) I1 hZ)

n—00 :
n—q<j<n—p

Vo[ J(a -9 .

and so the expectation decays, when n — oo, as

EF+pn=p)p (IAQp()\) H h;\y) ~ ey =2 — 7

n—q<j<n-—p

with )
—
o= ﬁl:[(q " (pq -1+ k:)
N k ‘

The next statement deals with the special case, where ¢ = p. Namely,
setting N := n — p, what is, asymptotically for large N, the probability
PNptkp() > N ?

Corollary 1.3 Given an alphabet of size p and an integer k > 0, we give the
behavior of the probability on the set of words of length Np + k for large N.
Notice i,(m) = {length of the word} = Np+k automatically, when d;(7) = p.
So, i,_1(m) is the first non-trivial quantity. We now have:

2_
lim N"z" PNethr() > N)

N—oo

2_q
— lim Nz pNethr

N—oo

) ﬁn(p—j)!E <lz )k
o (Ve 27 ) )
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Thus the following decay holds for N / oo,

21

dl(ﬂd ::Z) 1 p2
phpEhp = Cpp.k <_)
. N
bpa(m) < N(p— 1) + &

The proofs of Theorem 1.2 and Corollary 1.3 will be given in section
4. In the next statement, we consider the expectation for the Poissonized
probability P,, on Young diagrams \ € ng ) as defined in (CO4). Define

H, = {p x p Hermitian matrices},
and, for an interval I C R,
H,(I) = {M € H, with spectrum in [}.
Theorem 1.4 Take x >0, s € R and set
n—p=x+sV2uz, (1.0.17)

we have, upon expressing n in terms of x by means of the rescaling (I.0-17)
3

1
: | | A
xll_{]é.lo p(qg—p) Ex,p I)‘QU()\) hl]
(22) > (.7
n—q<j<n—p

T—00

= lim ée‘pwxp("_p%q)/ et U2 ot (21 2) =P dp(Z)
Gr(p,Cn)
/ det(M — sI)4Pe= "M g
Hp[s,00)

/ e M2 gy
Hp

— ¢ exp / h(y)dy, (1.0.18)
0

— p!

with h(y) satisfying the Painlevé IV equation:

R 4+ 6h"* — 4(y* + 2(q — 2p))h’ + 4yh — 8(q¢ — p)p = 0. (1.0.19)

3with ¢ = 62" . Remember ¢ from footnote 2.
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The proof of Theorem 1.3 will be given in sections 3 and 6. In section 2 we
show that the logarithmic derivative of a general multiple integral, involving
the square of a Vandermonde, satisfies a third order differential equation,
from which we derive, in section 3, that the logarithmic derivative of the
matrix integral in (CILI8) satisfies the Painlevé equation. Section 6 contains
a discussion on how the Painlevé IV equation can be obtained from Painlevé
V, by means of the rescaling (L), for large x. The following result shows
that a certain general integral satisfies Painlevé V:

Theorem 1.5 Given the weight
p(2) = (z —a)*(b—2)?e*, with a, 3 > —1,

on the interval |a,b], the integral

- 8 2 - Tz
o(r) = - log /[ A (Z)He o)z (1.0.20)

s a solution to the Painlevé V equation. To be precise,

fly) =n(n+a+p) - = <g(bga—7>—na) (1.0.21)

satisfies a version of the Painlevé V equation,

f//2 _i_% <(Pf/2+Qf/+R)f/—(P/f/2+ Q/f/+R/>f

1 1 1
—|—§(P”f/ 4 Q//>f2 . 6P///f?; . 15277'2) — 0; (1022)

with
Ply) =y
Q) = -y +2y2n+a—p)— (a+6)°
2R(y) = —pPn(a+3+y).

Note that (LIZJ) is a well known form of Painlevé V, as discussed in the
Appendix. Theorem 1.5 and also Theorem 3.1 below (which is exactly the
last equality in (LILIY), can be derived form the work of Forrester and Witte
T2, [13].
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2 A differential equation for a matrix integral

Proposition 2.1 Consider a weight p(z) on an interval E C R, with ratio-
nal logarithmic derivative of the form

(=) b + b1z + by2? B(z)

_ _. 22 2.0.1
p(z)  ap+arz+axz?  Az) ( )
and boundary condition
A(z)p(z)zk‘aE: 0, forallk=0,1,2,... (2.0.2)
The expression*
9 2 - T2k
g(z) == —log A“(z) He Fp(zk)dzg (2.0.3)
Ox n ;

satisfies a third order differential equation, equivalent to Painlevé V, namely:

das (9" +299')  2a39* + Pog’  Prg —nQy
Ao — by (agx — by)? (agz — by)?

g" +6g% + =0, (2.04)
which can be transformed into the Painlevé V equation. In (2.07), the P;’s
and Q)1 are polynomials in z,

P (JJ) L (4&0&2 — a%)xz + 2(2&1&271 — 2&062 + &1b1 — 2&2[)0)1’
2 T —4a§ 2 4(2&1()2 — agbl)n + 4b0b2 — b% + 2&%

(2a1a3n + 2agasby — a3by + ajasby — 2a3by)z
P (z) = —4a3n? + (—6ajazby + 4azby)n
—2a0b% + a1b1b2 + 2a2b0b2 - CLQb%

(2apa3n — alayn + agarby — 2agagby + ajasby)x
Qi(r) = +2ara3n? + (2a3by — ayagby — 2a3bo)n
‘l‘aoblbg — 2(1,1be2 + &Qbobl

The proof of Proposition 2.1 hinges on the following Lemma, which we
state in its full generality, although only the case I = E will be used; see
m, 23].

“When F is a finite interval, the integral always converges, and for a infinite interval,
one may have to require z > a or x < a, for some a € R.

10
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Lemma 2.2 Given a disjoint union of intervals I = Ji[c2i—1,c2] C E, the

integral
Talty€) = / A%(z) [ L e plan)dz
" 1

with p(z) and E as in (ZI11) and (ZIL3) satisfies

(1) Virasoro constraints for all m > —1:

< Zcm-i-lA Cz

m) Tult,c) = 0. (2.0.5)

with @) 0 0)
V=) ’
k=0 _bk(Jli—l—m-H +no Jk+m+1)
where
3D = - it jt;
k at ot + D it
i+j=k —it+j=k —i—j=k
0 1
JIS) - + = ( ]{Z)tk, JIEO) = 5k0-

oty,

(ii) The KP-hierarchif (k =0,1,2,...)

S (i li li )_1782 T,0T, =0
MOt T 20t 30t 2000t ) " "

of which the first equation reads:

0 4 0 2 o? o2 2
((671) o (f’%z) - 48t10t3) g7 +6 (aﬁ 1‘)%) =0. (206

5Given a polynomial p(ti,ts,...), define the customary Hirota symbol p(d;)f o g :=

p(%,%,...)f(t + y)g(t — y)‘yzo. The s,’s are the elementary Schur polynomials

el itz = >0 si(t)z" and for later use, set s¢(9) := Sg(aitl, %%, o).

11
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Proof: The most transparent way to prove this lemma is via vector vertex
operators, for which the (-integrals

Talt, ¢ ) = / \An(x)ﬁﬁ]"[(eZT"tﬂ?;p(xk)dxk), forn>0  (2.0.7)
" k=1

are fixed points (see [I]). Another method, more computational, but much
less conceptual, is to use a self-similarity argument, as in [I]. Namely, setting

dry(2) = |An(2)]%° ﬁ <6Z(1X>tiz’ip(zk)dzk) )

k=1

we have the following variational formula:

%dm(zi s 2+ eA(z)2F

(aé 6Jl(cz—|)-&n — b ﬁJ/ﬁéH,n) dry,

(2.0.8)

e=0 =0

with
aitn) = 8 T+ <2nﬁ +(k + 1)(1—ﬁ)> g 4 n<(n—1)ﬁ + 1)5k0,
ﬁJl(cl,ZL(ta n) = @121) + ndro,

where
o _ 9 1
k ot g R
2
pr  _ 9 +l Z it.ijui Z it;gt;. (2.0.9)
h - i 5 iJtj. 0.
i+j=k ooty 0 —itj=k 9% 4P —i—j=k

The change of integration variable z; +— z;+£A(z;)zF™ in the integral (E1.7)

leaves the integral invariant, but it induces a change of limits of integration,

given by the inverse of the map above; namely the ¢;’s in I = U’{ [C2i—1, Cail,

get mapped as follows
ci s ¢ — eA(e)T 4+ O(e2).

Therefore, setting

T

IF = U[C2i—1 — 814(021'_1)0]5:—_11 + 0(52), Coi — 8A(CQi>C§;_1 + 0(62)],

1

12
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we find, using (Z1L8) and the fundamental theorem of calculus,

0 = 2/ |A2n(z_|_&4( ) k+1 |261_‘[e—\/(zz-i-eA(zz)z"+1 d(z,+€A(zz) k+1)
85 € 2n i1
- ( Z Ck+1A CZ 80 + Z (CL[ ﬁjl(ﬁz-i)-éﬁn - bg BJl(cl—i)-Z—i-lQn)) Tn(ta c, ﬁ)
i=1 t=0

For Lemma 2.2 one sets # = 1; also, when I = F the condition (Z1L.2) implies
that the boundary terms in the formula above are absent. For statement (ii),
concerning the KP equation, we refer the reader to [23]. This ends the proof
of Lemma 2.2. [ |

Proof of Proposition 2.1:  Setting F(t) := F,(t) = log7,(t), a few of the
Virasoro constraints of Lemma 2.2, evaluated along the locus

L= {t = (:L’,0,0,...)},

read as follows:

V—lTn . aF ) ( F 2)
= ag wh,—— +nt1 | +a1 it;—
8F oF oF
v (it 8t,+1 "o <b°”+bla ”2(%))5
i>1
oF oF
= n(apr + ain — by) + (a1x+2na2—bl)8—tl + (agx — b2)8—152 L= 0.
VOTn o . aF 2 . 0F aF
Tn L - (;Ztlati o ) ta (;Ztlﬁt“_l _'_2 81&1)
OF 02F OF\ > OF
- I
+ a9 (; it —— 5tz+2 8t§ + <8t1) + n8t2>

AL |
08t1 18t2 28t3 L

13
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oF (ap)2 PF

= a0n2 + (CL()LU + 2na; — bo)a—tl + as a—tl a28—t%
or oF
+ (alx + 277,(12 — bl)a—tz + (CI,QZIS' — b2)a—t3‘£ =0.
d Vo, 2. OF O*F
8—t1 . B = a0n+;ai8—h+(a1x+2na2 _b1>8—t%
0PF
b)) | =
+ (CLQSC 2)8t18t2 L
oty 7, lc S Totn o\ of  Ton of
0PF 0*F
+ (aol’ + 271@1 — bo)a—t% + (alx + 2n — bl)m
0PF
w2
+ (a2l’ 2)8t18t3 L
d V., . 9F O°F
7 = 2N g 2nay — by) ———
8152 Tn L ; 4 8ti+1 * (alz +2nay 1)8t18t2
OPF
+ (agx — b2)a—t% ’ =0.

These five equations form a linear system in the five unknowns

8F‘ 0PF

0*F ‘
£7 8153 L’ 8t18t3 ﬁ’

¢’ ot

0’F
57 8t18t2

8_F
Oty

k
which upon solving in terms of (%) F ’ and substituting into the KP-
L
equation (remembering equation (ZIL6]))

o 02 02 92F\ 2
(a_t;l +38—t§ —47&1{%3) F+6 (a—t%) -0

14
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yields a differential equation in F'. Pure F' never appears in this equation,
because the Virasoro constraints only contain partials of F'. Therefore, it is

a differential equation in g(z) = %F(tl, 0,0,...) , which one computes
t1=x

has the form (Z0.4); this ends the proof of Proposition 2.1. [
The proof of Theorem 1.5 will be given at the end of section 3.

3 Hermitian matrix integrals and Painlevé
equations

Define
H,, = {n x n Hermitian matrices},

and, for an interval I C R,
H,(I) = {M € H, with spectrum in /}.

We give a proof of the following theorem due to Forrester and Witte [12, [13],
using Proposition 2.1.

Theorem 3.1 For® a,b > —1, the logarithmic derivatives of the integrals
h(s) = i1og / det(M — sI)*e” "M g
dS n(—oo,s}
k(s) = o4 log/ det(sI — M)"det M®e~"MdM  (3.0.1)
ds Hn[0,5]

satisfy the Painlevé IV and V equations, respectively:

R + 6h'* — 4(s* + 2(a — n))h' + 4sh — 8an = 0, (3.0.2)
and
kK" 6 4 K
K"+ —+ gk’z — ?kk’ — (s =2s(2n+a—b) + (a+b)?) 7
kb
+(s—2n—a+b)? —S—Z(s+a+b) =0. (3.0.3)

6For the first integral of @ILIl), one can choose the intervals I; = (—o0,s], [s,o0) or
(—00,0). For the second integral of (BILT), one may choose the intervals Io = [0, 5], [s, 00)
or [0,00)

15
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Proof of Theorem 3.1: Set
T(7) :/ AQ(z)He“’“p(zk)dzk, (3.0.4)
Imn 1

with p and [ as in (ZILT]) and Z0.2).

(i) Then, expressed in spectral coordinates and making the substitution
y; = z — s for 1 < i < n, the first matrix integral in (BILI]) reads, for
I =(—00,s],[s,00) and (—o0, o),

/ A(2) [J(zi = 9)%e dz = e / A2(y) [ [ wre v dy,
(In 1 amnr 1
= e r(—2s) (3.0.5)

with I] = (—o0,0], [0, 00), (—00, 00). Here 7(z) as in (BILZ)) contains p(z) =
27" for which

p z

o —a+22?

Thus, setting

apg = Qg = 0, a; = 1
b() = —a, bl = 0, bg = 2. (306)

in the equation (ZIL4), one deduces that

o (_0070]
g(x) := —log7(x), for I =<¢ (—00,00) ,
Ox
(0, 00)
satisfies
2
g" +6g%—¢ <%+4n+2a) +%+g(n+a) = 0.

But we need a differential equation for e="¢*7(—2s), instead of 7(z). There-
fore consider

h(s) = % log(e ™ 7(—2s)) = —2ns — 2g(z) L

16



which relates to g(x) as follows,

H(s)
h//(s)
h//l(s)

Expressing ¢g(x), ¢'(z), ¢"(z), ¢" (x) ‘

§3, p.17

—2n+4g'(x)| ,
_8 "
g'(@)|
16g///(x)
r=—2s

in terms of h,h',h” and A", and

setting © = —2s yield the differential equation ([B.0.2), which according to
the table in Appendix 1 is a version of Painlevé IV; this establishes the first

part of Theorem 3.1.

(ii) Then, making the substitution y; = z;/s for 1 <i < mn,

n
/ H s — zZ e dz

— Sn(n—l—a—l—b /
)

f[ 1 —y,)’yfe™ "% dy;
1

gnintatt) () (3.0.7)
with I, = [0,s], I} = [0,1], for I = [s,00], I} = [1,00] and finally for
I, = [0,00], I} = [0, 00]; 7(x) now corresponds to p(z) = 2%(1 — 2)°, and so

0 b a—(a+b)z

- = —|— —

p z 1l—z —z 4+ 22
Thus

ap =10, ay=-—1, ay =1

b(]:CL, —(a+b), b2:0

Setting these special values in the equation (0.4, one checks that

0

g(z) = B log

2(2) H "k 20(1 — 2z)dz,
1

17
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satisfies
g/// + 6g/2 + é(g// + 299,) +9 (g>2
x x
— % (27 +2@2n+a—b)z+ (2n+a+b)* —2)
— % (2n+a—0b)z+ (2n+a+b)?)
+ %(n+a)(z+2n+a+b):0. (3.0.8)
Since g(z) = B log 7(z), we have
x
k(s) = s 9 log s Fatb)r ()
0s
= n(n+a+b) —sg(—s)
and so
1
g(—=s) = . (=k(s) +n(n+a+Db))
1
g(—s) = =z (sk'(s) — k(s) + n(n +a+1b))
2
Jg'(—s) = = (=s*k"(s)/2 + sk'(s) — k(s) + n(n+a + b))

g///(_s) — 3_34 (S3k///(3)/3 _ S2k//(s) + 28]4;/(5) —2k(s)+2n(n+a+ b)) .

Substituting these expressions into ([BILY) yields the differential equation
(B1L3), which again referring to the table in appendix 1 is Painlevé V, ending
the proof of Theorem 3.1. [ ]

Proof of Theorem 1.5: Because of the form (ZILT]) of p(z)dz, we have for
an open set of real constants a; and b;,

p(z) = (z —a)®(b—2)Pe’*, with a, 3> —1 and a,b € R,

18
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which, upon making a linear change of variables z +— y in the integral (Z1.3),
leads to

a n
g(z) = na + EP log/ He sENb=alyey (1 )P dy,,
1

and so

1 x 0
— — = l‘yk — )8
i (g(b_a 7) na) B log/W He k(1= i) dy,

which is shown to be a solution of Painlevé V in part (ii) of the proof of
Theorem 3.1 in this section.

To compute the constant in (CIZA) (that is § in equation (CI2)), multi-
ply the equation (LIL22) with P?/4, set y = 0 and use the explicit expressions
for the polynomials P, @, R and the function f(y), as in (LIZI), yielding
the identity

SQFERF P EQP R -3 L 3.09)

All the expressions can readily be computed, except for f/(0), which requires
some argument. One computes

F0) = = (na—g(—)

_n (a _ fa [a,b]" A%(z )(l SV z) (zk — a)*(b — zk)ﬁdzk>

b—a f[ab 2) 17 (2 — @)*(b — zi,)Bdzy,
= g (o)
B n(n + a)

2n+a+ 0

To establish the last equality above, we need the Aomoto extension [H] (see
[2], Appendix D) of Selberg’s integral:

19
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/ B | @) T[ 251 - 25)da;
[0,1]™ j=1

/ A@)P T[22 - 2;)°da;
[0,1]7

<x1...xm>(0,1) =

j=1
i a+1+(n—7)y
= . 3.0.10
Ea+ﬂ+2+(2n—j—1)v ( )
In particular, setting v = 1, this formula implies
n—+ o
(21) (0 = (a+ (b—a)z1),, =a+ (b—a)(z1),, =a+(b— a)m
(3.0.11)
Adding up all the pieces in (BILY), one finds the value of the constant ¢ in
equation ([Z02), ending the proof of Theorem 1.5. [

4 A limit theorem for the probability on words
and Chi-square

The purpose of this section is to prove Theorem 1.2 and Corollary 1.3. Given
m independent normal N (0, 1)-random variables X;, the sum

Zp=) X}
1
is 2 -distributed, with Fourier transform
BE(et%m) = (1 —2t)™™/2,

Developing both sides in ¢ yields the moments
1 1 \" m_ 4k
il bt —( 2
k!E<<2Zm)> < 2 )

20
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Proof of Theorem 1.2: From Stirling formula N! = /27N eNleeN=1)(1 4
O(%)) and (N + a)! ~ NIN®, we have for large n,

(pn+k —p»)! ~ (pn)!(pn)F7" ~ (Z;'f) p)zl VD (pn)* Ed

p p
H(n -~ H(n' n7) o~ (nl)P n= "
1 1

meaning here that the ratios between two consecutive expressions tend to 1,
when n — oo. On the one hand, we have, changing the summation index

R (n — p(nu)t—rn) N
n1—>oo (q Z — g & [)‘Q‘L(A) H hij
j=1

€>p(n D) n—q<j<n—p

(4.0.1)

= lim 7 (=)~ P (pnw) k+p(n—p), A
- LOOH (=) = (k+p(n—p))! b (I(D” w1l hij)

n—q<j<n-—p

p

[T =)

© kp(n—p)
_ kl (pn> pp 1 Ek-i—p(n—p),p I Y hA
kZ:% Yt (pn + k — p?)! 22} H +

(4 )

1

p2-1

(3] 9 p—1
= Zuk ,}E&M Ek+p(n—p), (IADH()\) H h?g) . (4.0.2)
k=0 H(q - j)'\/ﬁ n—q<j<n-—p

1

using (L)) in the last equality.

On the other hand, using (CILTT), (CILH), (CII3) and

JE&% _ JEI;‘O{H(HJrl)”ﬁi?jL/\I_l)] [(n—l) n£2z+/\2—2)}
=1 (4.0.3)
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we have

Ld — i ¢ {—p(n—p)
i ] > (fpm I hg)

— N
j=1 (q ‘7) £L>p(n—p) n—q<j<n—p

= lim oFY ,;n;z‘
n—>oo2 1 (p q )ZZIéZHU5i1

o
= lim E u®
n—oo

k=0

o0
= 2.
k=0

n*(p)w(q)x
HEZY% (h=)2(n),

()x(@)x
Z (hli)2

KEYg

- Zuk Z S.(17)s,(19), using (L)

KEYg

= ) su(u”)s(17)

keEY

= (1 —wu)™? using the Cauchy identity

_— (e%“22m> (4.0.4)
Then comparing the coefficients of u* in the identical asymptotic expressions

EOD) and ([ETOA) yields Theorem 1.2. n

Proof of Corollary 1.3: Setting p = ¢ and N = n — p in Theorem 1.2, the
expectation in (CIIH) becomes PNP+E»2(X D p) for fixed p. By RSK and
(CI™), the condition A D yu translates into dy(7) = A] = p and i,_1(7) =
Y PXi—A, = Np+k—A\,, with A, > N. This means i,_(7) < k+(p—1)N.m

5 A limit theorem for the Poissonized prob-
ability on words

In the next Theorem, we consider the expectation for the Poissonized proba-
bility P, , on Young diagrams A € ng ), as defined in ([CO4]). Before proving
Theorem 1.4, one needs the following proposition:
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Proposition 5.1 ([14, [29])For every continuous function g on RP, we have
A — 7 A, — 4
lim E“? | g 17/29,...,1)7/2) A =4
=00 V20/p \20/p
= plyap [ gz, xp)ep(zr, .. ap)day . day

and

= pl [ glzr,..xp)ep(a, . xp)da L day,

where @,(z1,...,x,) is the probability density

_ 2
e i,

1

p
Jj=

1
9017(371’ cee >517p) = 7Ap(5”)2
p

with
9-1%/2

-
11+
1

Proof of Theorem 1.4: Given partition A with the probability measure (CI4),
consider the random variable

Z, = (27r)p/2

VTR (5.0.1)

From (COIM), we have
w‘ (5.0.2)

Consider the hook length h?ij) for box (i,7) € A, such that n—¢q¢ < j < n—p.
Define r;; such that
hi\”) = )\z — (TL — p) + Tij
= V2z(g; — s) + 1y,
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upon using formulas (B0.J) and (B.0.2) in the last equality. The position (7, 7)
in the partition A such that n—¢ < j < n—pimplies that r;; < (¢—p)+p = ¢,
from visual inspection of Figure 1. We also have

NeY® ADu} = AeY?P N\ >n—pall<i<p}

_ {)\EY(p),A\i/;_xx > (”_\/%_x,amgz'gp}

p
= m{A e YW g(N) > s}
i=1

On the set £;(\) > s and for A € Y® we have, since 0 < r;; < q,

CONS | R PE V(OO

(,5)EX 1<i<p
n—g<j<n-—p

= (21’)_@ H (\/%(82 — S) + Tij) — H (82' — S)q—p

(i,5) €A 1<i<p
n—g<j<n—p

VAN
C\
O
|
V)
SN—
+
B

K
N——
(=]
)
|
\
-
B —
o
|
V)
SN—
(=]
bl
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The positive expression is now estimated as follows:

_pla—p)
(2:6) Blg—p Ebp ]{AQu}()‘) H hi\i,j)
(6,9)EA
n—q<j<n—p
_Ebp ( H (Ei _ S)q_plei>s>
1<i<p

S (&) Tl
0<k;<q—p 2z i=1 ki =1
1<i<p
Yki>1

Note that this estimate holds for all ¢, with all expressions vanishing when
¢ < p(n — p). Using the previous estimate and using (5.0.1), one finds the
estimate

1
0 < ——a B | Do [T My
(22) > (i,4) €N

n—q<j<n—p

e Z %Eﬁ,p ( H (62, _ S)q—pjei28>

>0 1<i<p
g N (a-»
< ¥ () ()
0<k<q—p =1
1<i<p
Sk > 1

P
)\i — T p—
E., (H( NeT — 5)I7P kbbizﬁ”)

1=1

ﬁ

= O(—=) forz— 0

because the expectation F, , tends to an integral, by Johansson’s theorem,
applied to the function

p

g(x1, ... 1p) = 1_[(36Z — $) PR [ ooy (22).

1
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For 0 < ¢ < p(n — p), the expectation is automatically zero. Then

, 1
:(;11—{20 @Em,p [/\Qu (>‘) H hf\ivj)
(2{E) 2 (4,5)EX

n—g<j<n-—p

¢
= lim e_pxz %Ez’p < H (ei — S)q_p[eﬁs)

>0 1<i<p
e 0, ( (A,- — ) )
= lime pr—E P H — 5 B
T—00 ! \/ s 28
>0 g 1<i<p 2w Ve

N — q—p
= lim E, : — s Iy
T—00 P 1<21_'£p < V2 ) >\\/ﬂ zs
1 T g2
S R | ECELUANES PINED | G
T1>>Tp 1 <i<p p j=1

by applying Proposition 5.1 to the continuous function

p

glxr,. . xp) = [ (@i = 8) L 00) ().

1

This leads to the ratio of Hermitian matrix integrals in (CILI¥). The nu-
merator is precisely the matrix integral (BILTl), which according to Theorem
3.1 satisfies the Painlevé equation (BILZ), which ends the proof of Theorem
1.4. ]

6 Painlevé IV as a limit of Painlevé V

According to Theorem 1.4, the limit (CIIY) lead to a solution of Painlevé
IV; this was established by identifying the limit as a matrix integral and then
applying Theorem 3.1. In this section we give an alternative proof of this
fact, by directly taking the scaling limit of the Painlevé V equation ([CII4).
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Remember from Proposition 1.1 and Theorem 1.4, we have

(H—Z)' —(n— x A
H( = R B | Toow ) T Ay
i—1 4 ) (i,5)EX
n—q<j<n—p

oy [ 4y) —p(n—p) +py
= p/o ; dy  (6.0.1)

and, with the rescaling
n—p=x+ Vs, (6.0.2)

we have from section 5, that

. 1 *
xh—{go —— Eup | Diop(A) | | hf‘j =c exp/ h(y)dy.  (6.0.3)
(22) > (i:9)€X 0
n—qg<js<n—p

for an appropriate choice of h(y) and c¢. Taking into account the inverse of
the rescaling (G00.2), which for large n reads

z=n—s5V2n+o(1) (6.0.4)

and taking the logarithmic derivatives of both equations (G.0.1]) and (E1L3)),
we have

3} N u(x) O
55 108 Eap I (M) H Wi | = 5 35
e dn s
plg—p)oz 0
o 5s s 108 Bey | Lo (M) II iy | =~ his).
(4,5)EX

n—q<j<n—p

for large, but fixed n.

Letting n — oo in both equations and keeping the leading terms lead to

0 2
glogE&p ~ —\/%u(n—s@)

0
55 logE,, =~ h(s).
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So, setting
2
h(s) := —\/;u(n — sV2n),
we have
n (n—zx
u(x) = —/=h
@ =—/3n(“=)
and thus
u/(x) — lh, u//(x) — _ 1 h// u///(x) — _ih”/
2 2v2n dn’

Setting the rescaling (E.0.4)) in the polynomials Q(x) and R(z), as defined in
(COIH), we have

4Q = n(-2"+4(2p—q)) +o(n)

4Q" = 2v2ns+ o(v/n)

2R = 2np(p — q) + o(n).

Substituting into (CILI4]), keeping the leading terms, which are of order n,
and multiplying by 4, one finds the equation (CILIY),

R 4 6h"? — 4(y* + 2(q — 2p))h’ + 4yh — 8(q¢ — p)p = 0. (6.0.5)

7 Appendix: Chazy classes

In his classification of differential equations
f"=F(zf,f,f"), where F is rational in f, f’, f” and locally analytic in z,

subjected to the requirement that the general solution be free of movable
branch points, Chazy found thirteen cases, the first of which is given by
" P/ " 6 2 4P, / P” 2 4@ / 2Q, 2R
el i pzl * P2
with arbitrary polynomials P(z), Q(z), R(z) of maximal degree 3,2, 1 respec-
tively. Cosgrove and Scoufis [10, 9], (A.3), show that this third order equation
has a first integral, which is second order in f and quadratic in f”,

f//2 _i_% ((Pf/2+Qf/+R)f/—(P/f/2+ Q/f/+R/>f

—0 (7.0.1)

+%(P”f’ +Q")f* ~ éP”’f‘”’ + 6) =0, (7.0.2)

28



§7, p.29

0 is the integration constant.

P ‘ 40 ‘ 2R ‘ Painlevé eqt
1 —4(u? 4+ 2(a —n)) —8an PIV
u | —u?+2u2n+a—>)—(a+0b)*| —bn(a+b+u) PV.
Equations of the general form
f? =Gz, f, f')

are invariant under the map

a1z + asg asf + agz + ay
r+— —— and f+— .

asz + ay aszz + ay

Using this map, the polynomial P(z) can be normalized to
P(z)=2(z—1), z, or 1.

In this way, Cosgrove shows (7.0.2) is a master Painlevé equation, con-
taining the 6 Painlevé equations. In the cases of PIV and PV, the canonical
equations are respectively:

g7 = —4g” + 4(2g — 9)* + Arg' + A, (Painlevé IV)

(29")? = (29 —9) (—49’2+A1(zg’—g) +A2) + Asg' + Ay (Painlevé V)
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