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1 Introduction

It has been noticed for a long time now, that the so called ” Two-Hermitean-Matrix-Model” (in-
troduced in particular for quantum gravity [19, [[0]) and the so called ” Complex-Matrix-Model”
(used in particular for its applications to Laplacian growth models [27, 28], and string theory [II)
share lots of similarities: They have the same leading large N expansion properties, and, both are
associated to some ensembles of biorthogonal polynomials which have formaly the same properties.
Here, we add a new piece to make this correspondence more precise, we prove that both models
have the same loop equations.

Both models are not defined for the same weights, in fact, the set of weights for which one
model is well defined has no intersection with the set of weights for which the other model is well
defined. However, each model can be analyticaly continued to a larger set of weights, and in that
sense, the two models coincide.

When written in terms of eigenvalues, this identification of the 2-hermitean-matrix-model and
complex-matrix-model has some interesting corolary: it gives a formula for computing integrals (of
the Itzykzon-Zuber type) over the unitary group, as gaussian integrals over triangular matrices.
Therefore, we obtain a very explicit formula for all correlators of the Shatashvili’s type [24]. In
[24] S. Shatashvili found a formula for all U(n) correlation functions, but his formula still contains
integrals, is not explicitely symmetric in all variables, and is very difficult to use for practical
purposes, such as [6]. In the particular case of the 2-point correlation function, Morozov has
found a much simpler formula [23]. In [23] A. Morozov computed it for U(n) with n < 3 and
conjectured it for n > 3. Morozov’s formula was later proven for all n in [6], and written in an
even simpler form [I3]. Here, we find a natural generalization of Morozov’s formula. The formula
we find here, contains no integration, it gives the U(n) correlation functions as the sum of a finite
number of terms, and is very efficient for effective computations. It also provides an alternative
new proof of Itzykzon-Zuber’s formula.

The derivations proposed in this article are elementary, and it would be interesting to put

them in the more general framework of group representation theory [20, [I7].

The main results presented in this paper are:
e Theorem and in particular Remark B3, which states the equivalence between the

Hermitean-2-matrix model and the complex-matrix model:

/ dM, dMy F (M, My) e YT Mabe — / Az F(Z, 2% e ™ 27! (1-1)
Hp,xHp GL(C)

The definitions of each terms and the meaning of that equality are explained in section B3

e Theorem E.J], which allows to compute U(n) integrals as triangular integrals.

/ dU F(X,UYU") e T XUYU!
U(n)
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o 2 (1) (= )Ten T [ (X + 1Y, 4 T e ™ o
> A(X)A(Y) (1-2)

for any polynomial invariant function F'.
e Theorem B2 which gives a formula for computing triangular matrix gaussian integrals. We
parametrize polynomial invariant functions by pairs of permutations (of some size R), and a basis

is written Fy . Theorem gives the result of integration over triangular matrices:

Jro 4T e " Fe (3,5, X + T,Y +T0)
fT(n) dT e— T TTT

= (MUNE,§, X, Y,) MINE §, X1, Yoor) o MBN(E 3, X1, 17))_ (1-3)
where M) (2,4, X,,,Y,,) is the matrix of size R!, indexed by pairs of permutations:
d 1
MB(F 4, X, Y,,) = (@r .00) ) (1-4)

Theorem shows that the matrices in eqII=3 commute together, and can be simultaneousy
diagonalized.
e Theorem BT which gives a formula for computing correlation functions in terms of biorthog-

onal polynomials:

dM,y dMy Fr o (2,7, My, M) e T (ViM)FVa(M2)FM1 M)
dM; dMy e=Tr (Vi(M1)+V2(M2)+y M1 M)

anXHn

= (Mdet (MY, §,Q, P")))

7!

(1-5)

anan

where notations are explained in section B2

Outline:

e In part 2 we give definitions of groups and measures.

e In part 3, we prove the equivalence between the Hermitean-2-matrix model and the complex-
matrix model, by showing that they have the same loop equations.

e In part 4, we prove the identity between U(n) integrals and triangular integrals, and give
some examples. In particular we rederive Itzykson-Zuber’s formula and Morozov’s formula.

e In part 5, we compute the triangular integrals, by parametrizing polynomial invariant func-
tions with pairs of permutations. In particular we explicit all four point functions.

e In part 6, we integrate over eigenvalues using biorthogonal polynomials technics, and get

expressions for correlation functions.



2 Definitions

2.1 Ensembles
Let

e U(n) := group of n X n unitary matrices, with the normalized Haar measure.

e H, := group of n X n hermitean matrices, with the Lebesgue measure:

i i<j
e GL,(C) := group of n x n complex matrices, with the Lebesgue measure:

dZ := | [ dReZ;; dimZ;;

1,J

(2-1)

(2-2)

e T, := group of n x n strictly upper triangular complex matrices, with the Lebesgue measure:

dT := [ [ dReT;; dImT;;

i<j
e D,(R) := group of n x n real diagonal matrices, with the Lebesgue measure:

e D,(C) := group of n x n complex diagonal matrices, with the Lebesgue measure:

e X(n) := group of permutations of n elements.

2.2 Vandermonde determinant

For any diagonal matrix X = diag(Xy,...,X,) € D,(C), one writes:

AX) =[x - X;)

i<j
and, for any permutation o € ¥(n), we define the diagonal matrix:
XU = diag(XU(l), NN ,Xo(n))

Notice that:
A(X,) = (-1)7 A(X)

(2-3)

(2-4)

(2-5)



2.3 Invariant functions

Definition 2.1 F(A, B) defined on GL,(C) x GL,(C) — C is an analytical invariant function
if:

e I is analytical in each variable,

o VU € GL:(C), F(UAU",UBU™') = F(A, B).

Examples:

F(AB)=]] T <H (T2, — A) Yty — B)) (2-9)

re=1

F(A, B) — e Tr V1(A) e~ Tr V2(B) (2_10)

Definition 2.2 Monomial invariant functions are functions of the form:
p Ry
F(A,B)=]] T <H(A’“”t Bl“'t)) (2-11)
t=1 re=1
where the k. ’s and l;,,’s are integers such that ki, + l;,, > 0. The total degree is
p R
deg F =" " kyy, + li, (2-12)
t=1 r=1
Definition 2.3 Polynomial invariant functions are finite complex linear combinations of mono-

mial invariant functions.

Examples of polynomial invariant functions:

F(A,B)= Tt Am B A= B | F(A,B) = (1+ Tr A" B") (1+ Tr A* B®) (2-13)
p q
F(A,B) = [ [ det(x, — A)* [ ] det(y. — B)" (2-14)
t=1 u=1
F(A,B) =det(A®1—1® B) (2-15)

2.4 Decompositions

2.4.1 Diagonalization

It is a standard result in algebra (see [22, [I7, 20] for instance), that any hermitean matrix M € H,

can be written:
M =UXU" (2-16)

where U € U(n) and X € D,(R).



The measure is then:
dM = J, A*(X)dU dX (2-17)

where the Jacobian is )
n(n—
~ T 2

e
[Tr=o #!
This decomposition is not unique. It is unique up to a permutation of eigenvalues, and up to

(2-18)

multiplication of U by a diagonal matrix whose elements are on the unit circle. In other words,
M = UXUT provides a mapping between H,, and U(n) x D,(R)/(U(1)" x £(n)).

2.4.2 Jordanization

A less standard result (see [22, 26, 20, (7] for instance), is that any complex matrix Z € GL,(C)

can be written:

Z=UX+TU" (2-19)

where U € U(n), T € T,, and X € D, (C).
The measure is then:

dZ = J, |A(X)|?dU dT dX (2-20)
where the Jacobian is -
T\ 2

=B T (221)

ISR
This decomposition is not unique. It is unique up to a permutation of eigenvalues, and up to
multiplication of U by a diagonal matrix whose elements are on the unit circle. In other words,
Z =U(X + T)UT provides a mapping between GI,,(C) and U(n) x T,, x D,(C)/(U(1)" x %(n)).
3 Gaussian matrix integrals
In all what follows, we consider 3 complex numbers oy, ap and v, and we define

§ = oy —° (3-1)
and assume that § # 0.

3.1 Gaussian Hermitean model

Consider the measure on H,, X H,:



Definition 3.1 The partition function is:
ZH<n7770517052) = / dM1 dM2 e_Tr(%M12+a72M22+'YM1M2) (3_3)
Hy,xHp

Notice that the integral Zp is absolutely convergent only if
Vo € R Re(aie? + aze™® +2v) > 0 (3-4)

which implies that Rea; > 0, Reas > 0, (Rey)? < Rea;Reas.
An easy gaussian integral computation gives:

2

Ty = 2" (%)n . (3-5)

Definition 3.2 The expectation value of an invariant function F(A, B) is:

dM; dMy F(M,, My) e~ T (3 M+ My49MiMz)

fH x H
n = Je e, AV d My e~ T (F-MP+F M3+ M Mo) (3-6)

Remark 3.1 It is clear, from Wick’s theorem, that if F' is a monomial invariant function, then < F >pg

is a polynomial in S, %2 and ¥, and can be analiticaly continued to every complex a1, az,7, provided

that § # 0.

3.1.1 Gaussian Hermitean loop equations

Consider a monomial matrix valued function, of the form:

D Ry
f(AB)=fo(AB) [[ Tt fu(A.B),  Vt=0,....p, fi(A,B)=]] A"~ B (3-7)
t=1 r¢=1

define:

Go(A,B) =[] T fu(A,B), andift>1, G(A,B):= [[ Tt fu(A.B)  (38)
u#0 u##0,t

Theorem 3.1 One has the "loop equations”:

oy (Go(My, My) Tr My fo(My, Ma)) ; + v (Go(My, Ma) Tr My fo(My, Ms))) 5

Ry ko,r—1 1
- ¥ <G0 My, My) Tr ((H Mfo,uleO,u) M{)

r=1 j=0 u=1

Ro
(e )
u=r—+1 H

P Ry kt,r'_l
+ZZ <Gt M17M2) ((HMftuMltu> MJfO(Mth)Mf“ —Jj— 1Mltr.

t=1 r=1 ]: u=1
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Ry
u=r+1 H

ag (Go(My, Ma) Tr My fo(My, Ma)) y + v (Go(My, My) Tr My fo(My, My)))

Ro lor—1
- > <G0 My, M) T <<HMk°”Ml°“) M My )

r=1 j5=0 u=1

Ro
Tr (leow—j—l ( 11 Mfo'“MglO»”>>>
u=r+1 H
P

Ry ler—1
+ZZ Z <Gt M17M2 ((H Mkt uM le, u) Mlkt'TM2jf0(M1,M2)M21W'_j_1

t=1 r=1 35=0 u=1
R
k
[T Ay payte
u=r—+1 H

Notice that the RHS is a linear combination of invariant polynomial functions of degree strictly
lower than the LHS.

Loop equations are a standard method for finding recursion relations among expectation values
[T0], they were first studied by [25] for the 2-matrix model, and solved more explicitely by [I5], T2,
14].

proof:

(3 — 10)

Write that the integral of a total derivative is zero:

O—Z/dMldMg a]\i <fZZ(M1,M2) —Tr(alMQ O‘2]\422_1_,)/1‘41]\42)) (3_11)

14
ie.

Z/dMl dMs, (8M fzz(Ml,Mg)) _Tr(TlM + 2 M3 +yM1 M)
lig
— Z/dMl dM2 fi,i(Ml, M2) (alMlii + fyM222> e~ (a_21M12+QT2M22+’\/M1M2)
(3-12)

Similarly:

Z/dMl dMs; (%LM fi,j(M17M2>) o~ Tr (G- M7 452 M3 +y My Ma)
1ij

1<)

= Z/dM1 dM, f; j(My, My) (Oél(Mlﬂ—i‘Mlzg)+”Y(M232+M2zg))

1<)



— Tr (- MP+ 2 M3+~ M Mo)

e
(3 —13)
and
0 Ty (%L pf24 92 02
Z/dMl dM, (m fi,j(M1,M2)) o~ Tr (G- MP+ 2 MZ+y M My)
1<J
= Z/dM1 dMs f; j(My, Ms) (041(M132 M) +y(Myy; — Mm))
1<J
o~ Tr (G- MP+2 M3 +yM; My)
(3—14)

Taking B=T2 + B=T3 —¢ B=T4 , we get:

Z/dMlsz (aa f”Ml,MQ) =T (G M+ F M+ MM)

Mlzz
0 0 o1 2422 002
dM; dM- 55 (M, M. — Tr (5 M7+ M3+ M1 Mz)
3 Z;/ i (<8ReM1,] aIth]) Jig (M, 2)
9 9 o4 g2y 02 a2
d M, dM: (M, My) ) e T (3 ME+ 2 ME 4y M)
2 ;/ ! 2<<8R6M1w aIme) Jaal M, 2)

N /dMl dMy (Tr f(My, My) (i My + yMs)) o~ Tr (5 MP+52 MF+y M1 M)
(3-15)

i.e. one can proceed as if all the M,; were n® real indepedent variables, i.e., by abuse of notation

we write:

a (o3 «
Z/dMl dM; ( fz](Ml,M2)) = Tr (G M+2 M3+y M Mo)
OM;;
- /dMl dMy (Tr f(My, My)(cn My +yMy)) o= T (5 M+ 5 MG+ MMo)
(3 —16)

Now, one can use the following rules:
o split rule: if f(M;, My) = AMFB (where A and B are matrices), one has:

k—

,_.

Zaf My, My);;

irj OMij 1=0

Tr (AM{™'"") Tr (M{B) (3-17)

e merge rule: if f(M;, My) = ATr (MfB) (where A and B are matrices), one has:

Of (My, Ma)y; k—1—1 51 /1
> AT Tr (AM{'BMY) (3-18)

i,J =0



Then, if A and B depend on M, one has to use the chain rule.
When one considers f given by B one gets eqB=0.
EqB=I is obtained by doing the same for M,. [

a2

We find again that (F"), is a polynomial in &, %2 and ¥

3.2 Gaussian Complex model

Consider the measure on GL,(C):
e—ﬂ(%zbr%zfzﬂzzf)dz (3-19)
Definition 3.3 The partition function is:
Ze(n, vy, o0, ao) o= / 47 o= Tt (F22+3 21220 (3-20)
Gln(C)

Notice that the integral Z is absolutely convergent only if
V0 € R Re(ae” +ase ™ +27) >0 (3-21)

One can see that with § = 7, this condition can never be compatible with B4 (with ¢ = 0).
Therefore, if Zy is an absolutely convergent integral then Z¢ is not, and vice—versa.

An easy gaussian integration gives (where § = ajas — v?):

2

T = (\/L__é)n (3-22)

which can be analiticaly continued to every aq, ag,y, provided that § # 0.

Definition 3.4 The expectation value of an invariant function F(A, B) is:

fGl (©) dZ F(Z,Z7) o= Tr (5 22+ 3 214y 227)

(Fe = d7 o= Tr (G 22+ 212 4y227) (3-23)

fGln(C)

Remark 3.2 It is clear, from Wick’s theorem, that if I is a monomial invariant function, then < F' >¢

is a polynomial in 9, 92 and ¥, and can be analiticaly continued to every complex a1, az,7, provided

that § # 0.

3.2.1 Gaussian complex loop equations

Consider a monomial matrix valued function, of the form:

p Ry
12,2 = fo(z,2) [ T (2. 2", fu(2, 20 = [] Zhen 2zt (3-24)

t=1 re=1

define:

Go(Z,2") =[] T fu(2.2"), andift>1, G(Z,2") = [ Tr fu(2, 2 (3-25)
u#0 u#0,t



Theorem 3.2 One has the same loop equations than theorem [B1, with replacing the subscript H
by C.

ar (Go(Z,Z") Tx Zfo(Z,Z")) . + v (Go(Z, 2 Tx Z' fo(Z, Z7))),,

Ry ko,r—1 c,
- Z Z <G0 Z ZJr ((H Zko'uZTlO'”> Zj>

r=1 35=0 u=1

Ro
o (e (11 00
u=r+1 C
p

Ry ker—1 r—1
—G-ZZ Z <Gt (Z, ZJr <<sztuZTltu> 77 fo(Z, ZT)Zk” J=1gler

t=1 r=1 j=0 u=1

Ry
< H ZthU/ ZTltYU/> ) >
u=r+1 C

ar (Go(Z,ZN) Tx Z" fo( 2, Z7)) . + v (Go(Z, ZY) Tx Z fo(Z, Z7))),,

Ro lor—1 r—1 . ]
= > ) <G0(Z, ZH Tr ((H VARYAl ) Z’“O»TZ“>

r=1 75=0 u=1

. RO
Tr <ZT107T_3_1 ( H Zk(),uZTlO’u)>>
u=r+1 C
p

Ry lir—1 r—1
+ZZ Z <Gt Z ZJr ((sztuZTltu> ZktTZT]f (Z ZT)ZTltr —j—1

t=1 r=1 j5=0 u=1
Ry
(11 7))}
u=r+1 C

Notice that the RHS is a linear combination of invariant polynomial functions of degree strictly
lower than the LHS.

(3 — 26)

and

(3 —27)

proof:
The proof is very similar to that of theorem Bl Write that the integral of a total derivative
is zero:
0 —Tr (322432 12 T
0 _ a7 (rsZZT Tr(2lz24227 +»yZZ)>
(3 —28)
and
. 8 _ O‘l 2 a2 12 1
_ _ilaz <TSZZT Tr(2lz24227 +~/ZZ)>

10



(3 — 29)

Taking the sum of both lines, one can proceed as if all the Z;; and ZTij were real indepedent

variables, and from there, follow the proof of theorem Bl [

Remark 3.3 We see that the loop equations of both models are identical. It is clear from the above
derivation that this is general, even for non gaussian measures. When the measure is gaussian, the
loop equations determine completely every expectation value, while for non-gaussian measures, the loop
equations give recursion relations for expectation values, but don’t give the initial conditions.

Let us consider in particular the ”semi-classical case” [ [7], i.e. with a measure of the type

Op(My, My) = e~ Tr [Vi(M1)+Va(Mz2)+M: Mo] (3-30)

where V{ and Vj are rational functions. In that case, the initial conditions which allow to determine all
polynomial expectation values recursively, are in one-to—one correspondance with homology classes of
integration paths for pairs of eigenvalues [7], therefore, there exists a choice of integration path I" such
that one can write:

/ dMl dM2 e—Tr (Vi(M1)+Va(M2)+M1 Mo)] = / dz e—Tr [Vl(Z)-i-Vz(ZT)-i-ZZT] (3_31)
(Hnx Hp)(T) GLn(C)

and one can consider that this equality defines the RHS. Somehow, the complex matrix model is nothing
but the analytical continuation of the 2-matrix model defined on some classes of contours.

3.3 Relation between the two models

Theorem 3.3 For any polynomial invariant function F(A, B), one has:

(F)y = (Fe (3-32)

Notice that (F'), and (F), have been defined for different range of values of o, ay, and 7,

but, as we have explained above, both are polynomials of %, %

continued to any ay, as, and 7). Theorem is thus an equality between polynomials.

and 7 (and can be analyticaly

proof:
It is sufficient to prove it for monomial invariant functions. The proof is clearly obtained from
the loop equations, by recursion on deg F'. It is obviously true for deg F' = 0, i.e. F'=1. And the

loop equations of both models are identical. [J

Definition 3.5 For any two given complex diagonal matrices X and Y, and any polynomial

wmvariant function F', define:

Wr(X,Y) == A2(X) AY(Y) /U ( )dU F(X,UYU") e X0YUT (3-33)
Jri AT F(X +T,Y 4 THe 7T

wr(X,Y) == AX)A(Y o de T

(3-34)

11



which is a polynomial in all its variables X;,Y;, and a polynomial in 1/7, and:

1 A Tr _ "
We(X,Y) = o0 30 ST ACG)A(Y,) o7 /T(n) dT F(X, +T,Y, +TH e ™77 (3.35)

Theorem 3.4 For any polynomial invariant function F(A, B), one has:
J2

n!? ZH(n> v, a1, Oég)

In ay

- dX e~ 3T X P TRy X, X 3-30
n! ZC(n7 v, aa, Oé2) Dy (C) F( ) ( )

/ dxXdy e_%Tere_aTzTrYzWF(X, Y)
n(R)xDn(R)

proof:
Start from theorem B3], diagonalize M; and M, on the hermitean side, and jordanize Z on the

complex side.

j2 1 2 ] 2.7
F = n dXdY e 2 "X e 5 YL (XY
i n!2 Zp(n, v, ar, as) /Dn(R)an(R) ‘ ‘ r(XY)
_ _ In —U T X2 92T X Ay Tr XX <~
B <F>C B n! Zo(n,v,a1,a2) Jp ©) X ¢ ‘ wrlX,X)
I

« a 2 e —
_ dxX —71TrX2 _TQTrX —yTr Xo X+ Xo_ XT
n! Zo(n, v, o1, 02) Jp, o ¢ ‘ ) wr(Xor Xe)
J ag 2 _ oo m. 2 -
- . dX o7z T e T We(X,, X,
n! ZC(n7770517O[2) /Dn(C) ‘ ‘ F( ’ )
(3 —137)

The equality in the first line is obtained by diagonalizing M; and M, (with Jacobian given in
eq2=T1), the equality in the second line is obtained by Jordanizing Z (with Jacobian given in
eq2Z=T9), the equality between the second and third line holds for any pair of permutations ¢ and
7 (it can be proven with the Lemma [AZ]]l given in appendix), and the equality of the last line

comes from the definition of Wr. [J

4 Unitary group integrals

Here is one of the most important theorems of this paper:

4.1 Unitary integrals and triangular integrals

Theorem 4.1 For any invariant function F(A, B) one has:

/ dU F(X,UYU") e XYU!
U(n)

tn 2o 2o (1) (L)X [ (X + T Y, + T e ™ aT
n! A)AY)

12



(4-1)

where .
n— k:‘
_ k=0
1.€.
Wr(X,Y) =nlc, Wp(X,Y) (4-3)
proof:

Using the Lemma [AZT] given in appendix, and using theorem B, we have:

/ dxdy e_%TrXQe_%zTrWVNVF(X, Y)
Dn(R)XDn(R)

27y J, o o _
; n. Zc C
n!2 ZH Jn 1D 7 ay 2 _ oy m 32 = —
T R oz WZ/ dX em 2 e w Y e A rp (X, Xy)

27y <—r’i ) o .
_ n H 3 Z/ dXdY o Tere—TzTrYze——yTrXUYTwF(XU’YT)
nl2

jg (2_\/7%)n n!Zc R)xDn(R

!2 Z Jn (L_) ay o
= il v / dXdy e 2T X Z Y (X, Y)
n(R)xDn(R)

= nle, dxXdy e_%lTrXQe_%TrWWF(X, Y)
D (R)x Dy (R)
(4—4)

Notice that if f(A) and g(B) are invariant functions i.e. f(UAU™!') = f(A) for all A and U (resp.
g(UBU™Y) = g(B) for all B and U), one has:

Wi)s0)rexn) (X, Y) = FX)gWNWe(X,Y) , Wigraon (X, Y) = f(X)g(Y)We(X,Y)
(4-5)
Thus, for any f and g:

0= / AXdY e T X F Y 1(X)g(Y)(nl e, Wp(X,Y) = Wr(X,Y))  (4-6)
n(R)xDn(R)

Since Wr(X,Y) and nle, Wp(X,Y) are symmetric functions and entire functions of all their vari-

ables, they must be identicaly equal to one another. [

4.2 Examples

Let us illustrate theorem LTl on some simple examples and recover some classical results.

13



4.2.1 Harish-Chandra—Itzykson—Zuber’s formula

We can use theorem BTl to find a new proof of the famous Harish-Chandra—Itzykson—Zuber’s
formula [I8, 20].
Indeed, consider F'(A, B) = 1, theorem BT gives:

/ e_’YTrXUYUT — Cn Zm(_l)a (_1)T Hz e e / dT e_’YTrTTT
U(n) n! A(X)A(Y) T,
n(n—1)

(7?) 2 det
= Cn — -
v A(X)A(Y)
(4-7)
which is the famous Harish Chandra-Itzykzon-Zuber integral. Here F is the matrix
Eij = e_’yXiY} (4_8)
4.2.2 Morozov’s formula

Consider Tr A¥B! for any integers k and [. It is in fact simpler to introduce a generating function:

B 1 oo 00 s
F(A,B)=Tr x_Ay g;meAB (4-9)

which is to be understood as a formal power series in its large x and large y expansion. F(A, B)

is merely a convenient way of considering all polynomial invariant functions of type Tr A*B! at

once.
We have:
1 u 1 |
_— = T 4-10
r—(X+T) (:c—X ) r—X (4-10)
p=0
and thus:
1 1 1 ¥
T dT —Tr TT
fT(n) dT ey T ITT /T( ) = (X4+T)y— (Y +T1) ¢

P 1 1 \? '
= T T Tt dT e 1T
fT( dT e VTYTTTZZ/ r(x— ) x—Xy—Y( y—Y) ¢

p=0 ¢=0
p+1 1 q+1 1
= E § E E F YR H H
. . L . LT r — sz Yy — }/}l
p=0 q=0 91 <i2...<ipt1 j1<j2...<Jq+1 k=1 =1
- T T —yTr TTT
fT(n invio Lin i - - 'TlpvlpHquH,jq sz J1 dT'e
(4-11)

Jry dT e T

That last integral is non vanishing only if p = ¢, and according to Wick’s theorem, it is the sum

of all possible pairings. Because of the ordering of the i;’s and j;’s, the only non vanishing pairing
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is obtained for i, = j; for all k. Therefore:

1 1 1 t
Tr dT e Y IT
Jrny AT e T /T(n) T (X+T) y— (v + 1)
pt1

- 1 1
-2 2 slle=ew

p=0 11 <i2...<ip41

- 1
= ol (o) 2

and then theorem BTl gives:

n(n—1)
(2) ° / dU Tr ( S U*) o YT XUV U
™ U(n) r—X y-Y

o Zg,r(_l)a(_l)T (_ Hz e_'yXUz'YTi + 1_[Z (e—'yXaiYTi + % m_ﬁ(% e—’YXaiY-ri y—lY.,-Z.>)

nl AX)A(®Y)
— det B + det <E+ s ex By

- AX)A(Y)

B 1 1 1 det E

1.e.

fU dU Tr < 1 U 1 UT) e—ﬁ/TrXUYUT
(n) =X 7 y=Y 1 1 1 1
Juyny U 71 T XUYUT - <_1+det <1+§ZE—XEZ/—YE )) (+14)

which is identical (for v = —1) to what was found in [6, [[3], i.e. the compact version of Morozov’s

formula [23].

5 Computation of triangular integrals

The goal of this section is to compute the triangular integral on the RHS of theorem EL1l Here,

we consider v = 1.

5.1 Parametrization of polynomial invariant functions

Definition 5.1 Let R be a positive integer. Let & = (x1,...,2g) and ¥ = (y1,...,yr) be 2R

complex numbers. Let m and 7' be two permutations of ¥g.

/—1

The permutation 7n'=" is made of p cycles Cy,...,C, of lenght Ry, ..., R, which we note:

71_/71 . 7_(_/71 T 71_/71 . 71_/71

. T . ™ . . ™ . .
Cr = (k1= Jka ~ ko= Jk2 ~ k3. ™ g p, — JeRy ~ k1) (5-1)

15



We define, for (A, B) € GL,(C)? in any dimension n:

Ry,

1 1
5-2
H L, — ijk,l - B) ( )

=1

Fow(Z,4,A,B) =] (5%1 + Tr

k=1

As explained above, this definition is to be understood as a formal power series in the large x; and

y; expansions, it is merely a way of considering all polynomial invariant functions at once.

Examples: with R = 2, we have:

1 1 1 1
F AB)=(1+T 1+ T
0@, (T 22, Y1, Y2, 4, B) <+ r:)sl—Ayl—B) < i r$2—Ay2_B>

1 1 1 1
F AB)=(1+T 1+ T
(12),12) (1, Z2, Y1, Y2, A, B) (+ rxl—Ayz—B) ( * rl’2—Ay1_B)
1 1

F, A, B)=T
(1)(2),(12)($17$27y17y27 , B) r 1 —Ay—Bay— Ay — B
1 1 1 1

l’l—AyQ—BCL’Q—Ayl—B

Fag),@ (@1, 72,91, 42, A, B) = Tr
(5-3)

Definition 5.2 Let R be a positive integer, & = (x1,...,xgr) and § = (y1,...,Yyr) be 2R complex
numbers. Let m and ©' be two permutations of ¥ g. Let n be an integer, and X = diag(Xy, ..., X,)

and Y = diag(Y,...,Y,) be two complex diagonal matrices of size n, We define:
W (#7,X,Y):=1 ifn=00r R=0 (5-4)

WYNE§,X,Y) = Fr (2,7, X,,Y1)  ifn=1 (5-5)
and otherwise

Jr T e ™" Fr (2.5, X + T.Y 4 T7)
Jry dT e ™TT

w(z,9,X,Y) :

Here, ) 1s defined by:

1
z—(X+T

(—1)
1 5i; 1 1 1 1
<:.17—(X—|—T))M :)J—Xi+2 Z r—X;, Mr—-X, " - X, M- X

p=1 i<i1<...<ip<j tp
(5-7)

5.2 Computation of triangular integrals of invariant functions

We are now going to find some recursion relation in n for the W’s.
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Theorem 5.1

L 1
ME(E, G, X, V) = <5ﬂ0m@)+‘( — . ) (5-9)

proof:
If T is a strictly upper triangular matrix of size n, we define T the triangular matrix of size

n—1, such that T,] =T, ; for all 7, j < n, and @ the vector made of the last column of 7', uy, = T} :

31

'ﬂzf

- L (510

=0ift=norj=n.

1
We deﬁne <m)i’]
Notice that:

1 1 5. A 1 55
_ - _ + n . _ 4 ,n%,n 5-11
<[L’—(X—|—T)>m <ZL’—(X—|—T))Z.7. z—X, <x_(X+T)>i7kUk r— X, ( )

J k=1
and
1 1
1+ T
e (X+D)y— (Y +T0)
1 1
= 1+ Tr - = - _
r—(X+T)y— (Y +1T1)
n—1

(5 — 12)

Now, we integrate u out, using Wick’s theorem, i.e. take the sum over all possible pairings of a u
and a @. The pairing (uy, ;) gives a factor g .

Let us represent W as a bivalent graph G, whose edges are pairs (x;, yx(;)), and whose vertices
are pairs (Yxs(iy, ;).

Relation eqB=TTl means that, for each edge (z;, y=;)) of G, we can either:

- let the edge untouched (first term in eqB=TTl), with weight 1,

- remove the edge (second term in eqB=TTl), with weight 0

1
2= Xn)(Yr(s)—Yn)’

17



- remove the vertex (y..y,z;) (third term in eqB=TTl), with weight (xi_Xn)(;ﬂ/(i)_n), which
means that either the neighboring edges cannot stay untouched.

Then, we integrate u out, i.e. we take the sum over all possible pairings, i.e. we draw new
edges between vertices (those not removed), so that the final graph is bivalent. For each pairing,
we get a new graph G’. The sum over possible pairings, is thus the sum over bivalent graphs G,

whose vertices form a subset of the vertices of G, i.e.

W =" Mee Wi (5-13)

Gl

where the coefficient Mg ¢ is computed as follows:

1
2i—=Xn)(Yr(s)—Yn

i.e. which is an edge of G’. (1 if it was not removed, and

- Mg ¢ receives a factor 1+ ( ) for each edge (z;, yw(i)) of G which is unchanged,

1
(wl_Xn)(yTr(z) —Yn

) if it was removed and

drawn again).

1
Ti—Xn)Yr(y—Yn)"
- the weight of removing a vertex is the same as the weight of creating a lenght 1 cycle at that

- the weight of each edge (z;,y~(;)) of G, which is not an edge of G, is (

vertex. In other words, if G’ has less vertices than G, consider G” obtained from G’ by adding
lenght 1 cycles at each missing vertex, one has Mg o = Mg gr. The sum over G’ can thus be
written as a sum over G”, where G” has as many vertices as (G, and all cycles of lenght 1 come
together with a 1 added.

- relation eqBb=T2] ensures that the previous rules apply also when G has lenght 1 cycles.

To sumarize, we have:

W = ZMG,G” win (5-14)
G//
where
1 1
Moo= T (10 ) 1 (515
(@i (i)) €G" (@ )i ) (@i Y (i) EG" ( 20 )

when G and G” are written in terms of pairs of permutations, it reduces to eqB=0l [

Remark 5.1 Notice that:

MENE, G, X, V) = MB)(E, 37, X, 7)) (5-16)
MU(T, 7, X0, V) = ME, (5.7, X)) (5-17)
M (&, 5. X, Ya) = MU (&, 1,7, X0, Vi) (5-18)

Theorem 5.2

WU Z, 7, X,Y) = (MB(Z, 7, X,, Vo) MB(Z, 7, X1, Yoa) ... MB(T, §, X1, 1))

!
,TT

(5-19)

7,7’

18



proof:

For n =1, we have

W77, X1, Y1) = Fro (7,7, X0, Y1) = MY(2,7, X1, 1) (5-20)

T

The proof follows from recursion on n. [

Theorem 5.3 The matrices MY (Z,4,&,m) commute among themselves:
M(Z, G, & ) MIN(E,7,¢ 1) = MI(Z, .6, ) MID(Z, 5,6, ) (5-21)

proof:

Let n = 2, X = diag(X;,X,) and Y = diag(¥;,Y3) be two diagonal matrices, and X =
diag(Xs, X1) and Y = diag(Y3,Y:). Let T be a 2 x 2 upper triangular matrix with non vanishing
element T15. Let U be the 2 x 2 matrix:

T Y- Vi
U= 5-22
(X1 X, T ) (5-22)

it satisfies:
UX4+T)=X+THU, UY+TH=Y+THU (5-23)

If U is invertible (which is true for almost every T'), one has:

Frp@§, X +T,Y +T") = F, (7,5, X + T,Y + T") (5-24)

P

for every T' (except a zero measure subset). Since the Jacobian ’g—?’ = 1, one has:

fT(2) dT’e” T F, (fa ?j, X + T> Y + TT) . fT(2) dTe_TrTTT Fﬂvp(fa ?j, X + T> Y/ + Tt)

™p
- ki (5-25)
Jry & ooy dle 7T
Using theorem for n = 2, we have:
MB(Z, 57, X1, Y)MP(E, ], X5, Ya) = M (Z, i, Xa, Vo) M) (2,77, X1, Y1) (5-26)

O

Corollary 5.1 therefore, there exists an orthogonal matriz U(Z, ), independent of & and n, such
that:

A(f> ?7’ ga 77) = I/{(f, ?7) M(R) (f? ?j, 67 77) ut(f’ ?7) (5_27)

1s a diagonal matriz
A@,5,&n) = diag (A=(Z,7,€,n)) (5-28)
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Notice that A is a rational function of £ and 7.

Thus:
S AT e ™I Fo (2,5, X + T,Y + T1) o R
(n) [ T e T = U (T, §) U (7, 0) [[A0(E 7, X0, Y5) (5-29)
e L.
T(n) » Pl
and:
fU(n) dU e~ XYV Fﬂvﬂ'(f> vy, X, UYUT) B ZL{ (7 Uy (7 _,)det (e_XinAp(f, 7, XZ,YJ))
Jyy AU e XU - P ro det (e=Xi%)

(5-30)
Remark 5.2 if one defines the ”Matricial determinant” as follows:

Definition 5.3 Let M € GL,(Gl,,(C)), i.e. foreachi=1,...,n,j=1,...,n, M;; is a square matrices
of size m. We define:

n

Mdet(M) = S S (<1717 [] Moo (5-31)

" oeX(n) TED(n) i=1
which is a m X m square matriz.

then we have:

Xi’ Y})))W,W/

n(n—1) ( Mdet (e_Xi)/j M(R) (f’
B X (5-32)

AU Fy (%, 5, X, UYUT) e XYV — ()75 :
/U(m ( ) (7) (X)AR)

if R = 0, one immediately recovers the Itzykson—Zuber’s formula, and if R = 1, one immediately recovers
Morozov’s formula.

5.3 Examples

e Example R = 1:
1 1
T (5-33)

1
Ml,)l(xvyvgan):1+x_€y_n

and thus:

Jry dT e ™17 (14 T o

1 n
o—(X+T) m—(Y—‘,—TT)) 1 1
o T () o

=1

e Example R = 2:
We have:

1 1 1 1
F AB)=(1+T 14+ T
0@, (T1, 22,41, Y2, A, B) (+ rxl—Ayl—B) ( * r:@—Ayz—B)

1 1 1 1
F AB)=(1+T 1+ T
(12),012) (%1, T2, 91, Yo, A, B) ( + rxl—Ay2—B) ( + rl’2—Ay1_B)
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1 1 1 1
—Ayr—Bxy— Ay, — B
1 1 1

Fuaye),a2) (21, 22,91, 92, A, B) = Tr

F A B)=T
(12).0)@ (21, T2, Y1, Y2, 4, B) ' —Ays—Bazy— Ay, — B

(5 — 35)
and
[ M0 1) =
0@, L1 22,41, Y2,6,n) = {1+ 7= syl n s ayg n
2) _
M51§)7(12)<x17x27y17y27£77]) - <1+ r1—E& yo— 77) ( ro— £y1 77) (5-36)
2 . 1 1
Mg;@),(m) (@1, 2, Y1, Y2, €,1) = =€ nle sy2l n
[ Mz, @172, 91,92,.61) = S mt o

i.e., the matrix M

—

$17$2ay17y27§777) is:

1 1 1 1 1 1 1
<1+5L‘1 -§y1— 77) <1+1‘2—€y2—77> 1= y1—n v2—€ Yy2—1

(5-37)
11 11 1 1
1= Yy2—n x2—§ Yy1-1) (1 T os € y2— n) <1 T 2m £y1 77)
ie.
1 1 1 1 1 1 0
i+ (et () 8
(1, 72,91, 382 ,7) 2\z1—=¢§ =&/ \yi—-n yp-n 0 1
1 1+5 1
_l_
(21 = (@2 = —mp2—n) \ 1 15
(5 —38)
where
5= (Il — 22)(y1 — ¥2) (5-39)
Define the following orthogonal matrix (LI( (21, 29, Y1, y2) UP (21, 29, y1, y2)t = 1):
U (21, 29,91, 72) = N L A—S where A = V1 + 52 (5-40)
Y Y ) QA()\ . S) S _ A 1 )

one has:
M(2) (xlu T2, Y1, Y2, 57 TI) = u(z)(xh x2, Y1, y2) A(z)(xlu T2, Y1, Y2, 57 TI) Z/l(2)(:€1, x2, Y1, y2)t (5_41)

where A(2) (Ila T2, Y1, Y2, ga 77) = diag(A+(a¢1, T2, Y1, Y2, 67 77)7 A—(xla T2, Y1, Y2, 67 77) ) with

1/ 1 1 1 1
A T1,22,Y1,Y2,G, = 143 T *
+ (21, T2, Y1, 92, €,1) 2<$1_§ xg—ﬁ) (yl—n y2—77)
1+ A

B o s ey

(5-42)

Eventualy, one gets:

—Tr 7Tt 1 1 1 1
Jr dT'e I o B T T

fT(n) dT e~ T TTH
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1 “ n
= o3 <£[1 A (1, 22,91, 92, X3, Vi) — HA+(x1,x2,y1,y2,Xi,}/;)> (5-43)

i=1

—TrTTt 1 1 1 1
fT(n) dT’e (1 + v o= yl—(wm)) (1 + Tr o= yz—(Y—‘rTT))
fT( )dTe—TYTT*

i=1 i=1

1 ° n
= 5 (()\ +9) HA+(:171,:):2,?J1>?/2,X¢,Y0 +(A=29) HA_(xl,:):Z,yl,yQ,Xi,Yi)> (5-44)

6 Mixed correlation functions and biorthogonal polyno-
mials

Let us consider two polynomial potentials V;(x) and Va(y) . Our goal is to compute the following

matrix expectation values:

My AMy Fy (7,5, My, My) e~ (A0 Va (V)01 02)
dM;y dMy e T (Vi(M1)+V2(M2)+M; Mz)

anXHn

anan (6_1)

6.1 Biorthonormal polynomials

We recall here a few elementary notions about biorthogonal polynomials. More detailed descrip-
tions can be found in particular in [22, 21, 6, 9, &, 5].

We introduce two families of polynomials p,(z) = —=2" + O0(z""), gu(y) = 7=y" +O(y""),
with the same leading coefficient \/%, and orthonormal with respect to the pairing:

(P @) = / / dz dy p,(z) g (y) e”VHOTVRWT) = 5 (6-2)

The integration path is a priori R x R, but this condition can be relaxed (see [, §]). When they
exist, the biorthonormal polynomials are uniquely determined.

Since the biorthonormal polynomials form a basis, one can decompose xp,(z) onto the basis
of ppm(z) with m < n + 1:

n+1
2pn(x) =Y Quim D7) (6-3)
m=0
and similarly:
n+1
m=0

@ and P are infinite matrices. In the case where V4 (resp. V) is a polynomial, then @ (resp. P)

is a finite band matrix.

22



We also introduce the following oo x n rectangular matrix:

which is the projector onto the n first polynomials.

6.2 Mixed correlation functions

Theorem 6.1
dM, dM, F; w/(l_"> g, My, MQ) e~ Tr (Vi(M1)+Va(Mz)+M Ms)
anan dM; dMy e=Tr (Vi (M1)+Va(Mz)+M Mz)

> U (&3] Un o (., 3) det (I, 2 A (7,3, Q, P') : 1T, ) (6-6)

anan

by putting the Q’s on the

where for any function of two variables f(&,n), we define : f(Q, P?) :
o(Z,7,&,m) is a rational function of

right of the P’s. This is always possible in this case because A
& and n.

proof:

It works as usual (see [21, 22]), by writings Vandermonde determinants as:

AX) = det () = det(/By s (60) = [T VR S0 TTwe () (69

AY) = det(v7 ) = det(y/By 10 00) = [[ VR S0 Taro ) (69)

Then, we use eqh=30, i.e.

%(,171) / dMy dM; F7r,7r’ (f7 g? M17 M2) e T (AR (M) +MLM)
Cn J2 2 H,xHp,
- I Y w it Y
i=0 pEL(R) o,T,veX(n)

/HAp xayaXi>Yu(i))pa(i)(Xi)e_V1(Xi)QTV(i)(Yu(i))e_V2(YU(i))e_XiYU(i)dXidYV(i)

- n12 H hi Z u”ﬁ ( g) Z <_1)UTV H : Aﬁ(f7 g7 Qa Pt) ‘o(3),Tv(3)

1=0 pEX(R) o,T,veES(N) i=

[y
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- Hh Z u ,p (_’ _» JH Ap 7g7Q7Pt> “i,0(1)

1=0 pEX(R) UGE(n) i=1
= H h Z u 7/7 7T P(l' y) det ( Ap(fa g>Qa Pt) : Hn—l)
pES(R)
(6-9)
[

or, using the matricial determinant defined in def 5.3k

Sot e, My dMy Fro(Z, 37, My, My) e~ T (M1 +Va(M2)£M1 M)
n X 7T7|' ) )
fH < H dM; dMy e=Tr (Vi(M1)+V2(Mz2)+M; Mz)
= (Mdet (IT,_; : MUN(Z,7,Q, P') : T, ), (6-10)
Example: with R = 1, we find:
Jtowm, AMydMy (14 Tr A —2m) e T (A1) 20 2)
Ji pp. dMy dMy e~ T (Vi(M1)+Va(M2)+ M My)
1 1
= det (H;_l (1 + y— Ptm) Hn—l) (6_11)

which is identical to what was found in [6].

7 Conclusions

In this article, we have shown that the hermitean 2-matrix model and the complex matrix model
have the same loop equations. In the gaussian case, that implies they are identical. In case the
weight is non—gaussian, the loop equations, which are recursion equations, determine all correlation
functions when some initial conditions (moduli) are fixed. The generalization of the hermitean
2-matrix model to homology classes of contours (as in [§]), allows to have any arbitrary initial
condidtions, so, there exists a choice of homology class of contours for each set of initial conditions,
i.e. for which the complex matrix model is identical to the 2-hermitean matrix model. Conversely,
the initial conditions for the complex matrix model are not fully understood yet, they depend on
how the complex matrix model is defined. If the complex matrix model is only a formal integral
defined by its large n properties as in [27, 28], initial conditions are associated to filling fractions,
and can thus be chosen arbitrarily. If the complex matrix model is defined as the result of a
convergent integral for all n, it is not known yet how to find which homology class of contours it

corresponds to.

The consequence of that identification, through diagonalization of hermitean matrices and Jor-
danization of complex matrices, yields an identity between unitary group integrals and triangular

matrices integrals, which seems to be a special case of the identification of GL,(C)/T(n) and
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the quotient of SU(n) by its Cartan subalgebra. The nature of that identification needs to be
further understood, in particular in terms of characters of both groups, and in terms of group

representation theory, in terms of Weyl’s character formula, or Harish-Chandra formulae.

The gaussian triangular matrix integrals are easily computed, and we thus get very explicit
expressions for all expectation values of the type which were studied by Shatashvili [24]. In
particular, we have provided a new proof of the Itzykson-Zuber-Harish-Chandra integral, as well
as Morozov’s integral. The key piece in this computation is that the matrices M commute
together. This fact seems to be related to some Yang-Baxter relations, and it would be interesting
to understand how.

It would be interesting also to understand these formulae in the framework of Duistermaat-
Heckman semiclassical theories [T1].

Then, we have been able to perform the integral over eigenvalues, in a way very similar to
what was done in [6], i.e. in terms of n X n determinants. It would then be interesting to rewrite

these n x n determinants in terms of determinants of size independent of n, using kernels, as it is
known for non-mixed expectations values (see [2, B, [16]).
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stimulating discussions. One of the authors (B.E.) wants to thank the european network Enigma
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Appendix A (Gaussian integrals

Let § = ajan — 2.

Real integrals:
2m

dx dy e—(%ﬁ—k%f—i—vw) — (1_1)
/R><R \/S

fR N dz dy :)skyl o~ (Fa?+2y> +yay)
X

(a2 +Fy +yy)
Jaug drdye= 3

= 0 if £+11isodd

/ dX dY o T XTHEYENY) (Q_W) (1-3)
Dn(R)X Dn(R) Vo
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Complex integrals:

/ dr e—(%x2+%§2+7mf) _ n (1_4)
C

g2y 0272
fdxxme( + =272 +727T)

= 0 if £+ 1is odd
Jo dre” (5L 224+ 272 +yaT) Lrtilso

- (5 () ()
- (5 ()

(1-5)

dX e_Tr(%X%%YzﬂXY) — <_7T ) (1-6)
/Dnm) V=0

Lemma A.1 Let w(X,Y), be a polynomial in all its variables Xy, ..., X, and Y1,...,Y,, one

bl

has:

dX dY w(X,Y) e~ T (FX2HFY2XY) fD X W(X, ) e ™ (AL X242 X% 47X X)

dX dY e~ T (FX2+ZV249XY) fDn AX o= Tr (B X2+ 32X 4y XX)
(1-7)

fDn(R)xD

fDn (R)xDn(R)

proof:
Egs and show that it is true for n = 1. By decomposing w into monomials, the integral
decouples into a product of n = 1 type integrals. [

Appendix B Some Commutations

Theorem B.1 The matriz MY (Z, 7, &, 1) commutes with the matriz A(Z, i) defined by:

Aﬂ,ﬂ(f7 ?7) = Z TiYr (i)
,7) =1 if 7'~ = transposition (2-1)
Ao ( ,y_') =0 otherwise

Theorem B.2 The matrices A*P(Z,7) defined by:

1 1
A:77ﬁr’(f7 g) = J , (o (57r i),7! (i + )
; ﬁ()g (4),7' (2) Ta — T Y5 — Ynt)
1 B 5/3771"(06) 1 1
t— - I (brorer + ————
(xa xﬂfl(ﬁ))(yﬁ yw(a)) Lo = TiYg — Yn(i)

)
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commute together for all o, 3. They also commute with M(Z,y,&,n) and with A(Z,¥)

(2-2)

—

One has: .
MB(E G &m) =1+ “A(Z,7) (2-3)
; (€ = za)(n —¥5)
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