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THOMAE TYPE FORMULAE FOR SINGULAR Zy CURVES

V.Z. ENOLSKI AND T.GRAVA

ABSTRACT. We give an elementary and rigorous proof of the Thomae type formula for the
singular curves pV = ;-n:l()\ — dgj)N 1 ;-n:o()\ — A2j41). To derive the Thomae formula we
use the traditional variational method which goes back to Riemann, Thomae and Fuchs. An
important step of the proof is the use of the Szegd kernel computed explicitly in algebraic form
for non-singular 1/N-periods. The proof inherits principal points of Nakayashiki’s proof [31],
obtained for non-singular Zx curves.

1. INTRODUCTION

The original Thomae formula [36] expresses the zero values of the Riemann #-functions with half

integer characteristics as functions of the branch points of the hyperelliptic curve p? = Hf’:nl (A=),
that is

(1.1) 0e](0;11)° = (%)4 [T = xa)2 (2, = A%

k<l

where e is a non-singular even half-period corresponding to the partition of the branch points
{1,---.2m} ={i1 < -+ < im}U{j1 < -+ <jm}. The Riemann period matrix IT and the matrix
of a-periods A = (faz N71/1u)1<i j<m—1 are computed in a canonical homology basis (c, 3).

The modern interest in the Thomae formulae was initially stimulated by the finite-gap inte-
gration of KdV and KP type equations where, according to the Dubrovin-Novikov program of
”effectivization of the finite-gap solutions”, it was necessary to express winding vectors in the Its-
Matveev formula [20] in terms of #-constants (see e.g. [I0, B0]). In this context Thomae formulae
were recently considered in [T2].

Thomae formulae were used to describe the moduli space of hyperelliptic curves with level
two structure in terms of theta constants [30]. They give a generalization of the A function of an
elliptic curve [B0] (Umemura’s appendix) and [I3]. In [28] they were combined with the arithmetic-
geometric mean to obtain criteria for the reducibility of ultraelliptic Jacobians. Thomae formulae
also appear in a wider context of modern research on integrable systems, in particular in the
Riemann-Hilbert problem and the associated Schlesinger equations (see, e.g.,[21]). In this set
of problems the Thomae formulae were used to give explicit expression for the 7-function of the
Schlesinger equation associated with hyperelliptic curve [21], general curve with simple branch
points [2Z7] and non simple branch points [I1]. Thomae formulas are also used to compute action
variables in conditions of complete integrability (e.g. [9]). In the conformal field theory Thomae
formulae became relevant after the work of Knizhnik [25] who expressed correlation functions of
the multi-loop string amplitude in terms of #-constants of a Riemann surface with Zy symmetry.
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A solution of Knizhnik-Zamolodchikov equations in terms of f-constants was also obtained in [35]
on the basis of Thomae formulae.

After the classical Thomae paper [36] the derivation of Thomae formulae in hyperelliptic case
was given in many places: Fuchs [I7], Bolza [, Fay [14], Mumford [30]. But only recently
Bershadsky and Radul [5l, [BRRR] discovered a generalization of Thomae formula for Zy curve
uh = HfV:T(,\ — ;) and gave a heuristic proof of them on the basis of path integral formulation of
the conformal field theory. Afterwards Nakayashiki [31] developed a rigourous derivation of these
formulae in the frame of the classical methods.

In this paper we derive the Thomae formula for the singular curve

(12) /LN = H(/\ — /\2j)N71 H(/\ — /\2i+1)7 N>1 NEeN,
j=1 i=0

which has Zy symmetry and it will be called singular Zy curves.

The modular properties of certain family of curves [CZ) were investigated by Burhardt [6],
Hutchinson [T9], more recently by Shiga [34] and Koike [26], Diez [] and others. This curve (C2)
appeared in Zverovich [A{)] as the curve related to a solvable Riemann-Hilbert problem with quasi-
permutation monodromy matrices. Explicit solution of this problem was derived in our recent
paper [[1] which stimulated the present investigation.

Our proof of Thomae formulae goes up to the original Thomae paper [36] and inherits principal
steps of the Nakayashiki’s proof [B1] for non singular Zx curves. The non singular Zy curves are
invariant under the group generated by the permutations of branch points, while the singular Zy
curves are not. This is the main difference with the case treated by Nakayashiki.

The main steps of our proof are the explicit algebraic formula for the Szego kernel associated
with non-singular 1/N-period and the explicit formula for the canonical bimeromorphic differential
kernel. The above kernel functions can be realized in §-functional form, and in algebraic forms. In
the former case the theory was developed by Fay [4], in the latter case the theory has originated
in the work of Klein [23] 24] and later it was developed by Baker [2, [1] and also [I8],[3] and for
nonsingular Zy curves by Nakayashiki [3T]. The comparison of these representations leads to a
certain relation which is the important point of the proof. We also use the notion of variation of
branch points by means of Rauch formulae [B3],[27].

The paper is organized as follows. In Section 2 we are fixing the notations and remind basic
notions from the theory of algebraic curves which we need for the foregoing development. In the
Section 3 we describe characteristics of Abelian images of branch points. We introduce in this
section families of non-special divisors supported on branch points and describe corresponding
1/N-periods. We describe canonical bimeromorphic differential and Szeg6 kernels in the Section
4 and develop their expansions. In the Section 5 we briefly discuss Kleinian formulation of the
kernel forms. All these results are summarized in the Section 6 where the formulation and proof
of the Thomae formula is given. We briefly discuss further perspectives in the last Section.

2. THE CURVE, ITS HOMOLOGIES, DIFFERENTIALS, 0-FUNCTIONS AND VARIATIONS

Consider the Riemann surface C of the curve

(21) p = p(Na(N)
(2:2) pN) = [T = A2kr1), g\ = [T = daw)-
k=0 k=1

The curve 1) has branch points P, = (A¢,0), k = 1,...,2m + 1 and Paynta = P = (00,00)
and singularities at the points Pax, k = 1,...,m+ 1. These singularities can be easily resolved [29]
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to give rise to a compact Riemann surface which we still denote by Cn . The genus g of Cn p, is
equal to (N — 1)m.

The projection (A\,y) — A, (which we still denote by A) defines Cy,,, as a N—sheeted covering
of the complex plane CP' branched over the points Py, k = 1,...2m + 2. The pre-image of a
non-branch point A € CP' consists of N points. The N-cyclic automorphism J of C N,m is given
by the action J : (\,y) — (A, py), where p is the N-primitive root of unity, namely p = ¢~ . For
P in a neighbourhood Ug of the point R € Cy m, a local coordinate z(P), with x(R) = 0, is the
function defined by

A(P) = M(R), if R is an ordinary point,
(2.3) z(P) = NAP)=AR), f R=PF,, k=1,....2m+1,
1 : —
A if R=P.

The canonical homology basis, (a1, ..., ¢(N=1)m;B1,-- -, Bnv—1)ym) € H(C,Z) of the curve C is
shown in the Figure [l Namely the cycles agtsm, ¥ = 1,...,m lie on the (s + 1)—th sheet, s =

A 2m+1
(0 0]
first sheet
_______ s—th sheet
N N-th sheet
F1GURE 1. The homology basis.
0,..., N —2 and encircle anti-clockwise the cuts Ule (A2j—1,A2j). The cycles Bptom, k=1,...,m,

$=0,...,N—2 emerges on the (s+ 1)—th sheet through the point (A2x+1,0) pass anti-clockwise
to the N-th sheet through the point (Agx,0) and return to the initial point through the N-th sheet.
We remark that on Figure 1, when N > 3, the 8-cycles placed from the second to the (N — 2)th
sheet should intersect the cuts only in the branch points. It is possible to drop this requirement
and plot appropriate number of loops around each branch point.

The action of the automorphism J on the basis of cycles is given by

J(iysm) = Qip(s41yms 1=1,...,m, s=0,...,N =3,
N—-2

J(ai+(N72)m): - Z Qi+ sm, i=1,...,m,
s=0

J(Bi+sm) = ﬁi-i-(s-i-l)m -8, s=0,...,N =3,
J(5i+(N—2)m) =—0;, i=1,...,m.

The basis of canonical holomorphic differentials reads

N=1g(\)*
(2.4) dujJrsm(P)—Msiq_i_(l)d/\, j=1,...,m, s=0,...,N—2.
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The induced action of J on the holomorphic differential is given by

N Tlg(N)¢

J(dujpsm(P)) == dujtsm(J(P)) = j=1,...,m, s=0,...,N—2,

ps-i-lus-i-l ’

where p is the N-th root of unity. The (N — 1)m x (N — 1)m matrices A of a-periods and B of
[B-periods are expressible in terms of m X m-matrices

(25) AS+1 = (% duk+ms> y Bs_;,_l = (% dUk+m5> y s = O, . 7,Z\/v — 2,
@ kg =1,...,m Bi kyj=1,...,m

in the following way. Let us introduce the (N — 1)m x (N — 1)m dimensional matrices

—i(k—=1) _ ,—ik
(2.6 Ra= (000 &,
L-p ik=1,...,N—1
—i(k—1) _ —i(N—1)
p p
2.7 R = - 1.
@7) : ( 1—p-(N=1yi >i,k—1,...,N—1 ¥
Then
(2.8) A= j{duk = Diag(A1, A, ..., AN_1)Ru,
N~ kj=1,...,(N—1)m
(29) B= fduk = Diag(Bl, BQ, RPN ,BNfl)RB,
& kyj=1,....(N—1)m

where Diag(A;, A, ..., Ayv—1), Diag(B1,Bs,...,Bn_1) are the block diagonal matrices having
as entries the matrices Ag and B, s =1,..., N — 1, respectively.

The normalized holomorphic differentials dv = (dvy, ..., dy N,l)m) are given as dv = duA™!
and the Riemann period matrix II,

= (f.)
B gyk=1,...,(N—1)m

is given by II = R ;' Diag(A; 'B1,A; ' Ba, ..., Ay' | Bn_1)Rs with R4 and Rp defined in (ZH)
and (7). The matrix IT is necessarily symmetric and has positively defined imaginary part. The
space of such matrices is called Siegel half-space H,;. Denote also Jacobi variety of the curve
Jac(C) =C9/1, @ I1.

To complete this Section we recall the important Rauch variation formulae [33] for the period
matrix II

3} 1 al
I = - (P (P
(2.10) o II;; = 2m /\Pi(?\sk { OXRIE 5221 dv;(P*))dv, (P )} 7

where 4,5 =1,...,2m, k=1,...,2m + 1. We remark that in the case of hyperelliptic curves the
formula ([ZT0) appeared already in the Thomae article [36]. For general surfaces the infinitesimal
variation of Abelian differentials and their periods with respect to Beltrami differentials is due

to Fay [15]. Korotkin [27] reduced the variation formula to useful form [ I0). The proof of the
variational formula for the holomorphic differentials can be found in [22].
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2.1. Theta functions. Any point e € Jac(C) can be written uniquely as e = (¢, d) Gf’), where

€,0 € RY are the characteristics of e. We shall use the notation [e] = [%]. If € and § are half
integer, then we say that the corresponding characteristics [e] are half-integer. The half-integer
characteristics are odd or even, whenever 4(d, €) is equal to 1 or 0 modulo 2. Here and below
the brackets ( , ) denote the standard Euclidean scalar product. The Riemann -function with

characteristics [e] is defined in Hy x Jac(C) as the Fourier series

(2.11) 0le] (z10) = Y exp(m (nIl + 61, m + &) + 2m (z + €, n + 8))
nez9

= 0(z + €+ 6IL; )exp{2:7(d, (2 + %51‘[)) + 2 (e, 6)}.

For [e] = [0] we write 0[0](z;II) = 0(z;II). The #-function is an entire in z € CY¢ and has periodicity
properties:

1
(2.12) 0 le] (z +m' + mll; 1) = exp{—2u(m/, (2 + §m'H)> — (e, m')}0 [e] (z;10),

where m and m’ are integer vectors.
The #-function with arbitrary characteristics satisfies the heat equation

0? P
55950 1€ @) = 2m(1 4+ 8 gr=0lel (1D, ki=1,....g.

The zeros of the #-function are described by the fundamental Riemann singularity theorem.

(2.13)

Theorem 2.1. Let e € Jac(C) be an arbitrary vector and Qo € C- arbitrary point. Then the

multi-valued function
P
P—>9</ dv—e;H)
0

has on C exactly g zeros Q1,Q2,...,Q4 provided it does not vanish identically and

9. Qi
(2.14) e= Z/ dv — Ko,
i=1 0

where K g, 1s the vector of Riemann constants
1411, d P
(2.15) (Ko)i=—52 = > awp) [,
i=1,i#j (&2 Qo
Furthermore, the divisor >.7_, Q; is non special.

For a point P € C, we define the Abel map 24 : C — Jac(C) by setting

(2.16) A(P) = /P dv,

for some base point @y € C. For a positive divisor D of degree n the Abel map reads

2A(D) = /n "

Qo
There exists a non-positive divisor A of degree g — 1 such that
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where K g, has been defined in @ZTH). The divisor A is called the Riemann divisor and satisfies
the condition 2A = K¢, where K¢ is the canonical class (that is the class of divisors of Abelian
differentials). The vector e defined in (4] can be written in the form

(2.18) e=2A3"Qi—Qo—A),
=1

3. CHARACTERISTICS SUPPORTED ON BRANCH POINTS

In this section we are going to compute the characteristics [Uy] of the Abelian images of branch
points P, = (g, 0)

Py,
blk:/ dv, k=1,....2m+1, Py = (00,00),
Poo

in terms of the period matrix II.

Lemma 3.1. The relations

Pox—s N-1—s [Pwn N-1-5s
dUk}-‘rSm = T7 dvk-‘rsm = _Tu
Py, Pogt2

Pogt1
/ dvjpem =0, j# kk+1,j=1,...,m,

Pogt2

P2 N-1 1=
/ dkarsm = THkJrsm,j - N Z HkJrsm.,jJrTm

Prj+1 r=1

are valid for k,j=1,....m,s=0,...,N —2.

The proof represents a generalization to the case N > 2, of the derivation of half-integer char-
acteristics given e.g. in [I6]; for detail see the proof of this lemma in [TT].

From the relations given in the Lemma Bl we are able to write the characteristics [Uy] in the
form

0 0 o 0 0o o' o g™
[u2m+l] — 0 0 ) ,
0 ... 0 % 0 ... 0 % 0 0o &
m% smll (N—ll)ml
[ugm]:[o 0 - 0 0 -~ 0 0 N :
0 0 + 0 0o = 0 o &
kl 1 1 k+(s—1)m]
Usiir] = 0 (1) N - N ... —% —%
0 £ 0 ... 0 0 ... £ 0o ... 0
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k+(N—-2)m] ) )
0 Nl 0 0
kll . ) k+(s—1)m]
Us] = | O s TP SR SR —ﬁ —% =%
0 = 0 ... 0 0 ... z 0 ... 0
k+(N—2)m]
0 —1 _1
0 N_ivl ON ON )
N
1 1 Y He=bml . 11 1
[uz]:{ P L % ko k3N TF ON}’
N & 0 ... 0 N
-1 _1 _1 -1 _1 1 1 _1 _1
_[-% - - -% | Lo+ =%
] {0 O ... 0 "0 0 .. 0 0 0 .. 0 }

In the following we determine the vector of Riemann constants and Riemann divisor of the curve

C.
Lemma 3.2. The vector of Riemann constants computed in the homology basis described in Fig-
ure 1 and with base point P, equals
m T2k
(3.1) Ko=(N-1)) / dv, P, = (Ao, 0).
k=1p,_

The Riemann divisor A of the curve C in the homology basis described in Figurell is equivalent to
(3.2) A=(N=1)) Py — Pu.
k=1

Proof. The proof of &1]) is obtained by direct calculations from the definition [ZIH) and LemmaBl
The relation ([B2) follows immediately from (BI). O

Following Diez [, we describe a family of non-special divisors of degree g on C, supported on
the branch points. Denote by s = (s1,...,Sam+1) a 2m + 1-vector with non-negative entries sy,
satisfying the condition

2m—+1

(3.3) Y si=(N-1)m, 0<s;<N-1
i=1

To each vector s we put into correspondence the divisors

2m—+1
(3.4) De= Y b
k=1
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where P, = (M\;,0), k =1...,2m+1, are branch points. In particular we shall consider the divisor
class Dy, containing ( 2mm+ 1 ) divisors
(3.5) D =(N-1)P, +...+(N=1)P,, _, +(N-1)P,,

where the indices {i1,42,...,4m} C {1,...,2m+2}. Among the divisors with m + 1 branch points
we consider the divisor class Dy,41 which contains $(m + 2)(m + 1) < 27:7;’_11 > divisors

(3.6) Dmyr=(N—-1)P, +...+(N=1)P,, _, +(N—-2)P, +P,

m417

where the indices {i1,42,...,%m,tm+1} C {1,...,2m + 2}. It is out of the scope of the present
manuscript to classify all the non-special divisors of the form ([BJ]). However we can single out two
families of non-special divisors.

Lemma 3.3. The divisors Dy, defined in [Zd) are non-special and the divisors Dp,y1 defined in
4) are non-special for N > 3. At N = 3 the divisors

(37) Dm+1 = 2Pi1 +...+2P; + Hm + Pierl,

m—1
are non-special if one of the following conditions are satisfied

® iy, and i,+1 have different parity,
e i, and iy have different parity for k <m, m > 1,
o i, and i; have different parity for k,j < m and m > 1.

Proof. Assume the opposite: suppose that the divisor D, or Dp,41 is special, this means that
there exists a non-constant meromorphic function f(\, u) whose divisor of poles is Dy, or Dypt1.
For simplify the proof, we assume that P;, # Psx, k = 1,...,m + 1. Let I; be a subset of
{1,3,5,...,2m + 1} with [ distinct elements. The function

s(hy) = fy) [T =), T=mm+1,
ij€el

has poles only at infinity. It follows from the Weierstrass gap theorem, that the ring of meromorphic
functions with poles at infinity is generated in the case of the curve y» = p(A)¢™¥ 1 ()\) by powers
of A and functions y*/q(\)*~1, k =1,..., N—1 with ¢()\) = [T, (A= Ag;). Therefore the function
(A, y) can be written in the form

N—-1 k

Yy
(3.8) wm#mm+;mmgm?

where Ry (\) are polynomials in \.!
k

J
We remark that ord (Rk (A)%) # ords (Rj ()\)%) for k # j because otherwise
q q

(3.9) NordyRi(A) + k = Nord)\Rj(/\) + 7,

which implies £ = j. From this observation it follows that

_ _ y
(3.10) ordass (f(A, ) i};[ﬂl(x — i) = ords <RJ ()\)m>

Un this point our proof differs from that given in [] which is working for Galois covers of the form y~ =
Zz\{ (A — A\i) where the ansatz for the function &) can be written as 3 R;y’.
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for some 0 < 5 < N — 1. Moreover
ordes (fNy) [] A= X)) = =NL|+ ki, 1=m,m+1,

in €I}

where ki, [ = m,m + 1, is the order at infinity of f(\,y) and |I;] = [. From the equation of the

curve we get degy = mN + 1. Therefore the equality [BI0) can be written as
N —ki=N(rj+m)+j, l=m, m+1,
where r; is the degree of R;(\), so that
j=N(L|—r; —m)—Fk >0.
When ! = m that is |[;| = m, it follow that r; =0, j =0, k,, =0 and

1
T =)

and contradicts the assumption that f(A,y) has divisor Dy,.

When [ = m + 1, that is |I;| = m + 1, two possibilities occurs: (i) r; =0, j = N — kg1, 0 <
kEm+1 < N and (ii) r; = 1, k; = 0, j = 0. This latter case can be easily excluded while for the

former one we have

1 y
A =
T = =) o)

N—km41

ordeo (f( N, ) = ka1,

which has divisor

m+1 m
Divf(\y)==N Y P+ (N —=kni1) D Poy1+kni1y Py
in €lm41 Jj=1 Jj=1

Namely the divisors of poles of f(A,y) is
Divpoles /(A y) = (N =kmi1) . Po+kmp >, P

in €Lm+1,in even in €lm41,in odd

and for N > 3, differs from Dy,41. This contradicts the assumption unless f is constant.

N = 3 the divisor of poles of f(),y) coincides with Dy,41 in the following two cases:
m—1
Dmt1=2» Py +P, +P,.,,
k=1

with

imy tmt1 € {2,4,6...,2m}, i €{1,3,5,...,2m+1}, k=1,...,m—1
or

ims tme1 € {1,3,5...,2m+ 1}, ip € {2,4,6,....2m}, k=1,...,m—1.

For

We conclude that the divisors @) are non special when one of the following conditions are
satisfied: 1) 4., and 4,,4+1 have different parity; 2) i, and ig, k < m, m > 1 have different parity;

3) i; and i have different parity for j,k <m, m > 1.

By the above lemma and by the Riemann singularity theorem Bl the vector
em:m(pm_QO_A)v Q0¢Dm

d

is a non singular 1/N period, namely 0(e,,;II) # 0. In the above expression we can get rid of the

base point Qp. For the purpose, we introduce the divisor

D=Q+J(Q)+ -+ JV1Q,
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which is independent from the point @) and satisfies the relation
D=NP;, j=1,....2m+2, P40 = P.

Let Jo = {2,4,...,2m+ 2} and Iy = {1,3,...,2m + 1} be a partition of the branch points in odd
and even and Py, = Pay42. Let J; C Jp and I; C Iy be a partition such that

|Ji| + [I1| = m + 1.
Consider the vector
(3.11) em=A(N-1)> P+(N-1)> P;—-D-A)

i€ly Jj€J1

Then from Lemma B3 the vector e,, is non singular, namely 6(e,;II) # 0. In the same way we
define the vector obtained from the divisors Dy,1 in the following way

(3.12) emy1 =A(N -1 P+(N-1)> Pi+(N-2)P, +P, ., —D-A),
iel jen
where now
||+ [Jil=m =1, I Cly, JiCJo,
and
€(Ip— 1), imy1 € (Jo—J1).

From Lemma B3 the vector e,,41 is non singular.
In the next sections, we are going to study the Szego kernel associated to the characteristics

EID) and BI2).

4. KERNEL-FORMS

The Schottky-Klein prime form E(P,Q), P,Q € C is a skew-symmetric (—%, —%)—form onCxC
4]

Q
<f dw; H)
(4.1)

\/zj 1 52 0105 T dv; (P) /327, 5201](0: TD)dv; (Q)

where [vy] are non-singular odd half-integer characteristics.

The prime form does not depend on the characteristics [y]. The automorphic factors of the
prime form along all the cycles oy, are trivial; the automorphic factor along each S cycle in the @
variable equals exp{—mully, — 271 [ g dovg}. If the points P and @ are placed in the vicinity of the
point R with local coordinate z, (R) = 0, then the prime form has the following local behavior
as @ — P

)

(4.2) E(P, Q)= (14+0(1))).

L (P)/d2(Q)

The canonical bimeromorphic differential w(P, Q) is defined as a symmetric 2-differential,

(4.3) w(P, Q) = dy(pyda(q) log E(P, Q).

All a-periods of w(P, Q) with respect to any of its two variables vanish. The period of the 2-
differential w(P, Q) with respect to the variable P or @, along the i cycle, is equal to 2midvg(Q)
or 2midvy (P) respectively.
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The 2-differential w(P, Q) has a double pole along the diagonal with the following local behavior
39, 1]

1
(44)  w(PQ) = (W

where H(z(P),z(Q))dz(P)dz(Q) is the non-singular part of w(P, Q) in each coordinate chart. The
restriction of H on the diagonal is the Bergman projective connection (see for example [37])

(4.5) R(z(P)) = 6H (z(P), z(P)),

+ H(z(P),z(Q)) + higher order terms> dz(P)dz(Q),

which depends non-trivially on the chosen system of local coordinate z(P). Namely the projective
connection transforms as follows with respect to a change of local coordinates z — f(z)

R(z) — R(f(@))[f'(@)]* + {f(2), 2},

where {, } is the Schwarzian derivative.
The Szegd kernel S [e] (P, Q) is defined for all non-singular characteristics [e] as the (3, 3)-form

on C x C [14]
e (?dv;ﬂ)
P

4.6 Sle] (P,Q) = .
(49 AP e mEr Q
The Szego kernel transforms when the variable ) goes around «y and [g-cycles as follows

7627716;6 e
. SEl(P.Q+an) =SS (BQ,
Sle] (P, Q+ Bk) =e “™*Se] (P,Q),

The local behaviour of the Szeg6 kernel when Q — P is

& (P)/dx(Q)
2(Q) — 2(P)

(4.8) Sl (hQ) = [1+T(2(Q)(=(Q) — x(P)) + O((x(Q) — =(P)*)],

where
(4.9) T (2( Zailogo (0; ) dvg (2(Q)).
k=1

The important relation [I4], Cor. 2.12, connects the Szegd kernel with canonical bimeromorphic
differential

(@10)  SelP.QSelP.Q) = w(P.Q)+ Y 5o logdle] (0:Idu(P)u(@).
k=1

In the following we are going to give an algebraic expression for the Szego kernel associated with

the characteristics
m=AN-1)Y P+(N-1)Y P,-D-A4),
i€l J€N
defined in BII)). For simplicity, we assume 2m + 2 ¢ J;. We define the functions

(Q) — Ak b1

L 2m+ 1.
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Theorem 4.1. The Szegi kernel with characteristics [em] defined in (1) is given by the formula

_ /dz(P)dz(Q)
Slem](P,Q) = N@(Q) = 2(P)
1

4.12 b,i N—1_ fs+1
( ) y N— (Hzeh 1/%) 2N N <Hi€[2 U)l) 2N { N }
—0 Hjng 1/’J Hj6J1 1/’3' ’

S

where { } is the fractional part and
Jo=Jog—J1 —2m+2, ILL,=1y—1I.

In particular, the Szego kernel with zero characteristics is obtained by fizing Iy = Iy and J; = ()
and takes the form

—FHE
(4.13) S[0}(P, Q) = N i Z ( i iggii) ’

where the polynomials p(\) and q()\) have been defined in ([ZE)

The proof is based on the uniqueness of the Szego kernel (see e.g. Narasimhan [32]) and the
results of Nakayashiki [B1]. Indeed it is sufficient to check that the expression EIZ) is regular
everywhere but on the diagonal where P = @ and that its divisor in the variables P and @
coincides with the divisor of the Szegd kernel given by the formula ). Using the coordinate
chart given in Z3), the regularity of the expression [I2) can be checked in a straighforward way.
In the same way, by first fixing P = P;, and then @ = P;, with i; € I U Jp it is straighforward to
obtain the divisor class of [EIZ).

Corollary 4.2. The expansion of the Szego kernel {{I3) along the diagonal takes the form

dx(P)dz(Q)
Q) — (P)

{1 (15000, @) + dlen@) (a(P) - Q)2

where the function ¢le,](\) takes the form

2 oy, 2 N 9
blem)() = =1 <d1 M) +<ilogw>

Slem](P, Q) ~

24N? |\ ax T 00— A)

2IN-1)(N-=5) [ d log 1611 Zelz(A Ai)
+ 24N? d\ (A=)

]EJ

(4.14)

The proof of the above corollary is obtained by direct calculation. We remark that for I; = Iy
and J; = () the second term in ([ZI4) disappears and we obtain

6l0](2) = % < L 1@) 7

)
where p(A) and g()\) have been defined in (Z2).
Since

—em =A(N-1) Y P+(N-1) Y P -D-A)

i€lo—11 j€Jo—J1
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because
(N-1) Y P.—2D-2A=0
keloUJo
we conclude that
dlem](Q) = ¢[—em](Q).
Therefore, the following identity holds
de(P)dz(Q)
((P) — x(Q))*

<1 [P Py + 26lem)P)] (0P - Q)2 ...}

The relations @), ) and the corollary 22 imply
2
8Zk

for the vector e,, defined in BITI).
In the following we are going to give an algebraic expression for the Szego kernel associated to
the characteristics

(4.16) emy1 =A(N -1 P+ (N-1)> P+ (N-2)P; + P, —D-A),
i€l jeJ1

Slem](P, Q)S[—em](P, Q) =

(4.15) Olem](z;1) |2=0 =0, k=1,...,9,

where
||+ |h|=m—1, in€ly—1T, jm€Jo—J1

The construction is very similar to the previous case. Also in this case, for simplifying the notation,
we assume that 2m + 2 ¢ J; and j,, # 2m + 2. We define the following sets

IQZIo—Il—im, J2:J0—J1—jm—2m—|—2.

Theorem 4.3. The Szegd kernel with characteristics [€m+1] defined in [-10) is given by the
formula

dz(P)dz(Q)
N(z(Q) — z(P))

4.17 N_1l_ s N1 _fstl N-1 s+2
( ) Nz—l Hiell Wi TN TN Hie[2 b N { N } (%> = 7{ = }
5—0 Hjer ¥ HjeJl V; Vjom ,

where { } is the fractional part and the function ; has been defined in ([Z.I11).

Slem+1](P,Q) =

The proof is based on the uniqueness of the Szego kernel (see e.g. Narasimhan [32]) and the
results of Nakayashiki [3T].

Corollary 4.4. The expansion of the Szegd kernel {{-13) along the diagonal takes the form

da(P)dz(Q)
2(Q) — x(P)

{1+ ($50Q1.Q) + dlemnnl(@) (a(P) - (@) |

Slem+1](P, Q) ~
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where the function ¢lem41](A) is

2 2
¢lem+1](A) = aliet <ilog M) + <%1og M) -

24N |\ dx T e, (0= A) e, (N =)
d . (A—X,) 21
+ | = log

AN YN =5) (d | [Licry (X=X d o Hien, (A= A)
24N X o HjeJ; (A )‘j) X o8 HjeJ1 (A - /\J>

2(N?—12N+23) (d . TLer,(A=X)\ [(d . (A=\,)
24N (ﬁlog o0 A;)) (ﬁl"g - m) ’

where

The proof of the above corollary is obtained by direct calculation.

Since

—emp1=AN-1)> P+(N-1) > P+(N-2P, —P;, -D-A)

i€l j€Jo—Ji—jm
because
(N=1) Y P.—-2D-2A=0
kelpUJy
we conclude that
dlem+1](Q) = dl—em41](Q).
Therefore, the following identity holds
dz(P)dz(Q)
Slem+1](P, Q)S[—em41](P, Q) = — 515
(z(P) —2(Q))?
1
{1t [§ (D) P) + 20femsal(P)| (0lP) - (@) + .. |
We remark that from [X), @) and the corollary B2
0
(419) a—o[em+1](z;n)|220:07 kzlv"'aga
2k

for the characteristics ey,41 defined in (BI2).

5. ALGEBRAIC REALIZATION OF THE CANONCAL BIMEROMORPHIC DIFFERENTIAL

The canoncal bimeromorphic differential can be given in an algebraic form due to Klein [23],[24]
also [2],[18] and [T4]. To develop this approach we first write the third kind differential with poles
in two arbitrary points. For the purpose we consider an arbitrary curve C given by the polynomial
equation f(\, u) = 0 of degree N in the variable u. We suppose that the curve C has a branch
point at infinity. Let

(51) ‘II(AMUJ) = (17¢1(A7:UJ)5'"71/)N71()\7:u))
be the basis in the ring O(C) of meromorphic functions on C with the only pole at infinity. There
exists a vector function

(5.2) B\, 1) = (1, 31\ 1), .., Dy_1 (A, 1)
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for which
f AMU/ _ f AMUJ
(5.3 (@O0, 201 ) = L=,
Let @ = (X,p') and R = (\, 1) be two arbitrary points of the curve C. The third kind
differential Qg g(P) with simple poles with residues £1 in the points P = Q and P = R is given
by the formula

(5.4) Q0.r(P) = (<\1:(§2)_,q;/( o Mf )— T/EP») fu(dAAau)’

with f,(\, 1) = 0f (A, 1)/Ou. In the case of the curve [ZJ)) the vectors (A, i) (see the proof of
Lemma B3 ) and ®()\, i) take the form

_ p pN ot
> w00 = (L g gliyems)
(5.6) SN\ p) = (VN TR g N TR ()Y TR

The canoncal bimeromorphic differential can be obtained by differentiation of &4l as follows
0 (¥(Q), ®(P) dA
N AN fuOww
where dx(P, @) is the 2-form uniquely defined by the requirement that (1) is a symmetric bi-
differential normalized with respect to the a cycles and with the only pole of second order along

the diagonal. The above arguments lead to the following algebraic expression for the canoncal
bimeromorphic differential:

(5.7) w(P,Q) = dN —

+ dx (P, Q),

0 ,u’sq dadN
(58) W(P,Q) = s [ Z O 1] N T X(P.Q),
IN\N—s—1
(5.9) :——ZZAJ 1q q(A/)N_S R (N)dADN,
s=1j=1 H

with certain polynomials R ; (), ). Here we do not need the exact form of these polynomials.
Expanding the above expression along the diagonal, we obtain the Bergman projective connec-
tion

H(P) = HalP), P} + D)
IN=1(ZpN) | ZwaW)  N-1/d  p())*
(510 1IN (6;9@) ") >+ 1287 (ﬁlog@) |

Combining the above relation with the expansion [ZIH) of the Szegd kernel along the diagonal and
the Fay relation (EZI0) which connects the canoncal bimeromorphic differential and Szegé kernel,
we obtain an algebraic expression for the second derivatives of the theta function, namely

1 0?
5 Z 527, 108 Olem](0: TN dug(P)dvi (P)

(dz(P)) Pt
(5:11) Zp0)  ZaV)) N2-1 p(N) P
1N -1 7P zq ’ —_ +
1N (6;90) mq(/\) >_ 12N? (dA og ()) 2oleml(P).

where ¢[e,,](P) has been defined in [EI4).
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The following relation will be useful for the proof of the Thomae type formula. It connects
the function dyx (P, Q) defined in (E3) with the derivative with respect to the branch points of the
determinant of the matrix A of a-periods.

Lemma 5.1. For s =1,...,N — 1 the following identities are valid

1 .

(5.12) log det Ay = 07— Z/\J Rs.,j( i=1,...,2m+1.
H ()\ — ) 3=t

=1,1

o
O

Proof. We integrate w(P, Q) in the variable P along the aj-cycle and expand f w(P,Q) =01in
the variable @ in the vicinity of the branch point ()A;,0) where the local coordmate is introduced
as 1(Q) = N+ &N, i € {1,...,2m+1}. In this way we obtain for every fixed s the rule of variation
with respect to the branch points of the first line of As-block of the period matrix A:

0 1 -
N (As)1k = T E— ZRSJ(AS)J}kv k=1,...,m.
' [T (Ai=X)i=t
1=1,1%i

The derivative of all other lines can be obtained from the equivalence

0 n—1 6 n—l—1
8_/\Z_(~As) k=N 3/\ s)Lk + ~— Z $)LEA; , n=2,....m, k=1,...,m.
Therefore one can write
0 T
Fx (A = PO A, TP = ; NTIR ().
The equality (&I2) follows. O
Proposition 5.2. The following relation is valid
0 dx(P, P)
1 = — AN T
(5:13) o P, [a(P)

Proof. The residue of ([£3) is

N—-1 m
2 : j—1
om+1 )\1 R ;]

H (A — N) s=t =1
1=1,1%i

Then use the decomposition [ZF) and the Lemma Bl O

Ezample 5.3. In the case of elliptic functions the formula [I3) represents the known relation

Ow 1 N+ Aw

N T 2 u o ey P R=L2S,

where the Weierstrass notations are used.
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6. DERIVATION OF THE THOMAE TYPE FORMULA
Now we are in a position to derive Thomae type formula

Theorem 6.1. Let [e,,] be nonsingular 1/N characteristics, given by the formula

em =A(N-1)Y P+(N-1)> P—D-A),

i€l jEN
where J1 C Jo = {2,4,...,2m+2} and I C Ip = {1,3,...,2m + 1}, with
|J1] + 1] =m+ 1.
The Thomae type formula takes the form

(6.1)
1Y " det A2 _ B
Olem](0; )™ = W IT Qo= 20 I Gaipr = ) VY
1<i<k<m 0<i<k<m
2(N—1)
% Hiell,jeJl ()‘i - )‘j) Hz‘eb,je,]z ()‘i - )‘j)
Hiell,kelg (Ai = Ax) HjeJl,ker (A = M)
where

IQZI()—Il, JQZJQ—J1—27’TL+2.
When Iy = Iy and J, = 0, the above formula reduces to

N-1
(6.2) 9[0](0'H)4N — M H (A2i — A )N(N—l) H (Aais1 — A )N(N—l)
. 3 — (27T’L)2mN(N71) 21 2k 2i+1 2k+1 .

1<i<k<m 0<i<k<m

Proof. Using the heat equation ([ZI3)), the Rauch variational formula ZI0) and EIH) we have
(N—-1)m

0 Ol
(6.3) o, [em](0; IT) ,le T log 8]en](0; 1) o,
1 1 (N-1)m 2 “ “
_ ! L log Blem](0;TD) S " d du, (P
2P:}%§i0) (dz(P) Z 02102, © [erm] ; ve(P)dor (P)

To proceed we shall represent the residue as a logarithmic derivative. The equality (EIl) and
the proposition 22 enable us to compute the residue in the r.h.s of (E3) obtaining

0
o logf|en,](0;11)

B 2 o
N () )
8 A= p()‘) CI(/\)

N2 -1 d p(/\) ’
m](P) — o8y ,
T 25 ) Pleml(P) = 5 B (dA * qw)

where ¢[en,](P) is defined in (EI).
Let us compute each residue in the above formula:

250 9 25p(0)
Res 220N _ 9 9 Aoy — Agp)and Res 222 _
A p(V) o 1< gk <m e =i 90 |
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9% 9
200 D) oz d(N)
Res 224N o 1 Aois1 — A d Res 220V _
,\:/\Sil (J(/\) 8)\2i+1 °8 . H ( 2t %H) a /\:?\i Q()\)
1<i<k<m
Also we have for any partition I U J and any A,
2
[T(A =) IT i—=2xe) IT (N —Aw)
Res d log &] _ 2i log i<kel i<keJ
A=A, dA H (/\ — )\J) 8/\n H ()\1 — )\J)
jeJ iel,jeJ
Furthermore
. A=\ . A=\
Res i log Hzeh( ) i 10g Hzeh( )
A=An d\ Hj€J2(/\—)\j) dX\ HjeJl()\_)\j)
_ i log Hz‘eh,kelg(/\i — M) HjeJlker (A = M)
O Hieh,jeJl ()‘i - /\j) Hielg,j€J2 ()‘i - )\j)
The integration in A, then gives
(6.4)
N-1
H[em](o; H)4N = C2N H det .A?N H ()\21 - /\gk)N(N_l) H ()\Qi+1 — /\2k+1)N(N_1)

i=1 1<i<k<m 0<i<k<m

2(N-1)
X icn jer i = A) [icn jes (Vi = A))
Hi611,k€l2 ()\Z - )\k) Hj€~]1-,k€J2 (Aj — )\k) !

where C is a constant independent of IT and the branch points. To derive the above relation we
also used the decomposition of the period matrix A into blocks A;.

To compute C' we shall use the original Thomae arguments [36]. We consider the Thomae type
formula ([E4)) at zero characteristics, that is, the partition I; = Iy and J; = () and pinch the branch
points in the following way

Mop =V —€, Xop_1=vr+e k=1,....m, 0<e<gl.

In this case the L.h.s of ([Edl) becomes 0[0](0;1I) = 1 + O(e). Regarding the r.h.s the following
relations are needed:
v

Jj—1
lim(As);,; = 2m— !
e—0
i

T (vi — vg)(vi — Aamy1) ¥
=
k=1

so that
. m 1 1
(6.5) hn%(det As) = (2m)" — — .
[T (vk —vj) TT (vk — v2mi1) ¥
k<j k=1
k,j=1
Combining the above relations the expression for the constant C' = (27r2)~™(N =1, O

It is straightforward to check that for N = 2 the formula (EII) coincides with the original
Thomae formula ([TI).
To complete the section we give the Thomae formula for the characteristics [€m+1] defined in

E12).
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Theorem 6.2. Let [em+1] are nonsingular 1/N characteristics, given by the formula
emt1=A(N-1)Y P+ (N-1)> Pi+(N-2)P;, +P, —D-A),
iel jea
where Jy C Jo ={2,4,....2m+2} — {2m+2} and [ C Iy = {1,3,...,2m + 1}, with
|l + [ =m—1
and jm € Jo— J1 —2m +2, i, € Ig — I1. The Thomae type formula takes the form
(6.6)
1Y " det A2 ~ ~
Olemt1](0; T = —(%)12mN(N_1) H (Aai — Agi)NV=D H (A2ip1 — Agpp) VD
1<i<k<m 0<i<k<m
2N—-1)
% Hiel;,je.h()‘i - )‘j) Hielg,jng()‘i - )‘j)
Hie]{,keb (Xi = k) HjeJl,kGJg(/\j = k)
4(N-2)
y [Tics, i =) [ier, Vi = Aj)
[Licr, Nie = A Tie0, (N — A) ’

where
Ii :Il+im, IQZIo—Il—im, JQZJo—Jl—jm—2m—|—2, Jé:JQ-ij
The proof of the above formula follows the steps of the proof of ([E1).

Ezample 6.3. We consider as an example the trigonal curve of genus two (studied by Hutchinson
[19], see also [I1] for more details)

(6.7) 2= A=A\ = A3) (X — o)
In the homology basis given in Figure [, the Riemann period matrix is of the form

H—<2T T) T_@F(%,%;l;l—t)
\T 2r ) " 3 F(i i

where F'(a, b, ¢; t) is standard hypergeometric function and t = (A2 —A1)/(A3—A1). In the homology
basis given in figure [l the characteristics of the branch points are

2 2 2 2 0 0

mi=| g 0| ma=|§ 1] ma-|] S

00 3 3 3

3

(6.8)

)

| I

) [214] - [0]7

whilst characteristics of the vector of Riemann constants are [K p_| = 2[23]. Given
10:{173}7 J0:{274}7 P4:P007
we introduce the following partitions of the branch points.
(1) The partition
Il = {1,3}, Jl = (Z) or Il = (Z), Jl = {2,4},
which corresponds to the characteristics [e,,] = [0].
(2) The partition
L ={1}, Ji={2},
or

11:@7 Jl:@7 zm:37]m:27

|

O W=
O wl=

which corresponds to the characteristics [e,,] = {
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(3) The partition
L ={3}, J1=2,

or

11:@7 Jl:@7 lm:173m22

which corresponds to the characteristics [e,,] = { 00 }

win
W=

In the first case, the Thomae formula takes the form

_ AAS

. 4 2
9[0](071_1) T 1674 (Al - A3) )
where
2V3r 11— p? 12
. - Fl= %11 —
(69) Al 3 ()\3_)\1)1/3 <3737 ) 5)7 A2 pAla

where p? = 1. The second partition gives

1 6

0 { 2 } (0;I)* = <A1A2) (A1 = A2) (A1 = Ag)?
0 472

and the third partition

o] 30 o - (A1A2>6<A3 )" — M)

5 3 472
The quotient of the first and third relations leads to

9[8 ?}(O;H)

O wl=

6

3 3 Az = 2)?
Q(O,H) o (/\3 — )\1)2,

which we mentioned in [IT].

7. CONCLUSION

In this paper we presented the derivation of the Thomae type formula for singular curves with Zx
symmetry. We computed explicitly the Riemann period matrix of the curve in the fixed homology
basis given in figure [l taking into account the action of automorphism. We also described 1/N
periods of the curve in terms of its characteristics given in the form of g x 2-matrices with rational
entries.

We considered in the papers a family of non-special divisors supported on the branch points
and derived the Thomae formula for this family only. But our derivation is general and is working
for any other family of non-singular 1/N-periods. The proof given above goes up to the original
Thomae proof and involved a number of steps such as Rauch variational formulae, calculation of
the holomorphic projective connection, certain results about the Bergman kernel. But the key-
point of the proof is the derivation of an algebraic expression for Szego kernel associated to the
aforementioned 1/N-period. We show that the values of the exponents in the Thomae formula
follows directly from this expression.

The results of the paper can be generalized to the family of curves

pN = =X)™ . (A= X)™, my+...4+my divisible by N.

However even for the curve considered a number of open problems remain, among which the
complete classification of non-special divisors supported on the branch points and the derivation
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of an algebraic expressions for the associated Szegoé kernels. We remark that a family which is
different from the one discussed in the present manuscript has already been studied in [IT].

Another set of interesting problems consist of the derivation of Thomae formulae for 8-derivatives,
which generalize the formulae given by Thomae in the case of hyperelliptic curve [36]. Such for-
mulae are important for obtaining the expressions of the “winding vectors” in terms of #-constants
and which are generalization of the Rosenhain formulae known for genus two.

We can also point out the problem of the derivation for the given curve of the Jacobi-Riemann
derivative formula, one of the most mysterious #-formula, which Riemann called as a “pearl of
mathematics”.

The answers to these questions are of interest for the applied problems pointed out in the
Introduction. The investigation of the particular curve undertaken above was stimulated by its
links with the solvable Riemann-Hilbert problem of rank N considered in [I].
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