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EIGENVALUES OF GUE MINORSKURT JOHANSSON AND ERIC NORDENSTAMAbstra
t. Consider an in�nite random matrix H = (hij)0<i,j pi
ked from the GaussianUnitary Ensemble (GUE). Denote its main minors by Hi = (hrs)1≤r,s≤i and let the j:thlargest eigenvalue of Hi be µi
j . We show that the 
on�guration of all these eigenvalues (i, µi

j)form a determinantal point pro
ess on N× R.Furthermore we show that this pro
ess 
an be obtained as the s
aling limit in randomtilings of the Azte
 diamond 
lose to the boundary. We also dis
uss the 
orresponding limitfor random lozenge tilings of a hexagon.1. Introdu
tionThe distribution of eigenvalues indu
ed by some measure on matri
es has been the studyof random matrix theory for de
ades. These distributions have been found to be universal inthe sense that they turn up in various unrelated problems, some of whi
h do not 
ontain amatrix in any obvious way, or 
ontain a matrix that does not look like a random matrix. In thisarti
le, we propose to study the eigenvalues of the minors of a random matrix, and argue thatthis distribution also is universal in some sense by showing that it is the s
aling limit of threeapparently unrelated dis
rete models.The largest eigenvalues of minors of GUE-matri
es have been studied in [Bar01℄, 
onne
tingthese to a 
ertain queueing model. It is a spe
ial 
ase of the very general 
lass of models analysedin [Joh03℄. The large N limit of this model will yield the distribution of all the eigenvalues of aGUE-matrix and its minors.This pro
ess will turn out also to be the s
aling limit of a point pro
ess related to randomtilings of the Azte
 diamond, studied in [Joh05a℄ and of a pro
ess related to random lozenge-tilings of a hexagon, studied in [Joh05b℄.1.1. Eigenvalues of the GUE. Consider the following point pro
ess on Λ = N × R. Thereis a point at (n, µ) i� the n:th main minor of H , i.e. Hn, has an eigenvalue µ. We will 
allthis pro
ess the GUE minor pro
ess. A 
entral result in this arti
le is that this pro
ess is adeterminantal point pro
ess with a 
ertain kernel KGUE.For details of what it means for a point pro
ess to be determinantal, see se
tion 2. An expli
itexpression for this kernel is given in the next de�nition.De�nition 1.2. The GUE minor kernel is
KGUE(r, ξ; s, η) = −φ(r, ξ; s, η) +

−1
∑

j=−∞

√

(s+ j)!

(r + j)!
hr+j(ξ)hs+j(η)e

−(ξ2+η2)/2,where φ(r, ξ; s, η) = 0 when r ≤ s and
φ(r, ξ; s, η) =

(ξ − η)r−s−1
√

2r−s

(r − s− 1)!
e

1
2
(η2−ξ2)H(ξ − η)for r > s. 1



2 KURT JOHANSSON AND ERIC NORDENSTAMHere, hk(x) = 2−k/2(k!)−1/2π−1/4Hk(x) are the Hermite polynomials normalised so that
∫

hi(x)hj(x)e
−x2

dx = δij ,

hk ≡ 0 when k < 0 and H is the Heaviside fun
tion de�ned by(1.1) H(t) =

{

1 for t ≥ 0

0 for t < 0.Theorem 1.3. The GUE minor pro
ess is determinantal with kernel KGUE.This will be proved in se
tion 3.1.4. Azte
 Diamond. The Azte
 diamond of size N is the largest region of the plane that isthe union of squares with 
orners in latti
e points and is 
ontained in the region |x|+ |y| ≤ N+1,see �gure 1.It 
an be 
overed with 2× 1 dominoes in 2N(N+1)/2 ways, [EKLP92a, EKLP92b℄. Probabilitydistributions on the set of all these possible tilings have been studied in several referen
es, forexample [Joh05a, Pro03℄. Typi
al samples are 
hara
terized by having so 
alled frozen regionsin the north, south, east and west, regions where the tiles are layed out like bri
kwork. In themiddle there is a disordered region, the so 
alled tempered region. It is for example known thatfor large N , the shape of the tempered region tends to a 
ir
le, see [JPS98℄ for pre
ise statement.The key to analyzing this model is to 
olour all squares bla
k or white in a 
he
kerboardfashion. Let us 
hose 
olour white for the left square on the top row. A horizontal tile is oftype N, or north, whenever its left square is white. All other horizontal tiles are of type S, orsouth. Likewise, a verti
al domino is of type E, or east, pre
isely if its top square is white. Otherverti
al dominoes are of type W.In �gure 1, tiles of type N and E have been shaded. Noti
e that along the line i = 1, there ispre
isely one white tile, and its position is a sto
hasti
 variable that we denote x1
1. Along the line

i = 2 there are pre
isely two white tiles, at positions x2
1 and x2

2 respe
tively, et
. In general, let xi
kdenote the j-
oordinate of the k:th white tile along line i. These white points 
an be 
onsidered aparti
le 
on�guration, and this parti
le 
on�guration uniquely determines the tiling. It is shownin [Joh05a℄ that this pro
ess is a determinantal point pro
ess on N

2 = {1, 2, . . . , N}2, and thekernel is 
omputed.We show that this parti
le pro
ess, properly res
aled, 
onverges weakly to the distribution foreigenvalues of GUE des
ribed above. More pre
isely we have the following theorem that will beproved in se
tion 4.Theorem 1.5. Let µi
j be the eigenvalues of a GUE matrix and its minors. For ea
h N , let {xi

j}be the position of the parti
les, as de�ned above, in a random tiling of the Azte
 Diamond of size
N . Then for ea
h 
ontinuous fun
tion of 
ompa
t support φ : N × R → R, with 0 ≤ φ ≤ 1,

E





∏

i,j

(1 − φ(i, µi
j))



 = lim
N→∞

E





∏

i,j

(1 − φ(i,
xi

j −N/2
√

N/2
))



 .1.6. Rhombus Tilings. Consider an (a, b, c)-hexagon, i.e. a hexagon with side lengths a, b, c,
a, b, c. It 
an be 
overed by rhombus-shaped tiles with angles π/3 and 2π/3 and side length 1,so 
alled lozenges. The number of possible su
h tilings is

a
∏

i=1

b
∏

j=1

c
∏

k=1

i+ j + k − 1

i+ j + k − 2
.
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Figure 1. An Azte
 Diamond of size 20 with N and E type dominoes shaded.
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Figure 2. Lozenge tiling of a hexagon.This formula was proved by Per
y Ma
Mahon (1854-1928), see [Sta99, page 401℄ for histori
alremarks.Thus, we 
an 
hose a tiling randomly, ea
h possible tiling assigned equal probability. A typi
alsu
h tiling is shown in �gure 2. Just like in the 
ase of the Azte
 diamond, there are frozen regionsin the 
orners of the shape and a disordered region in the middle. It has been shown, that when
a = b = c = N → ∞, this so 
alled tempered region, tends to a 
ir
le, see [CLP98℄ for pre
isestatement and other similar results.Equivalently, 
onsider a simple, symmetri
, random walks, started at positions (0, 2j), 1 ≤
j ≤ a. At ea
h step in dis
rete time, ea
h walker moves up or down, with equal probability.They are 
onditioned never to interse
t and to end at positions (c+ b, c− b+ 2j). Figure 3, thered lines illustrate su
h a family of walkers, and shows the 
orresponden
e between this pro
essand tilings of the hexagon. These red dots in the �gure de�ne a point pro
ess. [Joh05b℄ showsthat uniform measure on tilings of the hexagon (or equivalently, uniform measure on the possible
on�gurations of simple, symmetri
, random walks) indu
es a measure on this point pro
ess thatis determinantal, and 
omputes the kernel.We will show, in theorem 5.4, that the 
omplement of this pro
ess, the blue dots in the �gure,is also a determinantal pro
ess and 
ompute its kernel.Let us introdu
e some notation. Observe that along the line t = 1, there is exa
tly one bluedot. Let its position be x1

1. Along line t = 2 there are two blue dots, at positions x2
1 and

x2
2 respe
tively, and so on. All these xi

j are sto
hasti
 variables, and they are of 
ourse notindependent of ea
h other.We expe
t that the s
aling limit of the pro
ess {xi
j}i,j, as the size of the hexagon tends toin�nity, is the GUE minor pro
ess with kernelKGUE. More pre
isely, let µi

j be the eigenvalues of a
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Figure 3. Tiled hexagon with sides a = 8, b = 5 and c = 10. The so 
alledhorizontal rhombuses are marked with a blue dot.



6 KURT JOHANSSON AND ERIC NORDENSTAMGUEmatrix and its minors. Then for ea
h 
ontinuous fun
tion of 
ompa
t support φ : N×R → R,
0 ≤ φ ≤ 1,(1.2) E





∏

i,j

(1 − φ(i, µi
j))



 = lim
N→∞

E





∏

i,j

(1 − φ(i,
xi

j −N/2
√

N/2
))



 .We will outline a proof of this result by going to the limit in the formula for the 
orrelationkernel, whi
h involves the Hahn polynomials. A 
omplete proof requires some further estimatesof these polynomials.The GUE minor pro
ess has also been obtained as a limit at �turning points� in a 3D partitionmodel by Okounkov and Reshetikhin [OR06℄. We expe
t that the GUE minor pro
ess should bethe universal limit in random tilings where the disordered region tou
hes the boundary.A
knowledgement: We thank A. Okounkov for helpful 
omments and for sending the preprint [OR06℄.2. Determinantal point pro
essesLet Λ be a 
omplete separable metri
 spa
e with some referen
e measure λ. For example Rwith Lebesgue measure or N with 
ounting measure. Let M(Λ) be the spa
e of integer-valuedand lo
ally �nite measures on Λ. A point pro
ess x is a probability measure on M(Λ). Forexample, let x be a point pro
ess. A realisation x(ω) is an element of M(Λ). It will assignpositive measure to 
ertain points, {xi(ω)}1≤i≤N(ω), sometimes 
alled parti
les, or just points inthe pro
ess. In the pro
esses that we will study the number of parti
les in a 
ompa
t set willhave a uniform upper bound.Many point pro
esses 
an be spe
i�ed by giving their 
orrelation fun
tions, ρn : Λn → R,
n = 1, . . . ,∞. We will not go into the pre
ise de�nition of these or when a pro
ess is uniquelydetermined by its 
orrelation fun
tions. For that we refer to any or all of the following referen
es:[DVJ88, Ch. 9.1, A2.1℄, [Joh05
, Sos00℄.Su�
e it to say that 
orrelation fun
tions have the following useful property. For any boundedmeasurable fun
tion φ with bounded support B, satisfying(2.1) ∞

∑

n=0

||φ||n∞
n!

∫

Bn

ρn(x1, . . . , xn) dnx <∞the following holds:(2.2) E[
∏

i

(1 + φ(xi(ω)))] =

∞
∑

n=0

1

n!

∫

Λn

φ(x1) · · ·φ(xn)ρn(x1, . . . , xn) dnλ.Correlation fun
tions are thus useful in 
omputing various expe
tations. For example, if A issome set and χA is the 
hara
teristi
 fun
tion of that set, then 1 − E[
∏

(1 − χA(xi))] is theprobability of at least one parti
le in the set A. If the 
orrelation fun
tions of a pro
ess existand are known, this probability 
an then readily be 
omputed with the above formula.We will study point pro
esses of a 
ertain type, namely those whose 
orrelation fun
tions existand are of the form
ρn(x1, . . . , xn) = det[K(xi; xj)]1≤i,j≤n,i.e. the n:th 
orrelation fun
tion is given as a n×n determinant where K : Λ2 → R is some, notne
essarily smooth, measurable fun
tion. Su
h a pro
ess is 
alled a determinantal point pro
essand the fun
tion K is 
alled the kernel of the point pro
ess.Let x1, x2, . . . , xN ,. . . be a sequen
e of point pro
esses on Λ. Say that xN assigns positivemeasure to the points {xN

i (ω)}1≤i≤NN (ω). Then we say that this sequen
e of point pro
esses
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onverges weakly to a point pro
ess x, written xN → x, N → ∞, if for any 
ontinuous fun
tion
φ of 
ompa
t support, 0 ≤ φ ≤ 1,(2.3) lim

N→∞
E





NN (ω)
∏

i=1

(1 − φ(xN
i (ω)))



 = E





N(ω)
∏

i=1

(1 − φ(xi(ω)))



 .The next proposition gives su�
ient 
onditions for weak 
onvergen
e of a sequen
e of determi-nantal pro
esses in terms of the kernels.Proposition 2.1. Let x1, x2, . . . , xN ,. . . be a sequen
e of determinantal point pro
esses, andlet xN have 
orrelation kernel KN satisfying(1) KN → K, N → ∞ pointwise, for some fun
tion K,(2) the KN are uniformly bounded on 
ompa
t sets in Λ2 and(3) For C 
ompa
t, there exists some number n = n(C) su
h that det[KN(xi, xj)]1≤i,j≤m = 0if m ≥ n.Then there exists some determinantal point pro
ess x with 
orrelation fun
tions K su
h that
xN → x weakly.Proof. We start by showing that there exists su
h a determinantal point pro
ess x. In [Sos00℄,the following ne
essary and su�
ient 
onditions for the existen
e of a random point pro
ess withgiven 
orrelation fun
tions is given.(1) Symmetry.

ρk(xσ(1), . . . , xσ(k)) = ρk(x1, . . . , xk)(2) Positivity. For any �nite set of measurable bounded fun
tions φk : Λk → R, k = 0, . . . ,M ,with 
ompa
t support, su
h that(2.4) φ0 +

M
∑

k=1

∑

i1 6=···6=ik

φ(xi1 , . . . , xik
) ≥ 0for all (x1, . . . , xM ) ∈ IM it holds that(2.5) φ0 +

N
∑

k=1

∫

Ik

φk(x1, . . . , xk)ρk(x1, . . . , xk) dx1 . . . dxn ≥ 0.The �rst 
ondition is satis�ed for all 
orrelation fun
tions 
oming from determinantal kernelsbe
ause permuting the rows and the 
olumns of a matrix with the same permutation leaves thedeterminant un
hanged. For the positivity 
ondition 
onsider the kernels KN . They are kernelsof determinantal pro
esses so(2.6) φ0 +
M
∑

k=1

∫

Ik

φk(x1, . . . , xk) det[KN (xi, xj)]1≤i,j≤k dx1 . . . dxn ≥ 0.As N → ∞, this 
onverges to the same expression with K instead of KN by Lebesgue's bounded
onvergen
e theorem with assumption (2). Positivity of this expression for all N then impliespositivity of the limit.So now we know that x exists. We need to show that xN → x Take some test fun
tion
φ : Λ → R with bounded support B. For this fun
tion we 
he
k the 
ondition in (2.1). Theassumption (3) in this theorem implies that the sum is a �nite one. Also, ||φ||∞ ≤ 1. Assumption(2) is that the fun
tions KN are uniformly bounded, so in parti
ular they are bounded on B2,so ρk is bounded on Bk. The integral of a bounded fun
tion over a bounded set is �nite, so thisis the �nite sum of �nite real numbers, whi
h is �nite.
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h N , by (2.2),
lim

N→∞
E

[

∏

i

(1 − φ(xN
i (ω)))

]

= lim
N→∞

∞
∑

n=1

(−1)n

n!

∫

Λn

n
∏

i=1

φ(xi) det[KN (xi, xj)]1≤i,j≤n d
nλ(x).

(2.7)Condition (3) guarantees that the sum is �nite. Lebesgue's bounded 
onvergen
e theorem appliesbe
ause the support of φ is 
ompa
t and the 
orrelation fun
tions are bounded on 
ompa
t sets.Thus the limit exists and is
=

∞
∑

n=1

(−1)n

n!

∫

Λn

n
∏

i=1

φ(xi) det[K(xi, xj)]1≤i,j≤n d
nλ(x)(2.8)

= E

[

∏

i

(1 − φ(xi(ω)))

]

.(2.9)This implies that indeed xN → x, weakly, as N → ∞. �3. The GUE Minor Kernel3.1. Performan
e Table. Consider the following model. Let {w(i, j)}(i,j)∈Z2
+
, be independentgeometri
 random variables with parameter q2. I.e. there is one i.i.d. variable sitting at ea
hinteger latti
e point in the �rst quadrant of the plane. Let(3.1) G(M,N) = max

π

∑

(i,j)∈π

w(i, j)where the maximum is over all up/right paths from (1, 1) to (M,N). The array [G(M,N)]M,N∈Nis 
alled the performan
e table.Ea
h su
h up/right path must pass through pre
isely one of (M − 1, N) and (M,N − 1), soit is true that G(M,N) = max(G(M − 1, N), G(M,N − 1)) + w(M,N).It is known from [Bar01℄, that (G(N, 1), G(N, 2), . . . , G(N,M)) for �xedM , properly res
aled,jointly tends to the distribution of (µ1
1, µ

2
1, . . . , µ

M
1 ) as N → ∞ in the sense of weak 
onvergen
eof probability measures. We will show that it is possible to de�ne sto
hasti
 variables in termsfor the values w that jointly 
onverge weakly to the distribution of all the eigenvalues µi

j ofGUE-matri
es.3.2. Notation. We will use the following notation from [Bar01℄.(1) WM,N is set of M ×N integer matri
es.(2) WM,N,k is set of M ×N integer matri
es whose entries sum up to k.(3) VM = R
M(M−1)/2 where the 
omponents of ea
h element x are indexed in the followingway.

x =

x1
1... . . .

xM−1
1 . . . xM−1

M−1

xM
1 . . . xM−1

M xM
M(4) CGC ⊂ VM is the subset su
h that xi

j−1 ≥ xi−1
j−1 ≥ xi

j .(5) CGC,N are the integer points of CGC.(6) Let p : CGC → R
M be the proje
tion that pi
ks out the last row of the triangular array,i.e. p(x) = (xM

1 , . . . , xM
M ). Likewise, let q : CGC,N → N

M , the proje
tion that pi
ks outthe last row of an integer triangular array.
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all that a partition λ of k is a ve
tor of integers (λ1, λ2, . . . ), where λ1 ≥ λ2 ≥ . . .su
h that ∑i λi = k. It follows that only �nitely many of the λi:s are non-zero.A partition 
an be represented by a Young diagram, drawn as a 
on�guration of boxes alignedin rows. The i:th row of boxes is λi boxes long. A semi-standard Young tableau (SSYT) is a�lling of the boxes of a Young diagram with natural numbers, in
reasing from left to right in rowsand stri
tly in
reasing from the top down in 
olumns. The Robinsson-S
hensted-Knuth algorithm(RSK algorithm) is an algorithm that bije
tively maps WM,N to pairs of semi-standard Youngtableau. For details of this algorithm, see for example [Sag01, Sta99℄.Fix a matrix w ∈ WM,N . This matrix is mapped by RSK to a pair of SSYT, (P (w), Q(w)).The P tableau will 
ontain elements of M := {1, 2, . . . ,M} only. Constru
t a triangular array
x =

x1
1... . . .

xM−1
1 . . . xM−1

M−1

xM
1 . . . xM−1

M xM
Mwhere xi

j is the 
oordinate of the rightmost box �lled with a number at most i in the j-th rowof the P (w)-tableau. This is a map from WM,N to CGC,N.3.4. A Measure on Semistandard Young Tableau. Consider the following probability mea-sure on WM,N . The elements in the matrix are i.i.d. geometri
 random variables with parameter
q2. Re
all that a variable X is geometri
ally distributed with parameter q2, written X ∈ Ge(q2)if P [X = k] = (1 − q2)(q2)k, k ≥ 0. The square here will save a lot of root signs later. Su
h asto
hasti
 variable has expe
tation a = q2/(1 − q2) and varian
e b = q2/(1 − q2)2.Applying the RSK algorithm to this array indu
es a measure on SSYT:s, and by the 
orre-sponden
e above, a measure on CGC,N. Call this measure πRSK

q2,M,N . The following is shown in[Joh00℄.Proposition 3.5. Let WM,N 
ontain i.i.d. Ge(q2) random variables in ea
h position. Theprobability that the RSK 
orresponden
e, when applied to this matrix, will yield Young diagramsof shape λ = (λ1, . . . , λM ) is(3.2) ρRSK
q2,M,N :=

(1 − q2)MN

M !

M−1
∏

j=0

1

j!(N −M + j)!
×

×
∏

1≤i<j≤M

(λi − λj + j − i)2
M
∏

i=1

(λi + 1)!

(λi +M − i)!
q2k,where k = |λ| =

∑

i λi.In other words, the measure πRSK
q2,M,M , integrating out all variables not on the last row, is

ρRSK
q2,M,N . This, together with the following result 
hara
terizes the measure πRSK

q2,M,M 
ompletely.3.6. Uniform lift. Proposition 3.2 in [Bar01℄ states that the probability measure πRSK
q2,M,N , 
on-ditioned on the last row of the triangular array being λ, is uniform on the 
one q−1(λ) := {x ∈

CGC,N : q(x) = λ}.In formulas, this 
an be formulated as follows.Proposition 3.7. For any bounded 
ontinuous fun
tion φ : M × Z → R of 
ompa
t support,
EπRSK

q2,M,N
[
∏

i,j

(1 + φ(i, xi
j))] =

∑

λ





1

L(λ)

∑

x∈q−1(λ)

∏

i,j

(1 + φ(i, xi
j))



 ρRSK
q2,M,N(λ).



10 KURT JOHANSSON AND ERIC NORDENSTAMwhere L(λ) is the number of integer points in q−1(λ).The number of su
h integer points is given by
L(λ) =

∏

i<j

λi − λj + j − i

j − i
.3.8. GUE Eigenvalue measure. It is well know, see for example [Meh91℄, that the probabilitymeasure on the eigenvalues indu
ed by GUE measure on M ×M hermitian matri
es is

ρGUE
M (λ1, . . . , λM ) =

1

ZM

∏

1≤i<j≤M

(λi − λj)
2
∏

1≤i≤M

exp(−λ2
i )for some 
onstant ZM that we need not be 
on
erned with here.3.9. Uniform lift of GUE measure. [Bar01℄ shows a result for eigenvalues of minors of GUEmatri
es that is similar to the above result for partitions. He shows that given the eigenvaluesof the whole matrix λ = (λ1 > · · · > λM ), the triangular array of eigenvalues of all the minorsare uniformly distributed in p−1(λ) := {x ∈ CGC : p(x) = λ}. Again we 
an write this moreformally.Proposition 3.10. For any bounded 
ontinuous fun
tion φ : M × R → R of 
ompa
t support,the measure πGUE

M satis�es
E[
∏

i,j

(1 + φ(i, µi
j))] =

∫

λ





1

Vol(λ)

∫

p−1(λ)

∏

i,j

(1 + φ(i, µi
j))



 ρGUE
M (λ) dMλ.where Vol(λ) is the volume of the 
one p−1(λ).This volume is given by

Vol(λ) =
∏

i<j

λi − λj

j − i
.This situation is then very similar to the measure πRSK

q2,M,N above, in the sense that, 
onditionedthe last row, the rest of the variables is uniformly distributed in a 
ertain 
one.3.11. S
aling limit. We are now in a position to see the 
onne
tion between the measures
πRSK

q2,M,N and πGUE
M .Proposition 3.12. Let a := E[w(1, 1)] = q2/(1− q2) and b := Var[w(1, 1)] = q2/(1− q2)2. Thenfor any bounded 
ontinuous fun
tion of 
ompa
t support φ,
EπGUE

M
[
∏

i,j

(1 + φ(i, µi
j))] = lim

N→∞
EπRSK

q2,M,N
[
∏

i,j

(1 + φ(i,
xi

j − aN
√
bN

))].Proof. Plug in the expression for the right hand side in proposition 3.7 and for the left handside in proposition 3.10. Stirling's formula and the 
onvergen
e of a Riemann sum to an integralproves the theorem. �



EIGENVALUES OF GUE MINORS 113.13. Polynu
lear growth. The measure πRSK
q2,N,M is a version of the S
hur pro
ess and is adeterminantal pro
ess on M × N, by [OR03℄. We will use the following result from [Joh03℄.Proposition 3.14. The pro
ess {xi

j} with the measure des
ribed in 3.4 is determinantal withkernel(3.3) KPNG
q2,N,M (r, x, s, y) =

1

(2πi)2

∫

dz

z

∫

dw

w

z

z − w

wy+N

zx+N

(1 − qw)s

(1 − qz)r

(z − q)N−M

(w − q)N−M
.For r ≤ s, the paths of integration for z and w are anti
lo
kwise along 
ir
les 
entred at zerowith radii su
h that q < |w| < |z| < 1/q. For the 
ase r > s, integrate instead along 
ir
les su
hthat q < |z| < |w| < 1/q.This follows immediately from proposition 3.12 and theorem 3.14 in [Joh03℄.Having now introdu
ed the PNG-kernel, we 
an state the following s
aling limit result.Lemma 3.15. Let a = q2/(1− q2) and b = q2/(1− q2)2 as above. The following 
laims are truefor M �xed.(1) For r, s ≤M ,

g(r, ξ,N)

g(s, η,N)

√
2bNKPNG

N,M (r, ⌊aN + ξ
√

2bN⌋; s, ⌊aN + η
√

2bN⌋) −→ KGUE(r, ξ; s, η)uniformly on 
ompa
t sets as N → ∞ for a 
ertain fun
tion g 6= 0.(2) The expression
g(r, ξ,N)

g(s, η,N)

√
2bNKPNG

N,M (r, ⌊aN + ξ
√

2bN⌋; s, ⌊aN + η
√

2bN⌋)is bounded uniformly for 1 ≤ r, s ≤M and ξ, η in a 
ompa
t set.The proof, given in se
tion 6, is an asymptoti
 analysis of the integral in (3.3). Now everythingis set up so we 
an prove the main result of this se
tion.Proof of theorem 1.3. A

ording to proposition 3.12,(3.4) EπGUE
M

[
∏

(1 + φ(i, µi
j))] = lim

N→∞
EπRSK

q2 ,M,N
[
∏

i,j

(1 + φ(i,
xi

j − aN
√
bN

))].The point pro
esses on the right hand side of this last expression are determinantal. Their kernels
an be written
KN(r, ξ, s, η) :=

g(r, ξ,N)

g(s, η,N)

√
2bNKPNG

N,M (r, aN + ξ
√

2bN ; s, aN + η
√

2bN).for some fun
tion g that 
an
els out in all determinants, and therfore does not a�e
t the 
orre-lation fun
tions. By lemma 3.15, these KN satisfy all the assumptions of proposition 2.1. Thus,the point pro
esses that these de�ne 
onverge weakly to a point pro
ess with kernel KGUE. Thisimplies that the measure on the left hand side of equation (3.4), i.e. πGUE
M is determinantal withkernel KGUE. The observation that M was arbitrary 
ompletes the proof. �4. Azte
 DiamondThe point-pro
ess 
onne
ted to the tilings of this shape, des
ribed in the introdu
tion wasthoroughly analyzed in [Joh05a℄. The following result is shown.



12 KURT JOHANSSON AND ERIC NORDENSTAMProposition 4.1. The pro
ess {xi
j} des
ribed in se
tion 1.4 is determinantal on Λ = N × N,with kernel KA

N given by(4.1) KA
N (2r, x, 2s, y) =

1

(2πi)2

∫

dz

z

∫

dw

w

wy(1 − w)s(1 + 1/w)n−s

zx(1 − z)r(1 + 1/z)n−r

z

z − wand referen
e measure µ whi
h is 
ounting measure on N. The paths of integration are as follows:For r ≤ s, integrate w along a 
ontour en
losing its pole at −1 anti
lo
kwise, and z along a
ontour en
losing w and the pole at 0 but not the pole at 1 anti
lo
kwise. For r > s, swit
h the
ontours of z and w.Based on this integral formula we 
an prove the following s
aling limit analogous to that inlemma 3.15.Lemma 4.2. The following 
laims hold.(1)
g(r, ξ,N)

g(s, η,N)

√

N/2KA
N(2r, ⌊N/2 + ξ

√

N/2⌋; 2s, ⌊N/2 + η
√

N/2⌋) −→ KGUE(r, ξ; s, η)uniformly on 
ompa
t sets as N → ∞ for an appropriate fun
tion g 6= 0.(2) The expression
g(r, ξ,N)

g(s, η,N)

√

N/2KA
N (2r, ⌊N/2 + ξ

√

N/2⌋; 2s, ⌊N/2 + η
√

N/2⌋)is uniformly bounded with respe
t to N for (r, ξ, s, η) 
ontained in any 
ompa
t set in
N × R × N × R.The proof is based on a saddle point analysis that is presented it se
tion 6. We 
an now setabout proving the main result of this se
tion.Proof of theorem 1.5. By proposition 4.1, the xi

j form a determinantal pro
ess with kernel KA
N .The res
aled pro
ess (xi

j −N/2)/
√

N/2 has kernel(4.2) KN(r, ξ; s, η) :=
g(r, ξ,N)

g(s, η,N)

√

N/2KA
N (2r,N/2 + ξ

√

N/2; 2s,N/2 + η
√

N/2).By lemma 4.2, the kernels KN satisfy all the assumptions of proposition 2.1. So they 
onvergeto the pro
ess with kernel KGUE. �5. The HexagonConsider an (a,b,
)-hexagon, su
h as the one in �gure 3. First we need some 
oordinate systemto des
ribe the position of the dots. Say that the a simple, symmetri
, random walks start at
t = 0 and y = 0, 2, . . . , 2a − 2. In ea
h unit of time, they move one unit up or down, and are
onditioned to end up at y = c− b, c− b + 2, . . . , c− b+ 2a− 2 at time t = b + c and never tointerse
t. One realisation of this pro
ess is the red dots in �gure 3. At time t, the only possible
y-
oordinates for the red dots are {αt + 2k}0≤k≤γt , where

γt =











t+ a− 1 0 ≤ t ≤ b

b+ a− 1 b ≤ t ≤ c

a+ b+ c− t− 1 c ≤ t ≤ b+ c,

αt =

{

−t 0 ≤ t ≤ b

t− 2b b ≤ t ≤ b+ c.Let Λa,b,c = {(t, αt + 2k) : 0 ≤ t ≤ b+ c, 0 ≤ k ≤ γt} be the set of all the dots, red and blue.



EIGENVALUES OF GUE MINORS 135.1. A determinantal kernel for the hexagon tiling pro
ess. We now need to de�ne thenormalised asso
iated Hahn polynomials, q̃(α,β)
n,N (x). These orthogonal polynomials satisfy(5.1) N

∑

x=0

q̃
(α,β)
n,N (x)q̃

(α,β)
m,N (x)w̃

(α,β)
N (x) = δn,m,where the weight fun
tion is

w̃
(α,β)
N (x) =

1

x!(x + α)!(N + β − x)!(N − x)!
.They 
an be 
omputed as

q̃
(α,β)
n,N (x) =

(−N − β)n(−N)n

d̃
(α,β)
n,N n!

3F2(
−n,n−2N−α−β−1,−x

−N−β,−N ; 1),where
(

d̃
(α,β)
n,N

)2

=
(α+ β +N − 1 − n)N+1

(α+ β + 2N + 1 − 2n)n!(β +N − n)!(α +N − n)!(N − n)!
.For 
onvenien
e, let ar = |c− r| and br = |b− r|. [Joh05b℄ shows the following.Proposition 5.2. The red dots form a determinantal point pro
ess on the spa
e Λa,b,c withkernel

K̃L
a,b,c(r, αr + 2x; s, αs + 2y) = −φr,s(αr + 2x, αs + 2y)

+

a−1
∑

n=0

√

(a+ s− 1 − n)!(a+ b+ c− r − 1 − n)!

(a+ s− 1 − n)!(a+ b+ c− s− 1 − n)!
q̃br ,ar
n,γr

(x)q̃bs ,as
n,γs

(y)ωr(x)ω̃s(y),where φr,s(x, y) = 0 if r ≥ s and
φr,s(x, y) =

(

s− r
y−x+s−r

2

)otherwise. Furthermore,
ωr(x) =











((br + x)!(γr + ar − x)!)−1 0 ≤ r ≤ b

(x!(γr + ar − x)!)−1 b ≤ r ≤ c

(x!(γr − x)!)−1 c ≤ r ≤ b+ cand
ω̃s(y) =











(y!(γs − y)!)−1 0 ≤ r ≤ b

((bs + y)!(γs − y)!)−1 b ≤ r ≤ c

((br + y)!(γr + ar − y)!)−1 c ≤ r ≤ b+ c.It follows that the blue dots also form a determinantal point pro
ess. To 
ompute its kernelwe need the following lemma.Lemma 5.3.
(

s− r
s−r+2y+αs−2x−αr

2

)

=

∞
∑

n=0

√

(a+ s− 1 − n)!(a+ b+ c− r − 1 − n)!

(a+ r − 1 − n)!(a+ b+ c− s− 1 − n)!
q̃(br,ar)
n,γr

(x)q̃(bs,as)
n,γs

(y)ωr(x)ω̃s(y)when s ≥ r.



14 KURT JOHANSSON AND ERIC NORDENSTAMProof. This proof uses the results obtained in the proof of 5.2 in [Joh05b, equation 3.25℄. De�ne
onvolution produ
t as follows. For f, g : Z
2 → Z, de�ne (f ∗ g) : Z

2 → Z by
(f ∗ g)(x, y) :=

∑

z∈Z

f(x, z)g(z, y).Let φ(x, y) := δx,y+1 + δx,y−1. Also let
φ∗0(x, y) := δx,y

φ∗1(x, y) := φ(x, y)

φ∗n(x, y) := (φ∗(n−1) ∗ φ)(x, y).Set
cj,k :=

1

(a− k)(j − k)!(a− 1 − j)!

fn,k :=

(

n

k

)

(n− 2a− b− c+ 1)k

(−a− b+ 1)k(−a)kand �nally let
ψ(n, z) :=

n
∑

m=0

fn,m

a−1
∑

j=m

cj,mφ(2j, z)

φ0,1(n, y) := ψ(n, y)

φ0,r(n, y) := ψ ∗ φ∗(r−1)(n, y).The dual orthogonality relation to (5.1) is pre
isely(5.2) γr
∑

n=0

q̃(br ,ar)
n,γr

(x)q̃(br ,ar)
n,γr

(y)ωr(x)ω̃r(y) = δx,y.By equation (3.25), (3.30) and (3.32) of the above mentioned paper,
φ0,r(n, αr + 2z) = A(a, b, c, r, n)q̃(br ,ar)

n,γr
(z)ω̃r(z),where

A(a, b, c, r, n) :=
(a+ 1)r−1d̃

(br,ar)
n,γr n!

(−a− c+ 1)n(−a− b− c+ r + 1)n
.Inserting this into the orthogonality relation in (5.2) gives

γr
∑

n=0

q̃(br,ar)
n,γr

(x)
ωr(x)

A(a, b, c, r, n)
φ0,r(n, αr + 2z) = δx,y.Convolving both sides of the above relation with φ∗(s−r) gives

γr
∑

n=0

q̃(br,ar)
n,γr

(x)
ωr(x)

A(a, b, c, r, n)

∑

z∈Z

φ0,r(n, αr + 2z)φ∗(s−r)(αr + 2z, αs + 2y)

= φ∗(s−r)(αr + 2x, αs + 2y),whi
h, when the left hand side is simpli�ed, gives
γr
∑

n=0

q̃(br ,ar)
n,γr

(x)
ωr(x)

A(a, b, c, r, n)
φ0,s(n, αr + 2y) = φ∗(s−r)(αr + 2x, αs + 2y).



EIGENVALUES OF GUE MINORS 15Invoking equation (5.1) again to simplify the left hand side and expli
itly 
al
ulating the righthand side gives
γr
∑

n=0

A(a, b, c, s, n)

A(a, b, c, r, n)
q̃(br ,ar)
n,γr

(x)q̃(bs,as)
n,γs

(y)ωr(x)ω̃s(y) =

(

s− r
s−r+2y+αs−2x−αr

2

)

.It is easy to 
he
k that
A(a, b, c, s, n)

A(a, b, c, r, n)
=

√

(a+ s− 1 − n)!(a+ b+ c− r − 1 − n)!

(a+ r − 1 − n)!(a+ b+ c− s− 1 − n)!
,whi
h proves the lemma. �We now need to introdu
e the normalized Hahn polynomials q(α,β)

n,N (x). These satisfy(5.3) N
∑

x=0

q
(α,β)
n,N (x)q

(α,β)
m,N (x)w

(α,β)
N (x) = δm,n,where(5.4) w

(α,β)
N (t) =

(N + α− t)!(β + t)!

t!(N − t)!
.Theorem 5.4. The blue dots form a determinantal point pro
ess on the spa
e Λa,b,c with kernel

KL
a,b,c(r, x; s, y) =

−1
∑

n=−∞

√

(s+ j)!(b + c− r + j)!

(r + j)!(b + c− s+ j)!
q
(br ,ar)
r+j,γr

(x)q
(bs,as)
s+j,γs

(y)

√

w
(br ,ar)
γr (x)w

(bs ,as)
γs (y),when s ≥ r, and

KL
a,b,c(r, x; s, y) =

−
a−1
∑

j=0

√

(s+ j)!(b+ c− r + j)!

(r + j)!(b + c− s+ j)!
q
(br ,ar)
r+j,γr

(x)q
(bs,as)
s+j,γs

(y)

√

w
(br ,ar)
γr (x)w

(bs ,as)
γs (y)otherwise.Proof. It is well known that the 
omplement of a determinantal point pro
esses on a �nite setwith kernel K is also determinantal with kernel K̃ = I −K, i.e. K̃(x, y) = δx,y −K(x, y).Applying this result to our problem, we want to 
onsider δx,yδr,s − K̃L

a,b,c(r, x; s, y). We nowseparate two 
ases. When s ≥ r see that
K(r, x; s, y) =

(

s− r

y − x+ s−r+αs−αr

2

)

−

a−1
∑

n=0

√

(a+ s− 1 − n)!(a+ b+ c− r − 1 − n)!

(a+ r − 1 − n)!(a+ b+ c− s− 1 − n)!
q̃(br,ar)
n,γr

(x)q̃(bs,as)
n,γs

(y)ωr(x)ω̃s(y)is a 
andidate for the kernel for the blue parti
les. By lemma 5.3 this simpli�es to
K(r, x; s, y) =

∞
∑

n=a

√

(a+ s− 1 − n)!(a+ b+ c− r − 1 − n)!

(a+ r − 1 − n)!(a+ b + c− s− 1 − n)!
q̃(br ,ar)
n,γr

(x)q̃(bs ,as)
n,γs

(y)ωr(x)ω̃s(y).



16 KURT JOHANSSON AND ERIC NORDENSTAMFor s < r we just get
K(r, x; s, y) = −

a−1
∑

n=0

√

(a+ s− 1 − n)!(a+ b+ c− r − 1 − n)!

(a+ r − 1 − n)!(a+ b+ c− s− 1 − n)!
q̃(br,ar)
n,γr

(x)q̃(bs,as)
n,γs

(y)ωr(x)ω̃s(y).We now exploit a useful duality result from [Bor02℄. It states that
q
(α,β)
n,N (x)

√

w
(α,β)
N (x) = (−1)xq̃

(α,β)
N−n,N (x)

√

w̃
(α,β)
N (x).Insert this into the formulas above and de�ne the new kernel

KL
a,b,c(r, x; s, y) := (−1)y−x

√

ωs(y)ωr(x)−1ω̃r(x)ω̃s(y)−1K(r, x; s, y).This kernel gives the same 
orrelation fun
tions as K, sin
e the extra fa
tors 
an
el out in thedeterminants. The new kernel 
an be written as
KL

a,b,c(r, x; s, y) =

∞
∑

n=a

√

(a+ s− 1 − n)!(a+ b+ c− r − 1 − n)!

(a+ r − 1 − n)!(a+ b + c− s− 1 − n)!
q
(br ,ar)
γr−n,γr

(x)q
(bs,as)
γs−n,γs

(y)

√

w
(br ,ar)
γr (x)w

(bs ,as)
γs (y),when s ≥ r, and

KL
a,b,c(r, x; s, y) =

−
a−1
∑

n=0

√

(a+ s− 1 − n)!(a+ b+ c− r − 1 − n)!

(a+ r − 1 − n)!(a+ b+ c− s− 1 − n)!
q
(br,ar)
γr−n,γr

(x)q
(bs,as)
γs−n,γs

(y)

√

w
(br ,ar)
γr (x)w

(bs ,as)
γs (y)otherwise.The 
hange of variables j := a − 1 − n puts these expressions on a simpler form, therebyproving the theorem. �5.5. Asymptoti
s. Let 0 < p < 1 be some real number. Let α = γpN , β = γ(1 − p)N ,

x̃ = ⌊pN +
√

2p(1 − p)N(1 + γ−1)x⌋. Then(5.5) 4
√

2p(1 − p)N(1 + γ−1)

√

w
(α,β)
n,N (x̃)q

(α,β)
n,N (x̃) −→ (−1)n

√
e−x2hn(x)uniformly on 
ompa
t sets in x as N → ∞. For 
ompleteness we give the proof of this result inthe appendix.We would like to apply this with p = 1

2 and γ = 2 to our kernelKL and letting a = b = c→ ∞,i.e. we would like to take the limit
K(r, ξ; s, η) =

lim
N=a=b=c→∞

(−3N)r−s
√

3N/4KL
a,b,c(r, ⌊N/2 + ξ

√

3N/4⌋; s, ⌊N/2 + η
√

3N/4⌋).The fa
tor (−3N)r−s 
an
els out in all determinants and is thus of no import. For s ≥ r we get(5.6) K(r, ξ; s, η) =

−1
∑

j=−∞

√

(s+ j)!

(r + j)!
hr+j(ξ)hs+j(η)e

−(ξ2+η2)/2and formally, if we ignore the fa
t that this turns into an in�nite sum, for s < r we get(5.7) K(r, ξ; s, η) = −
∞
∑

j=0

√

(s+ j)!

(r + j)!
hr+j(ξ)hs+j(η)e

−(ξ2+η2)/2.This expression 
an be simpli�ed with the following lemma



EIGENVALUES OF GUE MINORS 17Lemma 5.6. Let H be the Heaviside fun
tion de�ned by equation (1.1) above. Then,(5.8) (x− y)k−1H(x− y) =
(k − 1)!√

2k

∞
∑

n=−∞

√

n!

(n+ k)!
hn(x)hn+k(y)e−y2

.pointwise for x 6= y.The proof is given in se
tion 6.In view of this result, the in�nite series in 5.7 
onverges and the kernel K is exa
tly the GUEminor kernel KGUE. The interpretation of this is the following. The distribution of the blueparti
les, properly res
aled, tends weakly to the distribution of the eigenvalues of GUE minorsas the size of the diamond tends to in�nity, equation (1.2). The only thing needed to make thisa theorem is appropriate estimates of the Hahn polynomials to 
ontrol the 
onvergen
e to thein�nite sum. 6. Proof of lemmasProof of lemma 5.6. As the Hermite polynomials are orthogonal, there is an expansion of thefun
tion in the left hand side of (5.8) of the form(6.1) (x− y)k−1H(x− y) =
∞
∑

n=−∞
cn(y)Hn(x),where Hn is the n:th Hermite polynomial, as de�ned in for example [KS98℄, and where the
oe�
ients are given by(6.2) cn(y) =

1

2nn!
√
π

∫ ∞

−∞
(x− y)k−1H(x− y)Hn(x)e−x2

dx.It is known that e−x2

Hn(x) = − d
dx(e−x2

Hn−1(x)). Integration by parts and limiting the inte-gration interval a

ording to the Heaviside fun
tion gives
∫ ∞

y

(x− y)k−1Hn(x)dx =

∫ ∞

y

(k − 1)(x− y)k−2Hn−1(x)dxRepeating this pro
ess k − 1 times gives
cn(y) =

(k − 1)!e−y2

Hn−k(y)

2nn!
√
π

.Hen
e,
(x− y)k−1H(x− y) =

∞
∑

n=−∞

(k − 1)!

2nn!
√
π
Hn−k(y)Hn(x)e−y2

=
(k − 1)!√

2k

∞
∑

n=−∞

√

n!

(n+ k)!
hn(y)hn+k(x)e−y2

.

(6.3)
�Proof of lemma 3.15. Assume �rst that r ≤ s. By proposition 3.14 we have to 
onsider theintegral

1

(2πi)2

∫

γr2

dz

∫

γr1

dw

w

1

z − w
eNf(z)−Nf(w)w

η
√

2bN

zη
√

2bN

(1 − qw)2

(1 − qz)r

(w − q)M

(z − q)M
,



18 KURT JOHANSSON AND ERIC NORDENSTAMwhere γr is a 
ir
le around the origin with radius r oriented anti
lo
kwise, q < r1 < r2 < 1/q,and(6.4) f(z) = log(z − q) − (1 − q2)−1 log z.(Here we have ignored the di�eren
e between aN + ξ
√

2bN and its integer part.) Note that
f ′(z) = 0 gives z = 1/q. This leads us to 
hoose

r1 =
1

q
− 2

a
√

N/2
,and to deform γr2

to a 
ir
le Γ oriented 
lo
kwise around 1/q with radius 1/a
√

N/2. The spe
i�

hoi
e of radii are 
onvenient for the 
omputations below. Choose
g(r, ξ,N) = 2−r/2e−ξ2/2q−ξ

√
2bN

(

q

a
√

N/2

)r

.Then,(6.5) g(r, ξ,N)

g(s, η,N)

√
2bNKPNG

N,M (r, ⌊aN + ξ
√

2bN⌋; s, ⌊aN + η
√

2bN⌋)

=
√

2s−reη2−ξ2q(η−ξ)
√

2bN

(

q

a
√

N/2

)r−s √
2bN

(2πi)2

×
∫

Γ

dz

∫

γr1

dw

w

1

z − w
eNf(z)−Nf(w)w

η
√

2bN

zη
√

2bN

(1 − qw)2

(1 − qz)r

(w − q)M

(z − q)M
.Parameterize γr1

by w(t) = r1e
itEn , −π/EN ≤ t ≤ π/EN , EN = q/a

√

N/2. We have
Re(f(w(0)) − f(w(t))) = ln

∣

∣

∣

∣

w(0) − q

w(t) − q

∣

∣

∣

∣

= −1

2
ln

(

1 +
2r1q(1 − cosEN t)

(r1 − q)2

)

≤ −1

2
ln
(

1 + q2(1 − cosEN t)
)

,for N large enough. Sin
e cosx ≤ 1 + x2/8 when |x| ≤ π, the last expression is
≤ −1

2
ln
(

1 + q2E2
N t

2/8)
)

≤ −Ct2/Nfor |t| ≤ π/EN , where C > 0 is a 
onstant depending only on q. Hen
e,(6.6) ReN(f(w(0)) − f(w(t))) ≤ −Ct2for |t| ≤ π/En with C > 0.In the right hand side of (6.5) we make the 
hange of variables(6.7) z = z(u) = 1/q − u/a
√

N/2with u on the unit 
ir
le oriented anti
lo
kwise. We obtain the integral(6.8) √
2s−reη2−ξ2 2iq

√
b

(2πi)2a

∫

γ1

du

∫ π/EN

−π/EN

dt
1

a
√

N/2(z(u) − w(t))
eN(f(z(u))−f(w(t)))

× (qw(t))η
√

2bN

(qz(u))ξ
√

2bN

(

q

a
√

N/2

)r−s
(1 − qw(t))s

(1 − qz(u))r

(w(t) − q)M

(z(u) − q)M
.



EIGENVALUES OF GUE MINORS 19Note that q√b/a = 1. Also,(6.9) f(1/q + h) = f(1/q)− a2h2/2 +O(h3)for |h| small. Hen
e, for N su�
iently large,(6.10) N(f(z(u)) − f(w(0))) = −u2 + 4 + hN(u)/
√
N,where hN (u) is bounded for |u| = 1. We have(6.11) (qw(t))η

√
2bN

(qz(t))ξ
√

2bN
=

(

1 − 2q

a
√

N/2

)η
√

2bN

e2iηt



1 − qu

a
√

a
√

N/2





−ξ
√

2bN

.By the inequality (1 + x/n)n ≤ ex for x > −n, n ≥ 1, the right hand side in (6.10) has a boundindependent of N . We also have(6.12) a
√

N/2|z(u) − w(t)| ≥ 1for u ∈ γ1, |t| ≤ π/EN , and(6.13) ∣

∣

∣

∣

∣

(

q

a
√

N/2

)

(1 − qw(t))s

(1 − qz(t))r

(w(t) − q)M

(z(u) − q)M

∣

∣

∣

∣

∣

≤ CNs/2for u ∈ γ1, |t| ≤ π/EN , by (6.7) and the de�nition of w(t).It follows from (6.6), (6.10), (6.11), (6.12) and (6.13) that the part of the integral in (6.8)where the t-integration is restri
ted to N1/3 ≤ |t| ≤ π/EN 
an be bounded by
CNs/2

∫

|t|≥N1/3

e−Ct2 dt,whi
h goes to 0 as N → ∞. When |t| ≤ N1/3 we have(6.14) ∣

∣

∣

∣

∣

a
√

N/2

q
(1 − qw(t)) − (2 − it)

∣

∣

∣

∣

∣

≤ C

N1/6
.Hen
e, for |t| ≤ N1/3 we have the bound(6.15) ∣

∣

∣

∣

∣

∣

(

1

a
√

N/2

)r−s
(1 − qw(t))s

(1 − qz(u))r

(w(t) − q)M

(z(u) − q)M

∣

∣

∣

∣

∣

∣

≤ C,and we see that the part of the integral in (6.8) where |t| ≤ N1/3 has a uniform bound for ξ, ηin a 
ompa
t set. This proves 
laim (2) in lemma 3.15 for r ≤ s.It also follows from (6.6), (6.7), (6.9), (6.10), (6.11), (6.14), (6.15) and the dominated 
onver-gen
e theorem that the integral in (6.8) 
onverges to(6.16) √
2s−reη2−ξ2

2π2i

∫

γ1

du

∫

R

dt
1

2 − it− u
e2ξu−u2

e(2−it)2−2η(u−it) (2 − it)s

ur
.Now let v = 2 − it. Then we should integrate v along the line Re v = 2 from minus to plusin�nity. We obtain the integral

√
2s−reη2−ξ2

2(πi)2

∫

du
e2ξu−u2

ur

∫

dt
vs

v − u
ev2−2ηv.Expand (v − u)−1 as a geometri
 series. This turns the expression into

√
2s−reη2−ξ2

2(πi)2

∞
∑

k=0

∫

du
e2ξu−u2

ur−k

∫

dv vs−k−1ev2−2ηv



20 KURT JOHANSSON AND ERIC NORDENSTAMand we re
ognize the 
lassi
al integral representations of the Hermite polynomials. The expres-sion now be
omes
∞
∑

k=0

√

(s− k − 1)!

(r − k − 1)!
hr−k−1(ξ)hs−k−1(η)

√
e−ξ2−η2 ,whi
h proves 
laim (1) in the lemma in the 
ase r ≤ s.We now turn our attention to the 
ase r > s. Deforming the w-
ontour through the z-
ontourin (3.3), we get the same integral as above save for a residue that we pi
k up at z = w. This is(6.17) 1

2π

∫ π

−π

ei(y−x)θ 1

(1 − qeiθ)r−s
dθ.We see that the argument above goes through for the remaining integral also when r > s. Usingthe well known formula

1

(1 − x)n
=

∞
∑

k=0

(

n+ k − 1

k

)

xkthe integral in (6.17) be
omes
1

2π

∞
∑

k=0

(

r − s+ k − 1

k

)

qk

∫ π

−π

ei(y−x+k)θ dθ.It is readily solved as
{

(

r−s+x−y−1
x−y

)

qx−y if y ≤ x

0 if y > x.With our res
aling, x = aN + ξ
√

2bN and y = aN + η
√

2bN and the fa
tors g(r, ξ,N)/g(s, η,N)we see that the integral in (6.17), this is(6.18)
√

2s−reη2−ξ2q(η−ξ)
√

2bN (
q

a
√

N/2
)r−s

√
2bN

Γ(r − s+ (ξ − η)
√

2bN)

Γ((ξ − η)
√

2bN)(r − s− 1)!
q(ξ−η)

√
2bNH(ξ − η)where H is the Heaviside fun
tion. As N → ∞ we get the limit(6.19) √

eη2−ξ22r−s
(ξ − η)r−s−1

(r − s− 1)!
H(ξ − η),at least for ξ 6= η. The 
ase ξ = η is a set of measure zero and is not important. Together withthe result for the double integral this 
ompletes the proof of 
laim (1). It remains to show theestimate in 
laim (2) in this 
ase. But this is easy. The expression in (6.18) is the exa
t solutionof integral (6.17), and sin
e this is bounded in N for ξ, η in a 
ompa
t set, 
laim (2) follows. �Proof of lemma 4.2. Assume �rst that r ≤ s. By proposition 4.1 we have to 
onsider the integral

√

N/2

(2πi)2

∫

γr2

dz

∫

γr1

dw

w

1

z − w
eN(f(z)−f(w))w

s+
√

N/2η

zr+
√

N/2ξ

(1 − w)s

(1 − z)r

(1 + z)r

(1 + w)s
,where γr is a 
ir
le around −1 with radius r oriented anti
lo
kwise, 1 < r1 < r2 < 2 and

f(z) =
1

2
ln z − ln(1 + z).(Here we have ignored the di�eren
e between N/2 + ξ

√

N/2 and its integer part.) In the proofof lemma 3.15 we 
ould 
hose the 
ontours of integration as 
ir
les 
entred at the origin. This
annot be done here.



EIGENVALUES OF GUE MINORS 21Note that f ′(z) = 0 gives z = 1. This leads us to 
hoose
r1 = 2 − 2

√

N/8and to deform γr2
to a 
ir
le Γ oriented 
lo
kwise around 1 with radius 1/

√

N/8. The spe
i�

hoi
e of radii are 
onvenient for the 
omputations below. Choose
g(r, ξ,N) =

√
N−re−ξ2 .Then,(6.20) g(r, ξ,N)

g(s, η,N)

√

N/2KA(r, ⌊N/2 + ξ
√

N/2⌋; s, ⌊N/2 + η
√

N/2⌋)

=
√
Ns−reη2−ξ2

√

N/2

(2πi)2

∫

Γ

dz

∫

γr1

dw

w

1

z − w
eN(f(z)−f(w))w

s+η
√

N/2

zr+ξ
√

N/2

(1 − w)s

(1 − z)r

(1 + z)r

(1 + w)s
.Parameterize γr1

by(6.21) w(t) = −1 + r1e
itEN ,for −π/EN ≤ t ≤ π/EN , EN = 1/

√

N/2. We have
Re(f(w(0)) − f(w(t))) =

1

2
ln

∣

∣

∣

∣

w(0)

w(t)

∣

∣

∣

∣

= −1

4
ln

(

1 +
2r1(1 − cosEN t)

(r1 − 1)2

)

≤ −1

4
ln

(

1 +
1

2
(1 − cosEN t)

)for large enough N . Again cosx ≤ 1 − x2/8 when |x| ≤ π, the last expression is
≤ −1

4
ln
(

1 + E2
N t

2/16
)

≤ −Ct2/Nfor |t| ≤ π/EN , where C > 0 is an absolute 
onstant. Hen
e,(6.22) Re(f(w(0)) − f(w(t))) ≤ −Ct2/Nfor |t| ≤ π/EN , with C > 0.In the right hand side of (6.20) we make the 
hange of variables(6.23) z = z(u) = 1 − u/
√

N/8with u on the unit 
ir
le oriented anti
lo
kwise, denoted γ. We obtain the integral(6.24) √
Ns−reη2−ξ2 iEN

2π2

∫

γ

du

∫ π/EN

−π/EN

dt
1

z(u) − w(t)
eN(f(z(u))−f(w(t)))

× (w(t))s−1+η
√

N/2

(z(u))r+ξ
√

N/2

(1 − w(t))s

(1 − z(u))r

(1 + z(u))r

(1 + w(t))s−1
.Note that(6.25) f(1 + h) = f(1) − h2/8 +O(h3)for small |h|. Hen
e, for N su�
iently large(6.26) N(f(z(u)) − f(w(0))) = −u2 + 4 + hN(u)/

√
N,



22 KURT JOHANSSON AND ERIC NORDENSTAMwhere hN (u) is bounded for |u| = 1. We have(6.27) ∣

∣

∣

∣

∣

(w(t))s−1+η
√

N/2

(z(u))r+ξ
√

N/2

∣

∣

∣

∣

∣

≤ 3s−1+η
√

N/2

(

1 − u
√

N/8

)−r−ξ
√

N/2

≤ C3s+η
√

N/2for some 
onstant C > 0 depending on r. We also have(6.28) √

N/8|z(u) − w(t)| ≥ 1for u ∈ γ and |t| ≤ π/EN , and(6.29) ∣

∣

∣

∣

√
Ns−r

(1 − w(t))s

(1 − z(u))r

(1 + z(u))r

(1 + w(t))s−1

∣

∣

∣

∣

≤ CNs/2for u ∈ γ, |t| ≤ π/EN , by (6.23) and (6.21).It follows from (6.22), (6.26), (6.27), (6.28) and (6.29) that the part of the integral (6.24)where the t-integration is restri
ted to N1/3 ≤ |t| ≤ π/EN 
an be bounded by
CNs/23s+η

√
N/2

∫

|t|≥N1/3

e−Ct2 dt,whi
h tends to 0 as N → ∞. When |t| ≤ N1/3 and u ∈ γ, we have(6.30) ∣

∣

∣

∣

∣

(w(t))s−1+η
√

N/2

(z(u))r+ξ
√

N/2

∣

∣

∣

∣

∣

≤ Cand(6.31) ∣

∣

∣

∣

√
Ns−r

(1 − w(t))s

(1 − z(u))r

(1 + z(u))r

(1 + w(t))s−1

∣

∣

∣

∣

≤ C,where C depends on s, r and η but is independent of N .Hen
e, we see that the part of the integral in (6.24) where |t| ≤ N1/3 has a uniform boundfor ξ and η in a 
ompa
t set. This proves 
laim (2) for r ≤ s.It also follows from (6.22), (6.23), (6.25), (6.26), (6.28), (6.29), (6.30), (6.31) and the dominated
onvergen
e theorem that the integral in (6.24) 
onverges to
√

2s−reη2−ξ2 i

2π2

∫

γ

du

∫

R

dt
1

(2 − it) − u
e(2−it)2−2(2−it)ηe−u2+2uξ (2 − it)s

ur
,whi
h is exa
tly the integral in (6.16). This proves 
laim (1) in the lemma in the 
ase r ≤ s.For r > s we 
an deform the 
ontours one through the other to get the same integral as wesolved above. On the way we pi
k up the residue of a pole at z = w. It is(6.32) 1

2πi

∫

γ

dw

w
w−(r−s)−(x−y)

(

1 + w

1 − w

)r−s

,where x = ⌊N/2 + ξ
√

N/2⌋ and y = ⌊N/2 + η
√

N/2⌋. The argument above goes through forthe remaining integral also when r > s. We see that if η > ξ, then x − y → −∞ and this lastintegral is zero. For simpli
ity, let k = r − s and β = (x − y)/
√

N/2. The 
oe�
ient in front of
wj in the expansion of [(1 + w)/(1 − w)]k is

1

2πi

∫

γ

dw

w
w−j

(

1 + w

1 − w

)k

=

k
∑

i=0

(

k

i

)(

j + i− 1

j

)

(−1)k−i2i.



EIGENVALUES OF GUE MINORS 23One then sees that the i = k term dominates when N is large.(6.33) ∣

∣

∣

∣

∣

k−1
∑

i=0

(

k

i

)(

j + i− 1

j

)

(−1)k−i2i

∣

∣

∣

∣

∣

≤ CNk−1.Keeping only the i = k term and plugging in our res
aling and the fa
tors g(r, ξ,N)/g(s, η,N),we see that the integral in (6.32) is(6.34) √
eη2−ξ2Ns−r

√

N/2 2r−s

(

β
√

N/2 + 2(r − s) − 1

r − s− 1

)

H(ξ − η)for ξ ≥ η. When ξ 6= η this tends to
√
eη2−ξ22r−s

(ξ − η)r−s−1

(r − s− 1)!
H(ξ − η)as N → ∞ whi
h together with the 
orresponding result for the double integral settles 
laim (1)in the 
ase r > s.Claim (2) in this 
ase follows from the 
orresponding result for the double integral,(6.33) andthe boundedness of the expression in (6.34). �Appendix A. Asymptoti
s for Hahn polynomialsThe Hahn polynomials, as they are de�ned in [KS98℄, satisfy

N
∑

x=0

(

α+ x

x

)(

β +N − x

N − x

)

Qm(x;α, β,N)Qn(x;α, β,N) = (d
(α,β)
n,N )2δnmwhere

(d
(α,β)
n,N )2 =

(−1)n(n+ α+ β + 1)N+1(β + 1)nn!

(2n+ α+ β + 1)(α+ 1)n(−N)nN !
.The Hermite polynomials are de�ned as usual:(A.1) 1√

π

∫

R

Hn(x)Hm(x) dx = 2nn!δnm.With this notation, the following well known limit theorem holds.Theorem A.1. Let 0 < p < 1 and γ ≥ 0. Let x̃ = ⌊pN + x
√

2p(1 − p)N(1 + γ−1)⌋ and
fn,N = (−1)n

√

(

N

n

)

2nn!

(

p

1 − p

)n(
γ

1 + γ

)n(A.2) En(x) = fn,NQn(x̃; γpN, γ(1 − p)N,N).Then
En(x) −Hn(x) = O(

√
N−1)uniformly on 
ompa
t sets.Proof. The idea is indu
tion on n. To start with, Q0(y, α, β,N) = 1 and we a
tually have

E0(x) = H0(x). For n = 1,
Q1(y, α, β,N) = 1 − 2 + α+ β

(α + 1)N
x



24 KURT JOHANSSON AND ERIC NORDENSTAMso
E1(x) = −

√

2N

(

p

1 − p

)(

γ

1 + γ

)(

1 − 2 + γN

(γpN + 1)N

(

pN +
√

2p(1 − p)N(1 + γ−1)x
)

)

= · · · = H1(x) +O(
√
N−1).Now assume that the theorem is true for n and n− 1. We wish to show that it is true for n+ 1.There are three term re
ursion formulas for both Hahn and Hermite polynomials. Let

An =
(n+ α+ β + 1)(n+ α+ 1)(N − n)

(2n+ α+ β + 1)(2n+ α+ β + 2)

Cn =
n(n+ α+ β +N + 1)(n+ β)

(2n+ α+ β)(2n+ α+ β + 1)
.Then

AnQn+1(x) = (An + Cn − x)Qn(x) − CnQn−1(x)(A.3)
Hn+1(x) = 2xHn(x) − 2nHn−1(x).(A.4)Solving (A.2) for Qn and inserting into (A.3) gives after some simpli�
ation the following:(A.5) En+1(x) =
fn+1,N

fn,N

(

1 +
Cn

An
− x̃

An

)

En(x) − fn+1,N

fn−1,N

Cn

An
En−1(x).Observe that under our s
aling,

An = pN +O(N−1)

Cn =
(1 + γ)n(1 − p)

γ
+O(N−1).Inserting this into equation (A.5) and doing some manipulations gives

En+1(x) =
(

2x+O(N−1/2)
)

En(x) +
(

2n+O(N−1/2)
)

En−1(x),whi
h with our indu
tion assumption is
= 2xHn(x) + 2nHn−1(x) +O(N−1/2)

= Hn+1(x) +O(N−1/2).This 
ompletes the proof. �Applying Stirling's approximation to dα,β
n,N , fn,N and the weight fun
tion w(α,β)

N (x), it is easyto show thatCorollary A.2. As before, x̃ = pN + x
√

2p(1 − p)N(1 + γ−1).(A.6) 4
√

2p(1 − p)N(1 + γ−1)q
(α,β)
n,N (x̃)

√

wα,β
N (x̃) −→ (−1)nhn(x)e−x2/2as N → ∞ if α/N → pγ and β/N → (1 − p)γ.
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