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COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDSA.S. CATTANEO AND M. ZAMBONAbstra
t. We 
onsider existen
e and uniqueness of two kinds of 
oisotropi
 embeddingsand dedu
e the existen
e of deformation quantizations of 
ertain Poisson algebras of basi
fun
tions. First we show that any submanifold of a Poisson manifold satisfying a 
ertain
onstant rank 
ondition, already 
onsidered by Calvo and Fal
eto [4℄, sits 
oisotropi
allyinside some larger 
osymple
ti
 submanifold, whi
h is naturally endowed with a Pois-son stru
ture. Then we give 
onditions under whi
h a Dira
 manifold 
an be embedded
oisotropi
ally in a Poisson manifold, extending a 
lassi
al theorem of Gotay.
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1. Introdu
tionThe following two results in symple
ti
 geometry are well known. First: a submanifold Cof a symple
ti
 manifold (M,Ω) is 
ontained 
oisotropi
ally in some symple
ti
 submanifoldof M i� the pullba
k of Ω to C has 
onstant rank. Se
ond: a manifold endowed with a
losed 2-form ω 
an be embedded 
oisotropi
ally into a symple
ti
 manifold (M,Ω) so that
i∗Ω = ω (where i is the embedding) i� ω has 
onstant rank [14℄. In this work we extendthese results to the setting of Poisson geometry.Part of the motivation 
omes from appli
ations of the Poisson sigma model to quantizationproblems. The Poisson sigma model is a topologi
al �eld theory, whose �elds are bundlemaps from TΣ (for Σ a surfa
e) to the 
otangent bundle T ∗P of a Poisson manifold (P,Π).It was used by Felder and the �rst author [8℄ to derive and interpret Kontsevi
h's formalitytheorem and his star produ
t on the Poisson manifold P . The Poisson sigma model with1
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COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 2boundary 
onditions on a 
oisotropi
1 submanifold C, when suitable assumptions on Care satis�ed and P is assumed to be an open subset of R
n, provides [9℄ a deformationquantization of the Poisson algebra of basi
 (invariant) fun
tions C∞

bas(C) on C, i.e. ofthe fun
tions on C whose di�erentials annihilate the distribution ♯N∗C. This result wasglobalized using a supergeometri
 version of Kontsevi
h's formality theorem [10℄: whenthe �rst and se
ond 
ohomology of the Lie algebroid N∗C vanish, for C a 
oisotropi
submanifold of any Poisson manifold P , the Poisson algebra C∞
bas(C) admits a deformationquantization. Noti
e that the quotient of C by the distribution ♯N∗C is usually not a smoothmanifold. Hen
e C∞

bas(C) is usually not the algebra of fun
tions on any Poisson manifold,and one 
an not apply dire
tly Kontsevi
h's theorem [15℄ on deformation quantization ofPoisson manifolds.Calvo and Fal
eto 
onsidered the Poisson sigma model with boundary 
onditions on sub-manifolds of (P,Π) more general than the 
oisotropi
 ones, namely submanifolds C forwhi
h TC + ♯N∗C has 
onstant rank. They 
all this 
ondition �strong regularity�, and wewill refer to su
h submanifolds as pre-Poisson. Calvo and Fal
eto show [5℄ that when P isan open subset of R
n the problem of deformation quantizing the Poisson algebra of basi
fun
tions on C 
an be redu
ed to the results of [9℄, hen
e the algebra of basi
 fun
tions
an be deformation quantized when assumptions analog to those of [9℄ are satis�ed. The
omputations in [5℄ are 
arried out 
hoosing lo
al 
oordinates on P adapted to C. Thestrong regularity 
ondition allows to 
hoose lo
ally 
onstraints for C su
h that the numberof �rst 
lass 
onstraints (Xµ whose Poisson bra
ket with all other 
onstrains vanish on C)and se
ond 
lass 
onstraints (the remaining 
onstraints XA, whi
h automati
ally satisfy

det{XA,XB} 6= 0 on C) be 
onstant along C. Setting the se
ond 
lass 
onstraints XA tozero lo
ally gives a submanifold with an indu
ed Poisson stru
ture, and the fa
t that only�rst 
lass 
onstraints are left means that C lies in it as a 
oisotropi
 submanifold.In the �rst part of this paper (se
tions 3- 6) we 
onsider the natural question of whetherone 
an 
arry out the above pro
edure globally, i.e. without resorting to adapted 
oordi-nates. More generally we ask the following question:
• Given an arbitrary submanifold C of a Poisson manifold (P,Π), under what 
ondi-tions does there exist some submanifold P̃ ⊂ P su
h thata) P̃ has a Poisson stru
ture indu
ed from Πb) C is a 
oisotropi
 submanifold of P̃?When the submanifold P̃ exists, is it unique up to neighborhood equivalen
e, (i.e.up to a Poisson di�eomorphism on a tubular neighborhood whi
h �xes C)?We answer the question giving su�
ient 
onditions and ne
essary 
onditions in se
tion 5,where we also provide examples. In parti
ular, we answer the above globalization questionpositively for pre-Poisson submanifolds in se
tion 3: for any pre-Poisson submanifold C ofa Poisson manifold P there is a submanifold P̃ whi
h is 
osymple
ti
 (and hen
e has a
anoni
ally indu
ed Poisson stru
ture) su
h that C lies 
oisotropi
ally in P̃ . Further (se
-tion 4) this 
osymple
ti
 submanifold is unique up to neighborhood equivalen
e. Then inse
tion 6 we dedu
e statements about the algebra of basi
 fun
tions on C and its defor-mation quantization: if C is a pre-Poisson submanifold so that the �rst and se
ond Liealgebroid 
ohomology of N∗C ∩ ♯−1TC vanish, then the Poisson algebra of basi
 fun
tionson C admits a deformation quantization. Finally in se
tion 7, assuming that the symple
ti
1 Re
all that a submanifold C of P is 
oisotropi
 if ♯N∗C ⊂ TC, where N∗C = TC◦ is the 
onormalbundle of C and ♯ : T ∗P → TP is 
ontra
tion with the bive
tor Π.



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 3groupoid Γs(P ) of P exists, we des
ribe two subgroupoids (an isotropi
 and a presymple
ti
one) naturally asso
iated to a pre-Poisson submanifold C of P .The se
ond part of this paper (se
tions 8 and 9) deals with a di�erent embedding problem,where we start with an abstra
t manifold instead of a submanifold of some Poisson manifold.The question we ask is:
• Let (M,L) be a Dira
 manifold. Is there an embedding i : (M,L) → (P,Π) into aPoisson manifold su
h thata) i(M) is a 
oisotropi
 submanifold of Pb) the Dira
 stru
ture L is indu
ed by the Poisson stru
ture Π?Is su
h embedding unique up to neighborhood equivalen
e?In the symple
ti
 setting it is a 
lassi
al theorem of Gotay [14℄ that both existen
e anduniqueness hold. One motivation for this question is the deformation quantization of thePoisson algebra of so-
alled admissible fun
tions on (M,L), for a 
oisotropi
 embedding asabove allows to redu
e the problem to [10℄, i.e. to the deformation quantization of the basi
fun
tions on a 
oisotropi
 submanifold of a Poisson manifold.It turns out (se
tion 8) that the above question admits a positive answer iff the distri-bution L ∩ TM on the Dira
 manifold M is regular. In that 
ase one expe
ts the Poissonmanifold P̃ to be unique (up to a Poisson di�eomorphism �xing M), provided P̃ has mini-mal dimension. We are not able to prove this global uniqueness; we 
an just show in se
tion9 that the Poisson ve
tor bundle T P̃ |M is unique (an in�nitesimal statement along M) andthat around ea
h point of M a small neighborhood of P̃ is unique (a lo
al statement). Weremark that A. Wade [18℄ has been 
onsidering similar questions too. Our result about de-formation quantization is the following (Thm. 8.5): let (M,L) be a Dira
 manifold su
h that

L∩TM has 
onstant rank, and denote by F the regular foliation integrating L∩TM . If the�rst and se
ond foliated de Rham 
ohomologies of the foliation F vanish then the Poissonalgebra of admissible fun
tions on (M,L) has a deformation quantization. In Remark 8.6 wealso noti
e that the foliated de Rham 
ohomology Ω•
F(M) admits the stru
ture of an L∞-algebra, generalizing a result of Oh and Park in the presymple
ti
 setting (Thm. 9.4 of [16℄).Conventions: We use the term �presymple
ti
 manifold� to denote a manifold endowedwith a 
losed 2-form of 
onstant rank, i.e. su
h that its kernel have 
onstant rank. Howeverwe sti
k to the denominations �presymple
ti
 groupoid� 
oined in [2℄ and �presymple
ti
leaves� (of a Dira
 manifold) despite the fa
t that the 2-forms on these obje
ts do not have
onstant rank, for these denominations seem to be established in the literature.A
knowledgements: As M.Z. was a graduate student Marius Craini
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ussed in se
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e resultsobtained in the same se
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COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 42. Basi
 definitionsWe will use some notions from Dira
 linear algebra [12℄ [3℄. A Dira
 stru
ture on ave
tor spa
e P is a subspa
e L ⊂ P ⊕ P ∗ whi
h is maximal isotropi
 w.r.t. the naturalsymmetri
 inner produ
t on P ⊕ P ∗ (i.e. L is isotropi
 and has same dimension as P ). ADira
 stru
ture L spe
i�es a subspa
e O, de�ned as the image of L under the proje
tion
P ⊕ P ∗ → P , and a skew-symmetri
 bilinear form ω on O, given by ω(X1,X2) = 〈ξ1,X2〉where ξ1 is any element of P ∗ su
h that (X1, ξ1) ∈ L. The kernel of ω (whi
h in terms of Lis given as L ∩ P ) is 
alled 
hara
teristi
 subspa
e. Conversely, any 
hoi
e of bilinear formde�ned on a subspa
e of P determines a Dira
 stru
ture on P . Given this equivalen
e, wewill sometimes work with the bilinear form ω on O instead of working with L.We 
onsider now Poisson ve
tor spa
es (P,Π) (i.e. Π ∈ ∧2P ; we denote by ♯ : P ∗ → Pthe map indu
ed by 
ontra
tion with Π). The Poisson stru
ture on P is en
oded by theDira
 stru
ture LP = {(♯ξ, ξ) : ξ ∈ P ∗}. The image of LP under the proje
tion onto the�rst fa
tor is O = ♯P ∗, and the bilinear form ω is non-degenerate.Remark 2.1. We re
all that any subspa
e W of a Dira
 ve
tor spa
e (P,L) has an indu
edDira
 stru
ture LW ; the bilinear form 
hara
terizing LW is just the pullba
k of ω (hen
eit is de�ned on W ∩ O). When (P,Π) is a
tually a Poisson ve
tor spa
e, one shows2 thatthe symple
ti
 orthogonal of W ∩ O in (O, ω) is ♯W ◦. Hen
e ♯W ◦ ∩W is the kernel of therestri
tion of ω to W ∩ O, i.e. it is the 
hara
teristi
 subspa
e of the Dira
 stru
ture LW ,and we will refer to it as the 
hara
teristi
 subspa
e of W. Noti
e that pulling ba
k Dira
stru
ture is fun
torial [3℄ (i.e. if W is 
ontained in some other subspa
e W ′ of P , pullingba
k L �rst to W ′ and then to W gives the Dira
 stru
ture LW ), hen
e LW , along with the
orresponding bilinear form and 
hara
teristi
 subspa
e, is intrinsi
 to W .Let W be a subspa
e of the Poisson ve
tor spa
e (P,Π). W is 
alled 
oisotropi
 if
♯W ◦ ⊂W , whi
h by the above means that W ∩ O is 
oisotropi
 in (O, ω).
W is 
alled Poisson-Dira
 subspa
e [13℄ when ♯W ◦ ∩W = {0}; equivalent 
onditions arethat W ∩ O be a symple
ti
 subspa
e of (O, ω) or that the pullba
k Dira
 stru
ture LP
orrespond to a Poisson bive
tor on W .
W is 
alled 
osymple
ti
 subspa
e if ♯W ◦⊕W = P , or equivalently if the pushforward of

Π via the proje
tion P → P/W is an invertible bive
tor. Noti
e that if W is 
osymple
ti
then it has a 
anoni
al 
omplement ♯W ◦ whi
h is a symple
ti
 subspa
e of (O, ω). Clearly a
osymple
ti
 subspa
e is automati
ally a Poisson-Dira
 subspa
e, and the Poisson bive
toron W 
an be expressed in a parti
ularly simple way [13℄: its sharp map ♯W : W ∗ → W isgiven by ♯W ξ̃ = ♯ξ, where ξ ∈ P ∗ is the extension of ξ̃ whi
h annihilates ♯W ◦.Now we pass to the global de�nitions. A Dira
 stru
ture on P is a maximal isotropi
subbundle L ⊂ TP⊕T ∗P whi
h is 
losed under the so-
alled Courant bra
ket (see [12℄). Theimage of L under the proje
tion onto the �rst fa
tor is an integrable singular distribution,whose leaves (whi
h are 
alled presymple
ti
 leaves) are endowed with 
losed 2-forms. APoisson stru
ture on P is a bive
tor Π su
h that [Π,Π] = 0. Coisotropi
 and 
osymple
ti
submanifolds of a Poisson manifold are de�ned exa
tly as in the linear 
ase; a Poisson-Dira
2Indeed, writing ve
tors in O as ♯ξ for some ξ ∈ P ∗, one sees that the symple
ti
 orthogonal of W ∩ Ois ♯(W ∩ O)◦. This spa
e 
oin
ides with ♯W ◦ be
ause their respe
tive annihilators ♯−1(W ∩ O) and ♯−1W
oin
ide.



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 5submanifold additionally requires that the bive
tor indu
ed on the submanifold by the point-wise 
ondition be smooth [13℄. Cosymple
ti
 submanifolds are automati
ally Poisson-Dira
submanifolds3. The Poisson bra
ket on a 
osymple
ti
 submanifold P̃ of (P,Π) is 
omputedas follows: {f̃2, f̃2}P̃ is the restri
tion to P̃ of {f1, f2}, where the fi are extensions of f̃i to
P su
h that dfi|♯N∗P̃ = 0 (for at least one of the two fun
tions).We will also need a de�nition whi
h does not have a linear algebra 
ounterpart.De�nition 2.2. A submanifold C of a Poisson manifold (P,Π) is 
alled pre-Poisson if therank of TC + ♯N∗C is 
onstant along C.Calvo and Fal
eto already 
onsidered [4℄[5℄ su
h submanifolds and 
alled them �stronglyregular submanifolds�. We prefer to 
all them �pre-Poisson� be
ause when P is a symple
ti
manifold they redu
e to presymple
ti
 submanifolds4. See Se
tion 5 for several examples.3. Existen
e of 
oisotropi
 embeddings for pre-Poisson submanifoldsIn this se
tion we 
onsider the problem of embedding a submanifold of a Poisson manifold
oisotropi
ally in a Poisson-Dira
 submanifold, and show that this 
an be always done forpre-Poisson submanifolds.We start with some linear algebra. Given a subspa
e C of (P,Π), we want to determinethe subspa
es P̃ su
h that P̃ ⊂ (P,Π) is Poisson-Dira
 and C ⊂ (P̃ , LP̃ ) is 
oisotropi
.We want to use the 
hara
terization given in se
tion 2 of Poisson-Dira
 and 
oisotropi
subspa
es in terms of the 
orresponding bilinear forms, hen
e we need a statement aboutsymple
ti
 ve
tor spa
es.Lemma 3.1. Let (O, ω) be a symple
ti
 ve
tor spa
e and D any subspa
e. Then the sym-ple
ti
 subspa
es of O in whi
h D sits 
oisotropi
ally are exa
tly those of the form R′ ⊕D,where R′ is su
h that R′ ⊕ (D +Dω) = O. Here Dω denotes the symple
ti
 orthogonal to
D.Proof. First we show that a subspa
e R′ ⊕D as above is symple
ti
. Noti
e that R ∩ (D+
Dω) = {0} implies that (R′⊕D)∩(D+Dω) is 
ontained in (hen
e equal to) D∩(D+Dω) =
D. Hen
e

(R′ ⊕D) ∩ (R′ ⊕D)ω = ((R′ ⊕D) ∩Dω) ∩R′ω = (D ∩Dω) ∩R′ω,and this is zero be
ause its symple
ti
 orthogonal is Dω +D+R′, whi
h we assumed to bethe whole of O. Next we show that D is 
oisotropi
 in R′ ⊕D: D ∩Dω is surely 
ontainedin the symple
ti
 orthogonal of D in R′ ⊕D, and by dimension 
ounting we see that it isthe whole symple
ti
 orthogonal.Conversely let us 
onsider a symple
ti
 subspa
e of O in whi
h D sits 
oisotropi
ally; wewrite this subspa
e as R′ ⊕D for some R′. By the 
oisotropi
ity 
ondition (R′ ⊕D) ∩Dω,3Indeed the bive
tor indu
ed on a 
osymple
ti
 submanifold P̃ is always smooth: denote by LP theDira
 stru
ture 
orresponding to the Poisson stru
ture on P and by LP̃ its pullba
k to P̃ . LP̃
∼= LP ∩

(T P̃ ⊕T ∗P )/LP ∩({0}⊕N∗P̃ ) (see [12℄), and both numerator and denominator have 
onstant rank be
ause
LP ∩ ({0} ⊕ N∗P̃ ) = ker♯|N∗P̃ = {0}.4Further reasons are the following: the subgroupoid asso
iated to a pre-Poisson manifold, when it exists,is presymple
ti
 (see Prop. 7.5). The Hamiltonian version of the Poisson Sigma Model with boundary
onditions on P (at t = 0) and on a submanifold C (at t = 1) delivers a spa
e of solutions whi
h ispresymple
ti
 iff C is pre-Poisson.



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 6the symple
ti
 orthogonal of D in R′ ⊕D, is 
ontained in D. This has two 
onsequen
es:�rst, using the fa
t that R′ ⊕D is a symple
ti
 subspa
e,
{0} = ((R′ ⊕D) ∩Dω) ∩R′ω = (D ∩Dω) ∩R′ω,whi
h taking symple
ti
 orthogonals gives O = R′ + (D + Dω). Se
ond, this last sum isdire
t be
ause dimR′ = dim(D ∩Dω) = codim(D +Dω). �Lemma 3.2. Let (P,Π) be a Poisson ve
tor spa
e and C a subspa
e. The Poisson-Dira
subspa
es of P in whi
h C sits 
oisotropi
ally are exa
tly those of the form R⊕C, where Ris su
h that

R⊕ (C + ♯C◦) ⊃ O,(1)where O = ♯P ∗. Among the Poisson-Dira
 subspa
es above the 
osymple
ti
 ones are exa
tlythose of maximal dimension, i.e. those for whi
h R⊕ (C + ♯C◦) = P .Proof. Noti
e that the symple
ti
 subspa
es determined in Lemma 3.1 
an be des
ribed(without making a 
hoi
e of 
omplement to D) as those whose sum with D + Dω is thewhole of O and whose interse
tion with D +Dω is D. Hen
e5 the Poisson-Dira
 subspa
es
P̃ of P that 
ontain C as a 
oisotropi
 subspa
e are 
hara
terized by

(P̃ ∩ O) + ((C ∩ O) + ♯C◦) ≡ (P̃ ∩ O) + ♯C◦ !
= O.(2)

(P̃ ∩ O) ∩ ((C ∩ O) + ♯C◦) ≡ P̃ ∩ ((C ∩ O) + ♯C◦)
!
= C ∩ O(3)The equality (2) is really (P̃ ∩ O) + ♯C◦ ⊃ O and is equivalent6 to P̃ + ♯C◦ ⊃ O. For any
hoi
e of splitting P̃ = R⊕ C this just means R+ (C + ♯C◦) ⊃ O.The equality (3) is really P̃∩((C∩O)+♯C◦) ⊂ C∩O and is equivalent7 to P̃∩(C+♯C◦) ⊂

C. For any 
hoi
e of splitting P̃ = R ⊕ C this in
lusion means8 to R ∩ (C + ♯C◦) = {0}.This proves the �rst part of the Lemma.Now let P̃ = R ⊕ C satisfy eq. (1); in parti
ular P̃ is Poisson-Dira
. By dimension
ounting P̃ is 
osymple
ti
 iff the restri
tion of ♯ to P̃ ◦ is inje
tive, i.e. iff P̃ ◦ ∩ O◦ = {0}or P̃ +O = P . This is equivalent to P̃ + ♯C◦ = P : the dire
tion �⇒� follows using eq. (1),the reverse dire
tion simply be
ause ♯C◦ ⊂ O. �Now we pass from linear algebra to global geometry. Given a submanifold C of a Poissonmanifold P , one might try to 
onstru
t a Poisson-Dira
 submanifold in whi
h C embeds
oisotropi
ally applying the 
orresponding symple
ti
 
ontru
tion �leaf by leaf� in a smoothway. In view of Lemma 3.1 it would be then natural to require that the 
hara
teristi
�distribution� TC ∩ ♯N∗C of C have 
onstant rank. However this approa
h generally doesnot work be
ause even when it has 
onstant rank TC ∩ ♯N∗C might not be smooth (seeexample 5.4). Lemma 3.2 suggests instead to require that C be pre-Poisson and extend Cnot only �along the symple
ti
 leaves of P �.5Here we use the 
hara
terization of subspa
es of (P, Π) in terms of their interse
tions with O, see se
tion2. 6The dire
tion �⇒� is 
lear. The other dire
tion follows be
ause if v ∈ O is written as the sum of anelement vP̃ of P̃ and an element v♯C◦ of ♯C◦, then vP̃ = v − v♯C◦ ∈ O.7The �⇐� dire
tion follows be
ause the r.h.s. implies that P̃ ∩ ((C ∩O) + ♯C◦) is 
ontained in C, and itis 
learly 
ontained in O too. For the dire
tion �⇒�, write an element v of P̃ ∩ (C + ♯C◦) as the sum of anelement vC of C and an element v♯C◦ of ♯C◦; be
ause of C ⊂ P̃ we have v♯C◦ = v − vC ∈ P̃ , so using thel.h.s. (i.e. eq. (3)) we get v♯C◦ ∈ C ∩O. Hen
e v, as the sum of two elements of C, lies in C.8The dire
tion �⇒� is 
lear. The other dire
tion follows by taking a ve
tor v ∈ (R⊕C)∩ (C + ♯C◦) andwriting it as vR ⊕ vC . Then vR ∈ C + ♯C◦, so it follows by the r.h.s. that vR = 0, hen
e v = vC ∈ C.



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 7Theorem 3.3. Let C be a pre-Poisson submanifold of a Poisson manifold (P,Π). Thenthere exists a 
osymple
ti
 submanifold P̃ 
ontaining C su
h that C is 
oisotropi
 in P̃ .Proof. Be
ause of the rank 
ondition on C we 
an 
hoose a smooth subbundle R of TP |Cwhi
h is a 
omplement to TC + ♯N∗C. Then by Lemma 3.2 at every point p of C wehave that TpC ⊕ Rp is a 
osymple
ti
 subspa
e of TpP in whi
h TpC sits 
oisotropi
ally.�Thi
ken� C to a smooth submanifold P̃ of P satisfying T P̃ |C = TC ⊕ R. If we 
an showthat, in a neighborhood of C, P̃ is a 
osymple
ti
 submanifold, then we are done.First we show that at points p near C the restri
tion of ♯ to N∗
p P̃ is inje
tive. By theproof of Lemma 3.2 we know that this is equivalent to TpOp + TpP̃ = TpP (where Op thesymple
ti
 leaf of P through p) and that it is true if p belongs to C. The 
ase p /∈ Cis redu
ed to this using Weinstein's lo
al stru
ture theorem [19℄ whi
h states that, nearany q ∈ C, P is isomorphi
 (as a Poisson manifold) to the produ
t of the symple
ti
 leaf

Oq and a Poisson manifold whose bive
tor vanishes at q. Under this isomorphism TqOq
an be identi�ed with a subspa
e of TpOp, hen
e from TOq + T P̃ = TP at q we dedu
e
TOp + T P̃ = TP at p. So we showed that the restri
tion of ♯ to N∗P̃ is inje
tive, hen
e
♯N∗P̃ is a smooth 
onstant rank subbundle of TP . The rank of T P̃ ∩ ♯N∗P̃ , whi
h is theinterse
tion of two smooth subbundles, 
an lo
ally only de
rease, and sin
e it is zero along Cit is zero also in a neighborhood of C. By dimension 
ounting we dedu
e T P̃ ⊕♯N∗P̃ = TP ,i.e. P̃ is 
osymple
ti
. �Remark 3.4. The above proposition says that if C is pre-Poisson then we 
an 
hoose asubbundle R over C with �bers as in eq. (1) and �extend� C in dire
tion of R to obtaina Poisson-Dira
 submanifold of P 
ontaining C 
oisotropi
ally. If C is not a pre-Poissonsubmanifold of (P,Π), we might still be able to �nd a smooth bundle R over C 
onsisting ofsubspa
es as in eq. (1). However �extending� C in dire
tion of this subbundle will usuallynot give a submanifold with a smooth Poisson-Dira
 stru
ture, see Example 5.7 below.Corollary 3.5. Let C, P̃ be as in Thm. 3.3. The map T ∗P̃ → T ∗P given by the splitting
T P̃ ⊕ ♯N∗P̃ = TP is a Lie algebroid map. Further TC + ♯N∗C = TC ⊕ ♯N∗P̃ .Proof. Re
all that a Lie-Dira
 submanifold of a Poisson manifold P is one for whi
h thereexists a subbundle E 
ontaining ♯N∗M su
h that E ⊕ TM = TP and su
h that the in-du
ed map T ∗M → T ∗P be a Lie algebroid map. By Cor. 2.11 of [20℄ any 
osymple
ti
submanifold P̃ is automati
ally Lie-Dira
 with E = ♯N∗P̃ .To prove TC + ♯N∗C = TC ⊕ ♯N∗P̃ we noti
e that the in
lusion �⊃� is obvious be
ause
C ⊂ P̃ . The other in
lusion follows by dimension 
ounting or by the following argument:write any ξ ∈ N∗C uniquely as ξ1 + ξ2 where ξ1 annihilates ♯N∗P̃ and ξ2 annihilates T P̃ .Then ♯ξ1 = ♯̃(ξ1|T P̃ ) ∈ TC, where ♯̃ denotes the sharp map of P̃ , sin
e C is 
oisotropi
 in
P̃ . Hen
e ♯ξ = ♯ξ1 + ♯ξ2 ∈ TC ⊕ ♯N∗P̃ , and �⊂� follows. Finally, we have a dire
t sum in
TC ⊕ ♯N∗P̃ be
ause ♯N∗P̃ ∩ T P̃ = {0} and C ⊂ P̃ . �Now we dedu
e 
onsequen
es about Lie algebroids. See se
tion 7 for the 
orrespondingintegrated statement.Proposition 3.6. Let C be a submanifold of a Poisson manifold (P,Π). Then N∗C∩♯−1TCis a Lie subalgebroid of T ∗P iff C is pre-Poisson. Further, for any 
osymple
ti
 submanifold
P̃ in whi
h C sits 
oisotropi
ally, N∗C ∩ ♯−1TC is isomorphi
 as a Lie algebroid to theannihilator of C in P̃ .



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 8Proof. At every point N∗C ∩ ♯−1TC is the annihilator of TC + ♯N∗C, so it is a ve
torbundle iff C is pre-Poisson. So assume that C be pre-Poisson. We saw in Corollary 3.5 thatfor any 
osymple
ti
 submanifold P̃ 
onstru
ted as in Thm. 3.3, the natural Lie algebroidembedding T ∗P̃ → T ∗P is obtained by extending a 
ove
tor in T ∗P̃ so that it annihilates
♯N∗P̃ . By the same 
orollary TC+♯N∗C = TC⊕♯N∗P̃ . Hen
e N∗

P̃
C, the 
onormal bundleof C in P̃ , is mapped isomorphi
ally onto (TC⊕♯N∗P̃ )◦ = (TC+♯N∗C)◦ = N∗C∩♯−1TC.Sin
e N∗

P̃
C is a Lie subalgebroid of T ∗P̃ [7℄, we are done. �Remark 3.7. The fa
t that N∗C ∩ ♯−1TC is a Lie algebroid if C is pre-Poisson 
an alsobe dedu
ed as follows. The Lie algebra (F ∩ I)/I2 forms a Lie-Rinehart algebra over the
ommutative algebra C∞(P )/I, where I is the vanishing ideal of C and F its Poisson-normalizer in C∞(P ). Lemma 1 of [4℄ states that C being pre-Poisson is equivalent to

N∗C ∩ ♯−1TC being spanned by di�erentials of fun
tions in F ∩ I. From this one dedu
eseasily that (F ∩ I)/I2 is identi�ed with the se
tions of N∗C ∩ ♯−1TC, and sin
e C∞(P )/Iare just the smooth fun
tions on C we dedu
e that N∗C ∩ ♯−1TC is a Lie algebroid over C.4. Uniqueness of 
oisotropi
 embeddings for pre-Poisson submanifoldsGiven a submanifold C of a Poisson manifold (P,Π) in this se
tion we investigate theuniqueness (up Poisson di�eomorphisms �xing C) of 
osymple
ti
 submanifolds in whi
h Cis embedded 
oisotropi
ally.This lemma tells us that we need 
onsider only the 
ase that C be pre-Poisson and the
onstru
tion of Thm. 3.3:Lemma 4.1. A submanifold C of a Poisson manifold (P,Π) 
an be embedded 
oisotropi
allyin a 
osymple
ti
 submanifold P̃ iff it is pre-Poisson. In this 
ase all su
h P̃ are 
onstru
ted(in a neighborhood of C) as in Thm. 3.3.Proof. In Thm. 3.3 we saw that given any pre-Poisson submanifold C, 
hoosing a smoothsubbundle R with R ⊕ (TC + ♯N∗C) = TP |C and �thi
kening� C in dire
tion of R gives asubmanifolds P̃ with the required properties.Now let C be any submanifold embedded 
oisotropi
ally in a 
osymple
ti
 submanifold P̃ .By Lemma 3.2, for any 
omplement R of TC in T P̃ |C we have R⊕ (TC + ♯N∗C) = TP |C .This has two 
onsequen
es: �rst the rank of TC + ♯N∗C must be 
onstant, 
on
ludingthe proof of the �iff� statement of the lemma. Se
ond, it proves the �nal statement of thelemma. �When C is a point {x} then P̃ as above is a sli
e transverse to the symple
ti
 leaf through
x (see Ex. 5.1) and P̃ is unique up Poisson di�eomorphism by Weinstein's splitting theorem(Lemma 2.2 in [19℄; see also Thm. 2.16 in [17℄). A generalization of its proof givesProposition 4.2. Let P̃0 be a 
osymple
ti
 submanifold of a Poisson manifold P and
π : U → P̃0 a proje
tion of some tubular neighborhood of P̃0 onto P̃0. Let P̃t, t ∈ [0, 1],be a smooth family of 
osymple
ti
 submanifolds su
h that all P̃t are images of se
tions of
π. Then, for t 
lose enough to zero, there are Poisson di�eomorphisms φt mapping opensets of P̃0 to open sets of P̃t.Remark 4.3. Sin
e ea
h P̃t is 
osymple
ti
 it has a 
anoni
al transverse dire
tion given by
♯N∗P̃t. The family of di�eomorphisms φt 
an be 
onstru
ted9 so that the 
urve t 7→ φt(y)(for y ∈ P̃0) is tangent to ♯N∗P̃t at time t.9To a
hieve this just 
hoose Ht in the proof so that it vanishes on P̃t.
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t, whose straightforward proof we omit: let P̃t, t ∈ [0, 1],be a smooth family of submanifold of a manifold U , and Yt a time-dependent ve
tor �eldon U . Then Y + ∂
∂t

(
onsidered as a ve
tor �eld on U × [0, 1]) is tangent to the submanifold⋃
t∈[0,1](P̃t, t) iff for ea
h t̄ and ea
h integral 
urve γ of Yt in U with γ(t̄) ∈ P̃t̄ we have

γ(t) ∈ P̃t (at all times where γ is de�ned).Denote by st the se
tion of π whose image is P̃t. We will be interested in time-dependentve
tor �elds Yt on U su
h that for all t̄ and y ∈ P̃t̄(4) Yt̄(y) = st̄∗(π∗Yy) +
d

dt
|t̄st(π(y)).We 
laim that, for su
h a ve
tor �eld, (Y + ∂

∂t
) will be tangent to ⋃

t∈[0,1](P̃t, t). Indeed
(Y +

∂

∂t
)(y, t̄) = Yt̄(y) +

∂

∂t
(5)

= st̄∗(π∗Yy) +
d

dt
|t̄st(π(y)) +

∂

∂t
.(6)Sin
e st̄∗(π∗Yy) is tangent to (P̃t̄, t̄), and d

dt
|t̄st(π(y)) + ∂

∂t
is the velo
ity at time t̄ of the
urve (st(π(y)), t), the 
laimed tangen
y follows. Hen
e by the fa
t re
alled in the �rstparagraph we dedu
e that the �ow φt of Yt takes points y of P̃0 to P̃t̄ (if φt(y) is de�neduntil time t̄).So we are done if we realize su
h Yt as the hamiltonian ve
tor �elds of a smooth familyof fun
tions Ht on U . For ea
h �xed t̄, eq. (4) for Yt̄ is just a 
ondition on the verti
al10
omponent of Yt̄ at points of P̃t̄, and the latter is determined exa
tly by the e�e
t of Yt̄ onfun
tions f vanishing on P̃t̄. We have

Yt̄(f) = XHt̄
(f) = −dHt̄(♯df),and the restri
tion of ♯ to N∗P̃t̄ is inje
tive be
ause P̃t̄ is 
osymple
ti
. Together we obtainthat spe
ifying the verti
al 
omponent of XHt̄

at points of P̃t̄ is equivalent to spe
ifyingthe derivative of Ht̄ in dire
tion of ♯N∗P̃t̄, whi
h is transverse to P̃t̄. We 
an 
learly �nd afun
tion Ht̄ satisfying the required 
onditions on its derivative at P̃t̄ . Choosing Ht smoothlyfor every t we 
on
lude that the ve
tor �eld XHt will satisfy eq. (4), hen
e its �ow φt, whi
hobviously 
onsists of Poisson di�eomorphisms, will take P̃0 (or rather any subset of it onwhi
h the �ow is de�ned up to time t̄) to P̃t̄. �Now we are ready to prove the uniqueness of P̃ :Theorem 4.4. Let C be a pre-Poisson submanifold (P,Π), and P̃0, P̃1 
osymple
ti
 sub-manifolds that 
ontain C as a 
oisotropi
 submanifold. Then, shrinking P̃0 and P̃1 to asmaller tubular neighborhood of C if ne
essary, there is a Poisson di�eomorphism Φ from
P̃0 to P̃1 whi
h is the identity on C.Proof. In a neighborhood U of P̃0 take a proje
tion π : U → P̃0; 
hoose it so that at pointsof C ⊂ P̃0 the �bers of π are tangent to ♯N∗P̃0|C . For i = 0, 1 make some 
hoi
es of maximaldimensional subbundles Ri satisfying eq. (1) to write T P̃i|C = TC ⊕Ri, and join R0 to R1by a smooth 
urve of subbundles Rt satisfying eq. (1) (there is no topologi
al obstru
tionto this be
ause R0 and R1 are both 
omplements to the same subbundle TC + ♯N∗C). ByThm. 3.3 we obtain a 
urve of 
osymple
ti
 submanifolds P̃t, whi
h moreover by Cor. 3.5at points of C are all transverse to ♯N∗P̃0|C , i.e. to the �bers of π.10Verti
al w.r.t. the splitting TyP = TyP̃t̄ ⊕ keryπ∗.
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e we are in the situation of Prop.4.2, whi
h allows us to 
onstru
t a Poisson di�eo-morphism from P̃0 to P̃t for small t. Sin
e M ⊂ P̃t for all t, in the proof of Prop.4.2 we havethat the se
tions st are trivial on M , hen
e by eq. (4) the verti
al part of XHt at pointsof M ⊂ P̃t is zero. Choosing Ht to vanish on P̃t we obtain, XHt = 0 at points of M ⊂ P̃t.From this we dedu
e two things: in a tubular neighborhood of M the �ow φt of XHt isde�ned for all t ∈ [0, 1], and ea
h φt keeps points of M �xed. Now just let Φ := φ1. �The derivative at points of C of the Poisson di�eomorphism Φ 
onstru
ted in Thm. 4.4gives an isomorphism of Poisson ve
tor bundles T P̃0|C → T P̃1|C whi
h is the identity on TC.The 
onstru
tion of Φ involves many 
hoi
es; we wish now to give a 
anoni
al 
onstru
tionfor su
h a ve
tor bundle isomorphism.Proposition 4.5. Let C be a pre-Poisson submanifold (P,Π), and P̃ , P̂ 
osymple
ti
 sub-manifolds that 
ontain C as a 
oisotropi
 submanifold. Then there is a 
anoni
al isomor-phism of Poisson ve
tor bundles ϕ : T P̃ |C → T P̂ |C whi
h is the identity on TC.Proof. We 
onstru
t ϕ in two steps, and to simplify notation we will omit the restri
tion to
C in expressions like T P̃ |C .First we 
onsider the ve
tor bundle map

A : T P̃ → ♯N∗P̃determined by the requirement that T P̂ = {v + Av : v ∈ T P̃}. A is well-de�ned sin
e
♯N∗P̃ is a 
omplement in TP both to T P̃ (be
ause P̃ is 
osymple
ti
) and to T P̂ (be
ause
T P̂ ∩ (TC + ♯N∗C) = TC by Lemma 3.2 and TC + ♯N∗C = TC ⊕ ♯N∗P̃ by Lemma3.5). Noti
e that, sin
e C lies in both P̃ and P̂ , the restri
tion of A to TC is zero. Themap A + Id : T P̃ → T P̂ is an isomorphism of ve
tor bundles. Further at ea
h x it maps
TxP̃ ∩TxO isomorphi
ally onto TxP̂ ∩TxO (whi
h has the same dimension sin
e both ve
torspa
es 
ontain TxC ∩ TxO as a 
oisotropi
 subspa
e) be
ause ♯N∗P̃ ⊂ TO, however it doesnot mat
h the symple
ti
 forms there. We deform A + Id by adding the following ve
torbundle map11(x ∈ C):

B : TxP̃ → TxC, v 7→
1

2
♯̃(Ωx(Av,A•)).Here ♯̃ is the sharp map of the 
osymple
ti
 submanifold P̃ , Ωx denotes the symple
ti
 format x of the symple
ti
 leaf O through x, and Ωx(Av,A•) is an element of T ∗

x P̃ . To showthat B is a smooth ve
tor bundle map, it is enough to show that if X is a smooth se
tionof (the restri
tion to C of) ♯N∗P̃ , then Ω(X, •)|♯N∗ P̃ : ♯N∗P̃ → R is smooth. But thisfollows from the fa
t that P̃ is 
osymple
ti
: sin
e ♯ : N∗P̃ → ♯N∗P̃ is bije
tive, there is asmooth se
tion ξ of N∗P̃ with ♯ξ = X, and Ω(X, •)|♯N∗P̃ = ξ|♯N∗P̃ . Next we show that Bis well-de�ned and that it a
tually maps into TC ∩ ♯N∗C: this is true be
ause the se
tion
Ω(Av,A•) of T ∗P̃ annihilates TC (re
all that A|TC = 0) and be
ause C is 
oisotropi
 in
P̃ . Further it is 
lear that the restri
tion of B to TC is zero.At this point we are ready to de�ne

ϕ : T P̃ → T P̂ , v 7→ v +Av +Bv.This is a well-de�ned (sin
e TC ⊂ T P̂ ), smooth map of ve
tor bundles, and it is an iso-morphism: if v + Bv +Av = 0 then v +Bv = 0 and Av = 0 (be
ause T P̃ is transversal to11Here we mimi
 a 
onstru
tion in symple
ti
 linear algebra where one deforms 
anoni
ally a 
omplementof a 
oisotropi
 subspa
e C to obtain an isotropi
 
omplement of C; see [6℄ for the 
ase when C is Lagrangian.
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♯N∗P ); from Av = 0 we dedu
e Bv = 0 hen
e v = 0. At ea
h x ∈ C the map ϕ restri
tsto an isomorphism from TxP̃ ∩ TxO to TxP̂ ∩ TxO (be
ause the images if A and B lie in
TxO); we show that this restri
tion is a linear symple
tomorphism. If v1, v1 ∈ TxP̃ ∩ TxOwe have Ω(ϕv1, ϕv2) = Ω(v1 +Bv1, v2 +Bv2)+Ω(Av1, Av2), for the 
ross terms vanish sin
e
A takes values in ♯N∗P̃ . Now Ω(Bv1, •)|TxP̃∩TxO

= −1
2Ω(Av1, A•)|TxP̃∩TxO

using the fa
tthat Ω(♯ξ, •) = −ξ|TO for any 
ove
tor ξ of P . Further Ω(Bv1, Bv2) vanishes be
ause Btakes values in TxC∩♯N∗
xC. So altogether we obtain Ω(ϕv1, ϕv2) = Ω(v1, v2) as desired. �Remark 4.6. The isomorphism ϕ 
onstru
ted in Prop. 4.5 
an be extended to a Poissonve
tor bundle automorphism of TP |C as follows: de�ne

(ϕ, pr) : T P̃ ⊕ ♯N∗P̃ → T P̂ ⊕ ♯N∗P̂where pr denotes the proje
tion of N∗P̃ onto N∗P̂ along TC (re
all from Cor. 3.5 that
TC⊕N∗P̃ = TC⊕N∗P̂ ). (ϕ, pr) restri
ts to a linear automorphism of TO = (T P̃ ∩TO)⊕

♯N∗P̃ whi
h preserves the symple
ti
 form: the only non-trivial 
he
k is Ω(pr(v1), pr(v2)) =

Ω(v1, v2) for vi ∈ ♯N∗P̃ , whi
h follows be
ause pr(v1) − v1 ∈ TC ∩ ♯N∗C.5. Conditions and examplesLet C be as usual a submanifold of the Poisson manifold (P,Π); in Se
tion 3 we 
onsideredthe question of existen
e of a Poisson-Dira
 submanifold P̃ of P in whi
h C is 
ontained
oisotropi
ally. In Thm. 3.3 we showed that a su�
ient 
ondition is that C be pre-Poisson,whi
h by Prop. 3.6 is equivalent to saying that N∗C ∩ ♯−1TC be a Lie algebroid.A ne
essary 
ondition is that the (intrinsi
ally de�ned) 
hara
teristi
 distribution TC ∩
♯N∗C of C be the distribution asso
iated to a Lie algebroid over C; in parti
ular its ranklo
ally 
an only in
rease. This is a ne
essary 
ondition sin
e the 
on
ept of 
hara
teristi
distribution is an intrinsi
 one (see Remark 2.1), and the 
hara
teristi
 distribution of a
oisotropi
 submanifold of a Poisson manifold is the image of the an
hor of its 
onormalbundle, whi
h is a Lie algebroid.The submanifolds C whi
h are not 
overed by the above 
onditions are those for whi
h
N∗C ∩ ♯−1TC is not a Lie algebroid but its image TC ∩ ♯N∗C under ♯ is the image of thean
hor of some Lie algebroid over C. Diagrammati
ally:

{C s.t. N∗C ∩ ♯−1TC is a Lie algebroid, i.e. C is pre-Poisson } ⊂

{C sitting 
oisotropi
ally in some Poisson-Dira
 submanifold P̃ of P} ⊂

{C s.t. TC ∩ ♯N∗C is the distribution of some Lie algebroid over C}The following are examples of pre-Poisson submanifolds.Example 5.1. An obvious example is when C is a 
oisotropi
 submanifold of P , and in this
ase the 
onstru
tion of Thm. 3.3 delivers P̃ = P (or more pre
isely, a tubular neighborhoodof C in P ).Another obvious example is when C is just a point x: then the 
onstru
tion of Thm. 3.3delivers as P̃ any sli
e through x transversal to the symple
ti
 leaf Ox.Now if C1 ⊂ P1 and C2 ⊂ P2 are pre-Poisson submanifolds of Poisson manifolds, the
artesian produ
t C1 × C2 ⊂ P1 × P2 also is, and if the 
onstru
tion of Thm. 3.3 gives
osymple
ti
 submanifolds P̃1 ⊂ P1 and P̃2 ⊂ P2, the same 
onstru
tion applied to C1 ×C2
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hoi
es of 
omplementary subbundles) delivers the 
osymple
ti
 submanifold
P̃1 × P̃2 of P1 × P2. In parti
ular, if C1 is 
oisotropi
 and C2 just a point x, then C1 × {x}is pre-Poisson.The following are two examples of submanifolds C whi
h surely 
an not be imbedded
oisotropi
ally in any Poisson-Dira
 submanifold:Example 5.2. The submanifold C = {(x1, x2, x

2
2, x

2
1)} of the symple
ti
 manifold (P,ω) =

(R4, dx1 ∧ dx3 + dx2 ∧ dx4) has 
hara
teristi
 distribution of rank 2 on the points with
x1 = x2 and rank zero on the rest of C. The rank of the 
hara
teristi
 distribution lo
allyde
reases, hen
e C does not satis�es the ne
essary 
ondition above.Remark 5.3. If C is a submanifold of a symple
ti
 manifold (P,ω), then the ne
essary andthe su�
ient 
onditions 
oin
ide, both being equivalent to saying that the 
hara
teristi
distribution of C (whi
h 
an be des
ribed as ker(i∗Cω) for iC the in
lusion) have 
onstantrank, i.e. that C be presymple
ti
.Example 5.4. Consider the Poisson12 manifold (R6, x1∂x2

∧ ∂x4
+ (∂x3

+ x1∂x5
) ∧ ∂x6

). Let
C be the three-dimensional subspa
e given by setting x4 = x5 = x6 = 0. The 
hara
teristi
subspa
es are all one-dimensional, spanned by ∂x3

at points of C where x1 = 0 and by ∂x2on the rest of C. Hen
e the 
hara
teristi
 subspa
es don't form a smooth distribution, and
an not be the image of the an
hor map of any Lie algebroid over C. Hen
e C does notsatis�es the ne
essary 
ondition above.The su�
ient 
ondition above is not ne
essary (i.e. the �rst in
lusion in the diagramabove is stri
t), as either of the following simple examples shows.Example 5.5. Take C to be the verti
al line {x = y = 0} in the Poisson manifold (P,Π) =
(R3, f(z)∂x ∧ ∂y), where f is any fun
tion with at least one zero. Then C is a Poisson-Dira
 submanifold (with zero indu
ed Poisson stru
ture), hen
e taking P̃ := C we obtaina Poisson-Dira
 submanifold in whi
h C embeds 
oisotropi
ally. The su�
ient 
onditionshere is not satis�ed, for the rank of TC + ♯N∗C at (0, 0, z) is 3 at points where f does notvanishes and 1 at points where f vanishes.Example 5.6. Consider the Poisson manifold (P,Π) = (R4, x2∂x∧∂y+z∂z∧∂w) as in Example6 of [13℄ and the submanifold C = {(z2, 0, z, 0) : z ∈ R}. The rank of TC + ♯N∗C is 3 awayfrom the origin (be
ause there C is an isotropi
 submanifold in an open symple
ti
 leaf of P )and 1 at the origin (sin
e Π vanishes there). The submanifold P̃ = {(z2, 0, z, w) : z,w ∈ R}is Poisson-Dira
 and it 
learly 
ontains C as a 
oisotropi
 submanifold.The ne
essary 
ondition above is not a su�
ient (i.e. the se
ond in
lusion in the diagramabove is stri
t):Example 5.7. In Example 3 in Se
tion 8.2 of [13℄ the authors 
onsider the manifold P = C

3with 
omplex 
oordinates x, y, z and spe
ify a Poisson stru
ture on it by de
laring thesymple
ti
 leaves to be the 
omplex lines given by dy = 0, dz−ydx = 0, the symple
ti
 formsbeing the restri
tions of the 
anoni
al symple
ti
 form on C
3. They 
onsider submanifold Cthe 
omplex plane {z = 0} and show that C is point-wise Poisson-Dira
 (i.e. TC ∩ ♯N∗C =

{0} at every point), but that the indu
ed bive
tor �eld is not smooth. Being point-wise12This is really a Poisson stru
ture be
ause the bra
ket of any two 
oordinates is a Casimir fun
tions(indeed either a 
onstant or x1), so that the Ja
obiator of any three 
oordinate fun
tions vanishes.
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, C satis�es the ne
essary 
ondition above. However there exists no Poisson-Dira
 submanifold P̃ of P in whi
h C embeds 
oisotropi
ally. Indeed at points p of C where
y 6= 0 we have TpC ⊕ TpO = TP (where as usual O is a symple
ti
 leaf of P through p),from whi
h follows that ♯|N∗

p C is inje
tive and TpC⊕ ♯N∗
pC = TP . From Lemma 3.2 (noti
ethat the subspa
e R there must have trivial interse
tion with TpC⊕♯N∗

pC, so R must be thezero subbundle over C) it follows that the only 
andidate for P̃ is C itself. However, as wehave seen, the Poisson bive
tor indu
ed on C is not smooth. (More generally, examples areprovided by any submanifold C of a Poisson manifold P whi
h is point-wise Poisson-Dira
but not Poisson-Dira
 and for whi
h there exists a point p at whi
h TpC ⊕ TpO = TP .)Noti
e that this provides an example for the 
laim made in Remark 3.4, be
ause the zerosubbundle R over C satis�es the 
ondition of Lemma 3.2 at every point of C and is obviouslya smooth subbundle.We refer the reader to Se
tion 6 of [11℄ for more examples in whi
h the Poisson manifold
P is the dual of a Lie algebra and C an a�ne subspa
e.
6. Redu
tion of submanifolds and deformation quantization of pre-PoissonsubmanifoldsIn this se
tion we 
onsider the set of basi
 fun
tions on a submanifold of a Poissonmanifold, and show that in 
ertain 
ases it is a Poisson algebra and that it 
an be deformationquantized.Given any submanifold C of a Poisson manifold (P,Π), it is natural to 
onsider the
hara
teristi
 �distribution� ♯N∗C ∩TC, whi
h by Remark 2.1 
onsists of the kernels of therestri
tion to C of the symple
ti
 forms on the symple
ti
 leaves of P . We used quotationmarks be
ause ♯N∗C ∩ TC usually does not have 
onstant rank. We will 
onsider the setof basi
 fun
tions on C, i.e.

C∞
bas(C) = {f ∈ C∞(C) : df |♯N∗C∩TC = 0}.When the 
hara
teristi
 distribution is regular and smooth and the quotient C is a smoothmanifold, then these are exa
tly the pullba
ks of fun
tions on C.If we endow C with the (possibly non-smooth13) point-wise Dira
 stru
ture i∗LP , where

i : C → P is the in
lusion and LP is the Dira
 stru
ture 
orresponding to Π, then C∞
bas(C)is exa
tly the set of basi
 fun
tions in the sense of Dira
 geometry, i.e. the set of fun
tionswhose di�erentials annihilate at ea
h point the 
hara
teristi
 subspa
es i∗LP ∩ TC. Givenbasi
 fun
tions f, g the expression

{f, g}C (p) := Y (g),13A su�
ient 
ondition for the indu
ed Dira
 stru
ture to be smooth and integrable is that the rank of
♯N∗C be 
onstant, be
ause LP ∩ ({0} ⊕ N∗C) = ker(♯|N∗C).



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 14where Y is any element of TpC su
h that (Y, dfp) ∈ i∗LP , is well-de�ned. However it doesnot usually vary smoothly14 with p, so we 
an not 
on
lude that C∞
bas(C) with this bra
ketis a Poisson algebra.As pointed out in [4℄ F/(F ∩ I) inherits a Poisson bra
ket from the Poisson manifold

P , where I denotes the set of fun
tions on P that vanish on C and F := {f̂ ∈ C∞(P ) :

{f̂ ,I} ⊂ I} (the so-
alled �rst 
lass fun
tions) its normalizer. F/(F ∩ I) is exa
tly thesubset of fun
tions f on C whi
h admits an extension to some fun
tion f̂ on P whosedi�erential annihilates ♯N∗C (or equivalently X
f̂
|C ⊂ TC). The bra
ket is 
omputed asfollows:

{f, g} = {f̂ , ĝ}P |C = X
f̂
(g)|Cfor extensions as above. Noti
e that F/(F ∩ I) ⊂ C∞

bas(C), and that the Poisson bra
ket
{•, •} on F/(F ∩ I) 
oin
ides with {•, •}C (if f, g belong to F/(F ∩ I) we 
an 
ompute
{f, g}C by 
hoosing Y = X

f̂
for some extension f̂ ∈ F).In some 
ases (C∞

bas(C), {•, •}C ) a
tually is a Poisson algebra:Proposition 6.1. Let C be any submanifold of a Poisson manifold (P,Π). If there exists aPoisson-Dira
 submanifold P̃ of P in whi
h C is 
ontained 
oisotropi
ally, then the set ofbasi
 fun
tions on C has an intrinsi
 Poisson algebra stru
ture, and (F/(F ∩ I), {•, •}) isa Poisson subalgebra.Proof. We add a tilde in the notation introdu
ed above when we view C as a submanifoldof the Poisson manifold P̃ instead of P . So is Ĩ the vanishing ideal of C in P̃ and by F̃ itsnormalizer. Sin
e ♯N∗C ⊂ TC it follows that F̃/Ĩ �lls up the spa
e of basi
 fun
tions of
(C, ĩ∗LP̃ ). By the above the bra
ket on F̃/Ĩ and the bra
ket 
oming from the point-wiseDira
 stru
ture ĩ∗LP̃ agree; in parti
ular the latter endows C∞

bas(C) with a Poisson algebrastru
ture. It is intrinsi
 to C in the following sense: if P̄ is any other submanifold of (P,Π)
ontaining C, LP̄ the point-wise Dira
 stru
ture on P̄ indu
ed by P and ī : C → P̄ thein
lusion, then the Poisson bra
ket on C∞
bas(C) indu
ed by P̄ via ī∗LP̄ agrees with the above,be
ause ī∗LP̄ = ĩ∗LP̃ by the fun
toriality of pullba
k. Hen
e it makes sense to denote thisbra
ket by {•, •}C . This allows us to show that (C∞

bas(C), {•, •}C ) 
ontains F/(F ∩ I) as aPoisson subalgebra, be
ause as we saw above the bra
ket on F/(F ∩ I) 
oin
ides with thebra
ket of basi
 fun
tions on (C, i∗LP ). �By Thm. 3.3 pre-Poisson submanifolds C satisfy the assumption of Prop. 6.1, hen
ethey admit a Poisson algebra stru
ture on their spa
e of basi
 fun
tions. This fa
t wasalready established in Theorem 3 of [4℄, where furthermore it is shown that F/(F ∩I) is thewhole spa
e of basi
 fun
tions. We need our Prop. 6.1 be
ause it tells us that the Poissonalgebra (C∞
bas(C), {•, •}C ) is intrinsi
 to C; this allows us to �nally state our result aboutdeformation quantization.14In the 
ase of smooth Dira
 stru
ture the set of so-
alled admissible fun
tions, endowed with thisbra
ket, is a Poisson algebra [12℄. In our 
ase it is tempting to de�ne the set of admissible fun
tions asfun
tions f on C for whi
h there is a smooth ve
tor �eld X su
h that (X, df) ⊂ i∗LP , however these doesnot seem to be 
losed under {•, •}C .We 
an instead 
onsider a larger set of fun
tions. Denote by Creg the open, dense subset of C where therank of ♯N∗C is lo
ally 
onstant; on this set the point-wise Dira
 stru
ture i∗LP is a
tually smooth andintegrable [12℄. The set of fun
tions f for whi
h there is a smooth ve
tor �eld X su
h that (X, df)|Creg

⊂
i∗LP |Creg

is a Poisson algebra. The reason is essentially that the set of smooth se
tions of TC ⊕T ∗C whoserestri
tion to Creg lie in i∗LP |Creg
are 
losed under the Courant bra
ket. However the latter set of fun
tionsis usually not 
ontained in C∞

bas(C).



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 15Theorem 6.2. Let C be a pre-Poisson submanifold, and assume that the �rst and se
ondLie algebroid 
ohomology of N∗C ∩ ♯−1TC vanish. Then (C∞
bas(C), {•, •}C ), the Poissonalgebra of basi
 fun
tions on C, admits a deformation quantization.Proof. By Thm. 3.3 we 
an embed C 
oisotropi
ally in some 
osymple
ti
 submanifold P̃ .Further by Prop. 6.1 the Poisson bra
ket {•, •}C on C∞

bas(C) is indu
ed by the embeddingof C in P̃ . Now we invoke Corollary 3.3 of [10℄: if the �rst and se
ond Lie algebroid
ohomology of the 
onormal bundle of a 
oisotropi
 submanifold vanish, then the Poissonalgebra of basi
 fun
tions on the 
oisotropi
 submanifold admits a deformation quantization.The 
onditions in Corollary 3.3 of [10℄ translate into the 
onditions stated in the propositionbe
ause the 
onormal bundle of C in P̃ is isomorphi
 to N∗C ∩ ♯−1TC as a Lie algebroid,see Prop. 3.6. �7. Subgroupoids asso
iated to pre-Poisson submanifoldsLet C be a pre-Poisson submanifold of a Poisson manifold (P,Π). In Prop. 3.6 weshowed that N∗C ∩ ♯−1TC is a Lie subalgebroid of T ∗P . When ♯N∗C has 
onstant rankthere is another Lie subalgebroid asso
iated15 to C, namely ♯−1TC = (♯N∗C)◦. Now weassume that T ∗P is an integrable Lie algebroid, i.e. that the sour
e simply 
onne
ted (s.s.
.)symple
ti
 groupoid (Γs(P ),Ω) of (P,Π) exists. In this se
tion we study the (in generalonly immersed) subgroupoids of Γs(P ) integrating N∗C ∩ ♯−1TC and ♯−1TC. Here, for anyLie subalgebroid A of T ∗P integrating to a s.s.
. Lie groupoid G, we take �subgroupoid� tomean the (usually just immersed) image of the (usually not inje
tive) morphism G→ Γs(P )indu
ed from the in
lusion A→ T ∗P .By Thm. 3.3 we 
an �nd a 
osymple
ti
 submanifold P̃ in whi
h C lies 
oisotropi
ally.We �rst make few remarks on the subgroupoid 
orresponding to P̃ .Lemma 7.1. The subgroupoid of Γs(P ) integrating ♯−1T P̃ is s
−1(P̃ ) ∩ t

−1(P̃ ) and is asymple
ti
 subgroupoid. Its sour
e (target) map is a Poisson (anti-Poisson) map onto P̃ ,where the latter is endowed with the Poisson stru
ture indu
ed by (P,Π).Proof. A

ording to Thm. 3.7 of [20℄ the subgroupoid16 of Γs(P ) 
orresponding to P̃ ,i.e. the one integrating (♯N∗P̃ )◦, is a symple
ti
 subgroupoid of Γs(P ). It is given by
s
−1(P̃ ) ∩ t

−1(P̃ ), be
ause17 (♯N∗P̃ )◦ = ♯−1T P̃ .To show that the maps s
−1(P̃ ) ∩ t

−1(P̃ ) → P̃ given by the sour
e and target maps of
s
−1(P̃ ) ∩ t

−1(P̃ ) are Poisson (anti-Poisson) maps pro
eed as follows. Take a fun
tion f̃ on
P̃ , and extend it to a fun
tions f on P so that Xf is tangent to P̃ along P̃ (i.e. exa
tlyas was done in se
tion 2 to 
ompute the Poisson bra
ket on P̃ in terms of the one on P ).Sin
e s : Γs(P ) → P is a Poisson map and s-�bers are symple
ti
 orthogonal to t-�ber weknow that the ve
tor �eld Xs∗f on Γs(P ) is tangent to s

−1(P̃ ) ∩ t
−1(P̃ ). Hen
e, denotingby s̃ the sour
e map of s

−1(P̃ ) ∩ t
−1(P̃ ), we have

s̃∗{f̃1, f̃2} = s̃∗({f1, f2}|P̃ ) = {s∗f1, s
∗f2}|s−1(P̃ )∩t−1(P̃ ) = {s̃∗f1, s̃

∗f1},15More generally for any Lie algebroid A → M with an
hor ρ, if N is a submanifold of M su
h that
ρ−1TN has 
onstant rank then ρ−1TN → N is a Lie subalgebroid of A → M .16In [20℄ this is 
laimed only when the subgroupoid integrating (♯N∗P̃ )◦ is an embedded subgroupoid,however the proof there is valid for immersed subgroupoids too.17More generally we 
laim the following: if Γ ⇉ M is any Lie groupoid integrating the Lie algebroid
A → M and N ⊂ M a submanifold su
h that ρ−1TN → N has 
onstant rank, then the Lie subalgebroid
ρ−1TN is integrated by the sour
e-
onne
ted part of the subgroupoid s

−1(N)∩t
−1(N), and this interse
tionis 
lean.



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 16i.e. s̃ is a Poisson map. A similar reasoning holds for t̃. �Now we des
ribe the subgroupoid integrating N∗C ∩ ♯−1TC:Proposition 7.2. Let C be a pre-Poisson submanifold of (P,Π). Then the subgroupoid of
Γs(P ) integrating N∗C ∩ ♯−1TC is an isotropi
 subgroupoid of Γs(P ).Proof. The 
anoni
al ve
tor bundle isomorphism i : T ∗P̃ ∼= (♯N∗P̃ )◦ is a Lie algebroidisomorphism, where T ∗P̃ is endowed with the 
otangent algebroid stru
ture 
oming fromthe Poisson stru
ture on P̃ . Indeed both the an
hor and the bra
kets of exa
t (hen
e bythe Leibniz rule of all) 1-forms on P̃ mat
h, as follows from se
tion 2. Integrating this alge-broid isomorphism we obtain a Lie groupoid morphism from Γs(P̃ ), the s.s.
. Lie groupoidintegrating T ∗P̃ , to Γs(P ), and the image of this morphism is s

−1(P̃ ) ∩ t
−1(P̃ ). Sin
e byLemma 7.1 the symple
ti
 form on s

−1(P̃ ) ∩ t
−1(P̃ ) is multipli
ative, symple
ti
 and thesour
e map is a Poisson map, pulling ba
k the symple
ti
 form on s

−1(P̃ )∩ t
−1(P̃ ) endows

Γs(P̃ ) with the stru
ture of the s.s.
. symple
ti
 groupoid of P̃ . The subgroupoid of Γs(P̃ )integrating N∗

P̃
C, the annihilator of C in P̃ , is Lagrangian ([7℄, Prop. 5.5). Hen
e i(N∗

P̃
C),whi
h by Prop. 3.6 is equal to N∗C ∩ ♯−1TC, integrates to a Lagrangian subgroupoid of

s
−1(P̃ ) ∩ t

−1(P̃ ), whi
h therefore is an isotropi
 subgroupoid of Γs(P ). �Now we 
onsider ♯−1TC. For any submanifold N , ♯−1TN has 
onstant rank i� it is aLie subalgebroid of T ∗P , integrating to the subgroupoid s
−1(N) ∩ t

−1(N) of Γs(P ). Sothe 
onstant rank 
ondition on ♯−1TN 
orresponds to a smoothness 
ondition on s
−1(N)∩

t
−1(N).Remark 7.3. 1) If ♯−1TN has 
onstant rank it follows that the Poisson stru
ture on P pullsba
k to a smooth Dira
 stru
ture onN , and that s

−1(N)∩t
−1(N) is an over-pre-symple
ti
18groupoid indu
ing the same Dira
 stru
ture on N (Ex. 6.7 of [2℄). s

−1(N) ∩ t
−1(N)has dimension equal to 2dimN + rk(N∗N ∩ N∗O), where O the symple
ti
 leaves of Pinterse
ting C.2) For a pre-Poisson submanifold C, the 
ondition that ♯−1TC have 
onstant rank is equiv-alent to the 
hara
teristi
 distribution TC ∩ ♯N∗C having 
onstant rank19.Proposition 7.4. Let C be a pre-Poisson submanifold with 
onstant-rank 
hara
teristi
distribution. Then for any 
osymple
ti
 submanifold P̃ in whi
h C embeds 
oisotropi
ally,

s
−1(C) ∩ t

−1(C) is a 
oisotropi
 subgroupoid of s
−1(P̃ ) ∩ t

−1(P̃ ).Proof. By the 
omments above we know that ♯−1TC is a Lie subalgebroid, hen
e s
−1(C)∩

t
−1(C) is a (smooth) subgroupoid of Γs(P ). We saw in Lemma 7.1 that s

−1(P̃ ) ∩ t
−1(P̃ )is endowed with a symple
ti
 multipli
ative 2-form for whi
h its sour
e and target mapsare (anti-)Poisson maps onto P̃ . Further its sour
e and target �bers symple
ti
 orthogonalsof ea
h other. Sin
e C ⊂ P̃ is 
oisotropi
, the above (together with the fa
t that thepreimage of 
oisotropi
 submanifolds under Poisson maps are again 
oisotropi
) impliesthat s

−1(C) ∩ t
−1(C) is 
oisotropi
 in s

−1(P̃ ) ∩ t
−1(P̃ ). �18Re
all from Def. 4.6 of [2℄ that an over-pre-symple
ti
 groupoid is a Lie groupoid G over M equippedwith a 
losed multipli
ative 2-form ω su
h that kerωx ∩ ker(ds)x ∩ ker(dt)x has rank dimG− 2dimM at all

x ∈ M .19Indeed more generally we have the following for any submanifold C of P : if any two of ♯−1TC,
♯N∗C +TC or TC ∩ ♯N∗C have 
onstant rank, then the remaining one also has 
onstant rank. This followstrivially from rk(♯N∗C + TC) = rk(♯N∗C) + dim C − rk(TC ∩ ♯N∗C).
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ribe the subgroupoids 
orresponding to pre-Poisson manifolds.Proposition 7.5. Let C be any submanifold of P . Then s
−1(C) ∩ t

−1(C) is a (im-mersed) presymple
ti
 submanifold i� C is pre-Poisson and its 
hara
teristi
 distributionhas 
onstant rank. In this 
ase the 
hara
teristi
 distribution of s
−1(C) ∩ t

−1(C) has rank
2rk(♯N∗C∩TC)+rk(N∗C∩N∗O), where O denotes the symple
ti
 leaves of P interse
ting
C.Proof. Assume that s

−1(C)∩ t
−1(C) is a (immersed) presymple
ti
 submanifold. We applythe same proof as in Prop. 8 of [13℄: there is an isomorphism of ve
tor bundles TΓs(P )|P ∼=

TP ⊕T ∗P , under whi
h the non-degenerate bilinear form Ω|P 
orresponds to (X1⊕ξ1,X2⊕
ξ2) := 〈ξ1,X2〉 − 〈ξ2,X1〉 + Π(ξ1, ξ2). Under the above isomorphism T (s−1(C) ∩ t

−1(C))
orresponds to TC ⊕ ♯−1TC, and a short 
omputation shows that the restri
tion of (•, •)to TC ⊕ ♯−1TC has kernel (TC ∩ ♯N∗C) ⊕ (♯−1TC ∩ N∗C). From the smoothness of
s
−1(C) ∩ t

−1(C) it follows that (♯N∗C)◦ = ♯−1TC has 
onstant rank, so this kernel is adire
t sum of two interse
tions of smooth subbundles. We dedu
e that s
−1(C) ∩ t

−1(C) is�presymple
ti
 at points of C� (i.e. the pullba
k of Ω to s
−1(C)∩ t

−1(C) has 
onstant rankalong C) iff ♯−1TC ∩N∗C has 
onstant rank, i.e. (taking annihilators) iff C is pre-Poisson.By the 
omments before Prop. 7.4 we also know that C has 
hara
teristi
 distribution of
onstant rank.The other dire
tion follows from Prop. 7.4. �Remark 7.6. One 
an wonder whether any subgroupoid of a symple
ti
 groupoid (Γs(P ),Ω)whi
h is a presymple
ti
 submanifold (i.e. Ω pulls ba
k to a 
onstant rank 2-form) is
ontained 
oisotropi
ally in some symple
ti
 subgroupoid of Γs(P ). This would be exa
tlythe �groupoid� version of Thm. 3.3. The above Prop. 7.4 and Prop. 7.5 together tell us thatthis is the 
ase when the subgroupoid has the form s
−1(C)∩t

−1(C), where C ⊂ P is its base.In general the answer to the above question is negative, as the following 
ounterexampleshows.Let (P,ω) be some simply 
onne
ted symple
ti
 manifold, so that Γs(P ) = (P×P,ω1−ω2)and the units are embedded diagonally. Take C to be any 1-dimensional 
losed submanifoldof P . C⇉C is 
learly a subgroupoid and a presymple
ti
 submanifold; sin
e ω1 − ω2 therepulls ba
k to zero, any subgroupoid G of P ×P in whi
h C⇉C embeds 
oisotropi
ally musthave dimension 2. If the base of G has dimension 2 then G is 
ontained in the identityse
tion of P × P , whi
h is Lagrangian. So let us assume that the base of G is C. Then Gmust be 
ontained in C ×C, on whi
h ω1 − ω2 vanishes be
ause C ⊂ P is isotropi
. So we
on
lude that there is no symple
ti
 subgroupoid of P ×P 
ontaining C⇉C as a 
oisotropi
submanifold.8. Existen
e of 
oisotropi
 embeddings of Dira
 manifolds in PoissonmanifoldsLet (M,L) be a (smooth) Dira
 manifold. We ask when (M,L) 
an be embedded
oisotropi
ally in some Poisson manifold (P,Π), i.e. when there exists an embedding isu
h that i∗LP = L and i(M) is a 
oisotropi
 submanifold of P 20.20Noti
e that when P is symple
ti
 any 
oisotropi
 submanifold has an indu
ed smooth presymple
ti
form, however when we take P to be Poisson the indu
ed stru
ture is generally not even 
ontinuous: forexample the x-axis in (R2, x∂x ∧ ∂y) is 
oisotropi
, but its pullba
k Dira
 stru
ture is not 
ontinuous at theorigin.



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 18When M 
onsists of exa
tly one leaf, i.e. when M is a manifold endowed with a 
losed2-form ω, the existen
e and uniqueness of 
oisotropi
 embeddings in symple
ti
 manifoldswas 
onsidered by Gotay in the short paper [14℄: the 
oisotropi
 embedding iff kerω has
onstant rank, and in that 
ase one has uniqueness up to neighborhood equivalen
e. Ourstrategy will be to 
he
k if we 
an apply Gotay's arguments �leaf by leaf� smoothly over M .Re
all that L ∩ TM is the kernel of the 2-forms on the presymple
ti
 leaves of (M,L).Theorem 8.1. (M,L) 
an be embedded 
oisotropi
ally in a Poisson manifold iff L ∩ TMhas 
onstant rank.Proof. Suppose that an embedding i : M → P as above exists. Then L∩TM is equal ♯N∗C(where N∗C is the normalizer of C in P ), the image of a ve
tor bundle under a smoothbundle map, hen
e its rank 
an lo
ally only in
rease. On the other hand the rank of L∩TM ,whi
h is the interse
tion of two smooth bundles, 
an lo
ally only de
rease. Hen
e the rankof L ∩ TM must be 
onstant on M .Conversely, assume that the rank of E := L ∩ TM be 
onstant and de�ne P to be thetotal spa
e of the ve
tor bundle π : E∗ → M . We de�ne the Poisson stru
ture on P asfollows. First take the pullba
k Dira
 stru
ture π∗L (whi
h is smooth and integrable sin
e
π is a submersion). Then 
hoose a smooth distribution V su
h that E ⊕ V = TM . This
hoi
e gives an embedding iM : E∗ → T ∗M , whi
h we 
an use to pull ba
k the 
anoni
alsymple
ti
 form ωT ∗M . Our Poisson stru
ture is LE∗ := τi∗M ωT∗M

π∗L, i.e. it is obtainedapplying to π∗L the gauge transformation by the 
losed 2-form i∗MωT ∗M . It is 
lear that
LE∗ is a smooth Dira
 stru
ture; we still have to show that it is a
tually Poisson, and thatthe zero se
tion is 
oisotropi
. In more 
on
rete terms (E∗, LE∗) 
an be des
ribed as follows:the leaves are all of the form π−1(Fα) for (Fα, ωα) a presymple
ti
 leaf of M . The 2-formon the leaf is given by adding to (π|π−1(Fα))

∗ωα the 2-form i∗αωT ∗Fα . The latter is de�ned
onsidering the transverse distribution V ∩ TFα to E|Fα in TFα, the indu
ed embedding
iα : π−1(Fα) = E∗|Fα → T ∗Fα, and pulling ba
k the 
anoni
al symple
ti
 form. One 
an
he
k that i∗αωT ∗Fα is the pullba
k of i∗MωT ∗M via the in
lusion of the leaf in E∗. But thisis exa
tly Gotay's re
ipe to endow π−1(Fα) with a symple
ti
 form so that Fα is embeddedas a 
oisotropi
 submanifold. Hen
e we 
on
lude that a neighborhood of the zero se
tion of
E∗, with the above Dira
 stru
ture, is a
tually a Poisson manifold and that M is embeddedas a 
oisotropi
 submanifold. �We 
omment on how 
hoi
es a�e
t the 
onstru
tion of Thm. 8.1. We need the followingversion of Moser's theorem for Poisson stru
tures (see Se
tion 3.3. of [1℄) : suppose we aregiven Poisson stru
tures Πt on some manifold P , t ∈ [0, 1]. Assume that ea
h Πt be relatedto Π0 via the gauge transformation by some 
losed 2-form Bt, i.e. Πt = τBtΠ0. This meansthat the symple
ti
 foliations agree and on ea
h symple
ti
 leaf O we have Ωt = Ω0 + i∗OBt,where Ω0,Ωt are the symple
ti
 forms on the leaf O and iO the in
lusion. Assume furtherthat ea
h d

dt
Bt be exa
t, and let αt be a smooth family of primitives vanishing on somesubmanifold M . Then the time-1 �ow of the Moser ve
tor �eld21 ♯tαt is de�ned in a tubularneighborhood of M , it �xes M and maps Π0 to Π1.Proposition 8.2. Di�erent 
hoi
es of splitting V in the 
onstru
tion of Thm. 8.1 yield(
anoni
ally) isomorphi
 Poisson stru
tures on E∗. Hen
e, given a Dira
 manifold (M,L)for whi
h L ∩ TM has 
onstant rank, there is a 
anoni
al (up to neighborhood equivalen
e)Poisson manifold in whi
h M embeds 
oisotropi
ally.21Here ♯t denotes the map T ∗P → TP indu
ed by Πt.



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 19Proof. Let V0, V1 be two di�erent splittings as in Thm. 8.1, i.e. E ⊕ Vi = TM for i = 0, 1.We 
an interpolate between them by de�ning the graphs Vt := {v + tAv : v ∈ V0} for
t ∈ [0, 1], where A : V0 → E is determined by requiring that its graph be V1. Obviouslyea
h Vt also gives a splitting E ⊕ Vt = TM ; denote by it : E∗ → T ∗M the 
orrespondingembedding. We obtain Dira
 stru
tures τi∗t ωT∗M

π∗L on the total spa
e of π : E∗ → M ; byThm. 8.1 they 
orrespond to Poisson bive
tors, whi
h we denote by Πt. These Poissonstru
tures are related by a gauge transformation: Πt = τBtΠ0 for Bt := i∗tωT ∗M − i∗0ωT ∗M .A primitive of d
dt
Bt is given by d

dt
i∗tαT ∗M ; noti
e that this primitive vanishes at points of

M , be
ause the 
anoni
al 1-form αT ∗M on T ∗M vanishes along the zero se
tion. Hen
e thetime-1 �ow of ♯t( d
dt
i∗tαT ∗M ) �xes M and maps Π0 to Π1.

�Assuming that (M,L) is integrable we des
ribe the symple
ti
 groupoid of (E∗, LE∗), thePoisson manifold 
onstru
ted in Thm. 8.1 with a 
hoi
e of distribution V . It is π∗(Γs(M)),the pullba
k via π : E∗ →M of the presymple
ti
 groupoid ofM , endowed with the followingsymple
ti
 form: the pullba
k via π∗(Γs(M)) → Γs(M) of the presymple
ti
 form on thegroupoid Γs(M), plus s
∗(i∗MωT ∗M ) − t

∗(i∗MωT ∗M ), where iM : E∗ → T ∗M is the in
lusiongiven by the 
hoi
e of distribution V , ωT ∗M is the 
anoni
al symple
ti
 form, and s, t arethe sour
e and target maps of π∗(Γs(M)). This follows easily from Examples 6.3 and 6.6 in[2℄. Noti
e that this groupoid is sour
e simply 
onne
ted when π∗(Γs(M)) is.Now we 
an give an a�rmative answer to the possibility raised in [13℄ (Remark (e) inSe
tion 8.2), although we prove it �working ba
kwards�; this is the �groupoid� version ofGotay's embedding theorem.Proposition 8.3. Any presymple
ti
 groupoid in the sense22 of [2℄ with 
onstant rank 
har-a
teristi
 distribution 
an be embedded 
oisotropi
ally as a Lie subgroupoid in a symple
ti
groupoid.Proof. By Cor. 4.8 iv),v) of [2℄, a presymple
ti
 groupoid Γs(M) has 
hara
teristi
 distri-bution (the kernel of the multipli
ative 2-form) of 
onstant rank iff the Dira
 stru
ture Lindu
ed on its base M does. We 
an embed (M,L) 
oisotropi
ally in the Poisson mani-fold (E∗, LE∗) 
onstru
ted in Thm. 8.1; we just showed that π∗(Γs(M)) is a symple
ti
groupoid for E∗. Γs(M) embeds in π∗(Γs(M)) as s
−1(M) ∩ t

−1(M), and this embeddingpreserves both the groupoid stru
tures and the 2-forms. s
−1(M) ∩ t

−1(M) is a 
oisotropi
subgroupoid of π∗(Γs(M)) be
ause M lies 
oisotropi
ally in E∗ and s, t are (anti)Poissonmaps. �Remark 8.4. A partial 
onverse to this proposition is given as follows: if s−1(M)∩t
−1(M) isa 
oisotropi
 subgroupoid of a symple
ti
 groupoid Γs(P ), then M is a 
oisotropi
 subman-ifold of the Poisson manifold P , it has an smooth Dira
 stru
ture (indu
ed from P ) with
hara
teristi
 distribution of 
onstant rank, and s

−1(M)∩ t
−1(M) is a over -pre-symple
ti
groupoid over M indu
ing the same Dira
 stru
ture. This follows from our arguments inse
tion 7.Now we draw the 
on
lusions about deformation quantization. Re
all that for any Dira
manifold (M,L) the set of admissible fun
tions(7) C∞

adm(M) = {f ∈ C∞(M) : there exists a smooth ve
tor �eld Xf s.t. (Xf , df) ⊂ L}is naturally a Poisson algebra [12℄, with bra
ket {f, g} = Xf (g).22Re
all from Def. 2.1 of [2℄ that a presymple
ti
 groupoid is a Lie groupoid G over M equipped with a
losed multipli
ative 2-form ω su
h that kerωx ∩ ker(ds)x ∩ ker(dt)x = 0 at all x ∈ M .



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 20Theorem 8.5. Let (M,L) be a Dira
 manifold su
h that L ∩ TM has 
onstant rank, anddenote by F the regular foliation integrating L∩TM . If the �rst and se
ond foliated de Rham
ohomologies of the foliation F vanish then the Poisson algebra of admissible fun
tions on
(M,L) admits a deformation quantization.Proof. By Thm. 8.1 we 
an embed (M,L) 
oisotropi
ally in a Poisson manifold P ; hen
ewe 
an apply again Corollary 3.3 of [10℄: if the �rst and se
ond Lie algebroid 
ohomology ofthe 
onormal bundle of a 
oisotropi
 submanifold vanish, then the Poisson algebra of basi
fun
tions on the 
oisotropi
 submanifold admits a deformation quantization. Sin
e L∩TMhas 
onstant rank the in
lusion C∞

adm(M) ⊂ C∞
bas(M) is an equality23. Further the Poissonalgebra stru
ture on C∞

bas(M) 
oming from (M,L) 
oin
ides with the one indu
ed by Mas a 
oisotropi
 submanifold of P , as follows from Prop. 6.1 and i∗LP = L. So when theassumptions are satis�ed we really deformation quantize C∞
adm(M).Noti
e that in Thm. 8.1 we 
onstru
ted a Poisson manifold P of minimal dimension, i.e.of dimension dimM + rk(L∩TM). The an
hor map ♯ of the Lie algebroid N∗C is inje
tive(see also Rem. 9.5 in the next se
tion), hen
e the Lie algebroids N∗C and L ∩ TM areisomorphi
. This allows us to state the assumptions of Corollary 3.3 of [10℄ in terms of thefoliation F on M . �Remark 8.6. Let (M,L) be a Dira
 manifold su
h that L ∩ TM has 
onstant rank, anddenote by F the regular foliation integrating L∩ TM . Then the foliated de Rham 
omplex

Ω•
F (M) admits the stru
ture of an L∞-algebra24 {λn}n≥1, the di�erential λ1 being thefoliated de Rham di�erential and the bra
ket λ2 indu
ing on H0

λ1
= C∞

bas(M) the naturalbra
ket (7).Indeed by the proof of Thm. 8.1 we know that M 
an be embedded 
oisotropi
ally ina Poisson manifold P so that the Lie algebroids N∗M and L ∩ TM are isomorphi
. After
hoosing an embedding of NM := TP |M/TM in a tubular neighborhood of M in P , Thm.2.2 of [10℄ gives the desired L∞-stru
ture. The L∞-stru
ture depends on the 
hoi
e ofembedding, but it is natural to expe
t that di�erent embeddings give the same stru
tureup to L∞-isomorphism. This issue will be addressed in a forth
oming work.9. Uniqueness of 
oisotropi
 embeddings of Dira
 manifoldsThe 
oisotropi
 embedding of Gotay [14℄ is unique up to neighborhood equivalen
e, i.e.any two 
oisotropi
 embeddings of a �xed presymple
ti
 manifold in symple
ti
 manifoldsare intertwined by a symple
tomorphism whi
h is the identity on the 
oisotropi
 subman-ifold. It is natural to ask whether, given a Dira
 manifold (M,L) su
h that L ∩ TM have
onstant rank, the 
oisotropi
 embedding 
onstru
ted in Thm. 8.1 is the only one up toneighborhood equivalen
e. In general the answer will be negative: for example the origin isa 
oisotropi
 submanifold in R
2 endowed either with the zero Poisson stru
ture or with thePoisson stru
ture (x2 +y2)∂x∧∂y, and the two Poisson stru
tures are 
learly not equivalent.As Aissa Wade pointed out to us, it is ne
essary to require that the Poisson manifold inwhi
h we embed be of minimal dimension, i.e. of dimension dimM + rk(L ∩ TM).23Use that sin
e L ∩ TM is the kernel of the proje
tion L → T ∗M , the image of this proje
tion has
onstant rank.24The λn are derivations w.r.t. the wedge produ
t, so one a
tually obtains what in [10℄ is 
alled a P∞algebra.



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 219.1. In�nitesimal uniqueness and global issues. We try to apply the 
onstru
tion ofGotay's uniqueness proof [14℄ on ea
h presymple
ti
 leaf of the Dira
 manifold M ; thenwe will show that under 
ertain assumptions the resulting di�eomorphism varies smoothlyfrom leaf to leaf.We start establishing in�nitesimal uniqueness.Proposition 9.1. Suppose we are given a Dira
 manifold (M,L) for whi
h L ∩ TM has
onstant rank k, and let (P1,Π1) and (P2,Π2) be Poisson manifolds of dimension dimM+kin whi
h (M,L) embeds 
oisotropi
ally. Then there is an isomorphism of Poisson ve
torbundles Φ: TP1|M → TP2|M whi
h is the identity on TM .Proof. Let P denote either of P1 or P2, by (O,Ω) the symple
ti
 leaf of P passing throughsome x ∈ M and by F the presymple
ti
 leaf of M passing through x. Sin
e TxM ∩ TxOis 
oisotropi
 in the symple
ti
 ve
tor spa
e TxO, a simple dimension 
ount shows thatthe assumption on the dimension of P is equivalent to TxM + TxO = TxP
25. Choose adistribution V su
h that E⊕V = TM , where E := L∩TM . We 
laim that V ⊕♯V ◦ = TP |M :indeed Vx∩TxO = Vx∩TxF is a symple
ti
 subspa
e of (TxO,Ωx), being transverse to Ex =

ker(Ω|TxF ). Hen
e (Vx∩TxO)Ωx , whi
h by se
tion 2 is equal to ♯V ◦
x , is a 
omplement to Vx∩

TxO in TxO, so Vx⊕♯V
◦
x = Vx+TxO = TxP as we 
laimed. Now we repeat the 
onstru
tionof Gotay's uniqueness proof [14℄: sin
e Ex is Lagrangian in the symple
ti
 subspa
e ♯V ◦

x , we
an �nd a linear symple
tomorphism (♯V ◦
x ,Ω|♯V ◦

x
) ∼= Ex ⊕ E∗

x, where the latter is equippedwith the 
anoni
al antisymmetri
 pairing ωE. This goes as follows: 
hoose a 
omplementto Ex in ♯V ◦
x , deform it 
anoni
ally to a Lagrangian 
omplement Rx (see [6℄), and de�nethe isomorphism ♯V ◦

x = Ex ⊕ Rx → Ex ⊕ E∗
x to be (vE , vR) 7→ (vE ,Ω(vR, ·)|Ex). Sin
e Vxand the above linear symple
tomorphism 
an be 
hosen to depend smoothly on x ∈ M weobtain a smooth ve
tor bundle isomorphism TP |M = Vx⊕♯V

◦
x → V ⊕E⊕E∗. We equip the�bers of the latter ve
tor bundle with bive
tors as in Thm. 8.1, i.e. bive
tors (dependingonly on the Dira
 stru
ture on M and V ) so that the indu
ed symple
ti
 subspa
es are

((Vx ∩ TxF )⊕ (Ex ⊕E∗
x),Ω|Vx∩TxF ⊕ωE). This isomorphism preserves the bive
tors on the�bers be
ause at ea
h point it restri
ts to an isomorphism TxO → (Vx ∩ TxF )⊕ (Ex ⊕E∗

x)whi
h mat
hes the symple
ti
 forms Ωx and Ω|Vx∩TxF ⊕ ωE. This shows that TP1|M and
TP2|M are both isomorphi
 to the same Poisson ve
tor bundle. �Making a regularity assumption we 
an extend the in�nitesimal uniqueness of Prop. 9.1to a global statement.Proposition 9.2. Let M ,P1 and P2 be as in Proposition 9.1, and assume additionallythat the presymple
ti
 leaves of (M,L) have 
onstant dimension. Then P1 and P2 areneighborhood equivalent.Proof. Sin
e the presymple
ti
 leaves of (M,L) have 
onstant dimension, by the proof ofProposition 9.1 the symple
ti
 leaves of ea
h Pi also have 
onstant dimension in a tubolarneighborhood of Pi. We 
an �nd26 identi�
ations φi between normal bundles Ni ⊂ TPi|M25In parti
ular M interse
ts 
leanly the symple
ti
 leaves of P and the interse
tions are the presymple
ti
leaves of M .26Let P denote either of P1 or P2. Let V be a distribution on M su
h that V ⊕ (L∩TM) = TM . We sawin the proof of Proposition 9.1 that V ⊕♯V ◦ = TP |M and L∩TM ⊂ ♯V ◦. De�ne N as a smooth 
omplementto L ∩ TM in ♯V ◦; then TP |M = TM ⊕ N and N is tangent to the symple
ti
 leaves of P at points of
M . Choose a Riemannian metri
 on P and de�ne φ(vx) to be expOv, where expO is the exponential mapof the symple
ti
 leaf O passing through x (with the indu
ed metri
). The resulting map φ : N → P iswell-de�ned sin
e v is tangent to O, it maps N |F onto an open neighborhood in O, and it is smooth be
ausethe symple
ti
 leaves of P form a regular foliation.



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 22and tubular neighborhoods of M in Pi whi
h identify N |F and O in an neighborhood of M(for ea
h presymple
ti
 leaf F of M and 
orresponding symple
ti
 leaf O of Pi, i = 1, 2).Using the Poisson ve
tor bundle isomorphism Φ: TP1|M → TP2|M of Proposition 9.1 weobtain an identi�
ation φ2 ◦ Φ ◦ φ−1
1 between tubular neighborhoods of M in P1 and P2.Using this identi�
ation 
an view Π2 as a Poisson stru
ture on P := P1 with two properties:it indu
es exa
tly the same foliation as Π1, and it 
oin
ides with Π1 on TP |M . We want toshow that there is a di�eomorphism near M , �xing M , whi
h maps Π1 to Π2.To this aim we want to apply Moser's theorem on ea
h symple
ti
 leaf of P (Thm. 7.1of [6℄). Denote by Ωi the symple
ti
 form given by Πi on a leaf O. Sin
e the 
onvex linear
ombination (1− t)Ω1 + tΩ2 is symple
ti
 (be
ause Ω1 and Ω2 
oin
ide at points of M) andlies in the same 
ohomology 
lass, by Moser's theorem there is a di�eomorphism of ψ of Osu
h that ψ∗Ω2 = Ω1. Con
retely this goes as follows (see Chapter 6 of [6℄). We identifya neighborhood of P with N (via φ1) and 
onsider ρt : N → N, v 7→ tv, where t ∈ [0, 1].Denote by vt the ve
tor tangent to the 
urve ρs(v) at time s = t. Now just 
onsider N |F ,where F is the presymple
ti
 leaf O ∩M . The operator

Q : Ω•(O) → Ω•−1(O); Qω =

∫ 1

0
ρ∗t (ivtω)dthas the property of providing primitives for 
losed di�erential forms whose pullba
k to Mvanishes. So µ := Q(Ω2 − Ω1) is a primitive for Ω2 − Ω1. Consider the Moser ve
tor �eld,obtained inverting via (1 − t)Ω1 + tΩ2 the 1-form µ. Following from time 1 to time 0 the�ow of the Moser ve
tor �eld gives the desired di�eomorphism ψ (whi
h keepsM �xed sin
e

µ vanishes at points of F ).This 
onstru
tions varies smoothly from leaf to leaf: ρt and vt are 
learly smooth, andthe foliated 2-forms Ω2 −Ω1 and (1− t)Ω1 + tΩ2 also are, as 
an be seen using 
oordinatesadapted to the foliation. Hen
e we obtain a di�eomorphism ψ of a tubular neighborhoodof M , �xing M , whi
h maps Π1 to Π2. �Sin
e lo
al uniqueness holds (see subse
tion 9.2) and sin
e by Proposition 9.1 there isno topologi
al obstru
tion, it seems that a global uniqueness statement should hold in thegeneral 
ase, i.e. when the presymple
ti
 foliation of (M,L) is not ne
essarily regular. We
on
lude with some possible approa
hes to prove global uniqueness.The argument from [1℄ just before Prop. 8.2 shows that the uniqueness of (minimaldimensional) 
oisotropi
 embeddings of a given Dira
 manifold (M,L) is equivalent to thefollowing: whenever (P1,Π1) and (P2,Π2) are minimal Poisson manifolds in whi
h (M,L)embeds 
oisotropi
ally there exists a di�eomorphism φ : P1 → P2 near M so that Π2 and
φ∗Π1 di�er by the gauge transformation by a 
losed 2-form B vanishing on M . One 
ouldhope that if φ : P1 → P2 is 
hosen to mat
h symple
ti
 leaves and to mat
h Π1|M and Π2|Mthen a 2-form B as above automati
ally exist. This is not the 
ase, as the following exampleshows.Example 9.3. Take M = R

3 with Dira
 stru
ture
L = span{(−x2

1∂x2
, dx1), (x

2
1∂x1

, dx2), (∂x3
, 0)}.There are two open presymple
ti
 leaves (R±×R

2, 1
x2

1

dx1∧dx2) and 1-dimensional presym-ple
ti
 leaves {0}×{c}×R with zero presymple
ti
 form (for every real number c); hen
e ourDira
 stru
ture is a produ
t of the Poisson stru
ture x2
1∂x1

∧∂x2
and of the zero presymple
-ti
 form on the x3-axis. The 
hara
teristi
 distribution L∩ TM is always span∂x3

. Clearly
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onstru
tion of Thm. 8.1 gives
P1 := (R4, x2

1∂x1
∧ ∂x2

+ ∂x3
∧ ∂y3

)where y3 is the 
oordinate on the �bers of P1 →M .Another Poisson stru
ture on R
4 with the same foliation as Π1 and whi
h 
oin
ides with

Π1 along M is the following:
Π2 := x2

1∂x1
∧ ∂x2

+ ∂x3
∧ ∂y3

+ x1y3∂x2
∧ ∂x3

.On ea
h of the two open symple
ti
 leaves R±×R
3 the symple
ti
 form 
orresponding to Π1is Ω1 = 1

x2

1

dx1∧dx2+dx3∧dy3, whereas the one 
orresponding to Π2 is Ω2 = Ω1+
y3

x1
dx1∧dy3.Clearly the di�eren
e Ω1−Ω2 does not extend to smooth a 2-form on the whole of R
4. Hen
ethere is no smooth 2-form on R

4 relating Π1 and Π2.Nevertheless Π1 and Π2 are Poisson di�eomorphi
: Prop. 9.7 in subse
tion 9.2 will tellus that they are in neighborhoods of the origin, and the 
onstru
tion of Prop. 9.7 willprovide a global 
oordinate 
hange that maps Π2 into Π1, namely the 
oordinate 
hangethat transforms x2 into x2 +
y2

3

2 x1 and leaves the other 
oordinates untou
hed.One 
ould try to obtain a φ : P1 → P2 as above by integrating the isomorphisms Φ 
on-stru
ted in Prop. 9.1. Alternatively one 
ould show the existen
e, for any minimal Poissonmanifold (P,Π) in whi
h (M,L) embeds 
oisotropi
ally, of a proje
tion π : P → M su
hthat Π and the pullba
k Dira
 stru
ture π∗L be related by a (suitable) B-transformation(as happens for the Poisson manifold E∗ of Thm. 8.1): by 
hoosing a di�eomorphism
P1 → P2 intertwining the proje
tions of P1 and P2 one would 
on
lude that Π1 and Π2 aregauge equivalent. Another approa
h to prove global uniqueness is to 
onstru
t a proje
tion
π : P →M with the weaker property that the Lie algebroids 
orresponding to Π and to π∗Lbe isomorphi
, for then the symple
ti
 groupoids of any P1,P2 as above will be isomorphi
as Lie groupoid; then one would try to relate the 
orresponding symple
ti
 forms by the�ow of a multipli
ative Moser ve
tor �eld.9.2. Lo
al uniqueness. While we are not able to prove a global uniqueness statement inthe general 
ase, we prove in this subse
tion that a lo
al uniqueness statements holds. Westart with a normal form statement.Proposition 9.4. Suppose we are given a Dira
 manifold (Mm, L) for whi
h L ∩ TMhave 
onstant rank k, and let (P,Π) a Poisson manifold of dimension m + k in whi
h
(M,L) embeds 
oisotropi
ally. Then about any x ∈ M there is a neighborhood U ⊂ P and
oordinates {q1, . . . , qk, p1, . . . , pk, y1, . . . , ym−k} de�ned on U su
h that lo
ally M is givenby the 
onstraints p1 = 0, . . . , pk = 0 and(8) Π =

k∑
i=1

∂qi
∧ ∂pi

+

m−k∑
i,j=1

ϕij(y)∂yi
∧ ∂yjfor fun
tions ϕij : R

m−k → R.Remark 9.5. The existen
e of 
oordinates in whi
h Π has the above split form is guaranteedby Weinstein's Splitting Theorem [19℄; the point in the above proposition is that one 
an
hoose the 
oordinates (q, p, y) so that M is given by the 
onstrains p = 0.The assumption on the dimension of P is equivalent to TxM +TxO = TxP at every x ∈M ,where O is the symple
ti
 leaf through x, whi
h in turn is equivalent to ♯|N∗M being inje
tive.



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 24Proof. We adapt the proof of Weinstein's Splitting Theorem [19℄ to our setting. To simplifythe notation we will often write P in pla
e of U and M in pla
e of M ∩ U . Choose afun
tion q1 on P near x su
h that dq1 does not annihilate L ∩ TM . Then Xq1
|M doesn'tvanish and is transverse to M , be
ause there is a ξ ∈ N∗M with 0 6= 〈♯ξ, dq1〉 = −〈ξ,Xq1

〉.Choose a hypersurfa
e in P 
ontaining M and transverse to Xq1
|M , and determine thefun
tion p1 by requiring that it vanishes on the hypersurfa
e and dp1(Xq1

) = −1. Sin
e
[Xq1

,Xp1
] = X1 = 0 the span of Xp1

and Xq1
is an integrable distribution giving riseto a foliation of P by surfa
es. This foliation is transverse to P1, the 
odimension twosubmanifold where p1 and q1 vanish. M1 := P1∩M is 
lean interse
tion and is a 
odimensionone submanifold of M . To pro
eed indu
tively we needLemma 9.6. P1 has an indu
ed Poisson stru
ture, M1 ⊂ P1 is 
oisotropi
, and the sharp-map ♯1 of P1 is inje
tive on the 
onormal bundle to M1.Proof. P1 is 
osymple
ti
 be
ause it is given by 
onstraints whose matrix of Poisson bra
ketsis non-degenerate: {q1, p1} = 1. Hen
e it has an indu
ed Poisson stru
ture, whose sharpmap we denote by ♯1. Re
all from se
tion 2 that if ξ1 ∈ T ∗

xP1 then ♯1ξ1 ∈ TP1 is givenas follows: extend ξ1 to a 
ove
tor ξ of P by asking that it annihilates ♯N∗
xP1 and apply

♯ to it. Now in parti
ular let x ∈ M1 and ξ1 be an element of the 
onormal bundle of M1in P1. We have TxM = TxM1 ⊕ RXp1
(x) ⊂ TxM1 + ♯N∗

xP1, so ξ ∈ N∗
xM , and sin
e M is
oisotropi
 in P we have ♯ξ ∈ TxM . Hen
e ♯1ξ1 ∈ TxP1 ∩ TxM = TxM1, whi
h shows the
laimed 
oisotropi
ity. The inje
tivity of ♯1 on the 
onormal bundle follows by the abovetogether with the inje
tivity of ♯|N∗M . �Thanks to Lemma 9.6 we are allowed to apply the above pro
edure to the 
odimension

k − 1 
oisotropi
 submanifold M1 of P1. We obtain fun
tions q2, p2 on P1 su
h that27
{q2, p2}1 = 1, a 
odimension two submanifold P2 of P1 given by the points where q2 and p2vanish, and a 
odimension one submanifold M2 := P2 ∩M of P2. After repeating this other
k−2 times we get to Mk, a 
odimension zero submanifold of Pk whi
h hen
e 
oin
ides with
Pk.Now we start working ba
kwards: 
hoose arbitrary fun
tions y1, , ym−k on Pk, extendthem to Pk−1 
onstantly along the surfa
es integrating span{Xqk

,Xpk
}. The Poisson bra
keton Pk−1 satis�es {yi, qk}k−1 = 0 and {yi, pk}k−1 = 0, and using the Ja
obi identity onesees that any {yi, yj}k−1 Poisson 
ommutes with qk and pk, and hen
e the {yi, yj}k−1 arefun
tions of the y's only. Now 
ontinue extending the y's and qk, pk to Pk−2. After ksteps we obtain fun
tions on P for whi
h the non-trivial bra
kets are {qi, pi} = 1 and

{yi, yj} =: ϕij(y). Hen
e formula (8) for the Poisson bive
tor Π follows.To show that M is given by the 
onstraints p1 = 0, . . . , pk = 0 we noti
e the following.We 
hose p1 to vanish on M . We 
hose p2 on P1 to vanish on M1, and we extended it to
P asking that it be 
onstant along the foliation tangent to the span of Xp1

and Xq1
. Sin
e

Xp1
|M is tangent to M and TM |M1

= TM1 ⊕ Xp1
|M1

, it follows that p2 vanishes on thewhole of M . Indu
tively one shows that all the pi vanish on M , and by dimension 
ountingone obtains that the pi de�ne exa
tly M . This 
on
ludes the proof of Prop. 9.5. �Using the normal forms derived above we 
an prove lo
al uniqueness:27Here {q2, p2}1 denotes the Poisson bra
ket on P1, whi
h 
oin
ides with (the restri
tion to P1 of) thePoisson bra
ket on P of the fun
tions obtained extending q2, p2 to P 
onstantly along the surfa
es tangentto span{Xq1 , Xp1
}.



COISOTROPIC EMBEDDINGS IN POISSON MANIFOLDS 25Proposition 9.7. Let (P,Π) and (P̄ , Π̄) be Poisson manifolds as in Prop. 9.4 in whi
h
(M,L) embeds 
oisotropi
ally. Then about ea
h x ∈ M there are neighborhoods U ⊂ P ,
Ū ⊂ P̄ and a Poisson di�eomorphism (U,Π) ∼= (Ū , Π̄) whi
h is the identity on M .Proof. By integrating the ve
tor bundle isomorphism Φ of Prop. 9.1 we may assume that Π̄is a Poisson bive
tor on P and that it 
oin
ides with Π at points of M . We will show belowthat we 
an make 
hoi
es of 
oordinates {qi, pi, yj} on U and {q̄i, p̄i, ȳj} on Ū whi
h bring
Π and Π̄ respe
tively in the 
anoni
al form (8) and whi
h are 
ompatible, in the sense thatthese 
oordinate sets 
oin
ide on
e restri
ted to M . Then the di�eomorphism of P indu
edby the obvious 
oordinate 
hange

q1 7→ q̄i, pi 7→ p̄i, yj 7→ ȳjis the identity on M . Further it is a Poisson di�eomorphism: one just has to 
he
k thatthe fun
tions ϕij appearing in (8), whi
h are just {yi, yj}P , 
oin
ide with ϕ̄ij = {ȳi, ȳj}P̄when we 
onsider them as fun
tions of the m− k variables yi or ȳi. To this aim noti
e that
yi|M annihilates the 
hara
teristi
 distribution L ∩ TM of M , for L ∩ TM is spanned by
Xp1

|M , · · · ,Xpk
|M . Hen
e yi|M is an admissible fun
tion (7) for the Dira
 manifold (M,L),and similarly yj|M , so we 
an apply to them the bra
ket {•, •}M of admissible fun
tionson (M,L) whi
h is of 
ourse determined only by the Dira
 stru
ture L on M . Sin
e Xyiis tangent to M it follows that {yi|M , yj|M}M is just the restri
tion to M of {yi, yj}P .Similarly {ȳi|M , ȳj|M}M is the restri
tion to M of {ȳi, ȳj}P̄ . Sin
e as we saw yi|M = ȳi|M ,we dedu
e that ϕij and ϕ̄ij 
oin
ide on M , so ϕij = ϕ̄ij as fun
tions R

m−k → R.In the rest of the proof we show that it is possible to perform the 
onstru
tion of theproof of Prop. 9.4 (whi
h depended on several 
hoi
es) to obtain 
ompatible 
oordinates
{qi, pi, yj} and {q̄i, p̄i, ȳj}. We refer to the proof of Prop. 9.4 for the notation and de
oratewith a bar the obje
ts arising from Π. Choose fun
tions q1, q̄1 on P around x so that thefun
tions and their di�erentials agree at points of M (of 
ourse here we 
ould just take
q1 = q̄1). Then M1 = {q1 = 0} ∩M 
oin
ides with M̄1. The 
onditions on the di�erentials,together with Π|M = Π̄|M , imply Xq1

|M = X̄q̄1
|M (where the se
ond hamiltonian ve
tor�eld is taken w.r.t Π̄). Choose two hypersurfa
es of P 
ontaining M su
h that their tangentspa
es at points ofM 
oin
ide (of 
ourse we 
ould take the hypersurfa
es to be equal). Thisdetermines the fun
tions p1, p̄1 on P . Noti
e that dp1|M (a se
tion of the ve
tor bundle

T ∗P |M → M) and dp̄1|M 
oin
ide, be
ause they have the same kernel and both evaluateto −1 on Xq1
|M = Xq̄1

|M . This has two 
onsequen
es: �rst Xp1
|M = X̄p̄1

|M . Se
ond, eventhough P1 := {points of P where p1 = 0, q1 = 0} and P̄1 do not 
oin
ide, they are tangentto ea
h other along M1 = M̄1, sin
e the di�erentials of q1 and p1 
oin
ide with their barred
ounterparts on M and in parti
ular on M1 = M̄1. Further the Poisson stru
tures indu
edby Π on P1 and Π̄ on P̄1 
oin
ide at points of M1 = M̄1, be
ause Π and Π̄ there. Tosummarize we showed(9) M1 = M̄1, TP1|M1
= T P̄1|M̄1

as Poisson ve
tor bundles, Xp1
|M = X̄p̄1

|M .Now we would like to apply the above pro
edure to M1 = M̄1, whi
h is 
oisotropi
 in thetwo Poisson manifolds P1 and P̄1. The only di�eren
e to the above situation is that nowwe have two Poisson manifolds whi
h do not agree as spa
es. However sin
e their tangentspa
es along M1 = M̄1 agree we 
an still pro
eed as above: we 
hoose q2 on P1 and q̄2 on P̄1so that they agree on M1 = M̄1 together with their �rst derivates; we 
hoose hypersurfa
esin P1 and P̄1 so that their tangent spa
es along M1 = M̄1 
oin
ide, and these in turn
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eeding indu
tively we have
Mi = M̄i, TPi|Mi

= T P̄i|M̄i
as Poisson ve
tor bundles, Xpi

|Mi−1
= X̄p̄i

|M̄i−1
for i ≤ k.Now we start working ba
kwards. We 
hoose arbitrary 
oordinates {y1, · · · , ym−k} on Pk =

P̄k, and extend them to Pk−1 
onstantly along the surfa
es spanned by Xqk
,Xpk

, as wellas to P̄k−1 
onstantly along the surfa
es spanned by X̄q̄k
, X̄p̄k

. Sin
e Xpk
and X̄p̄k


oin
ideon Mk−1 = M̄k−1, we see that the resulting y and ȳ 
oin
ide on Mk−1 = M̄k−1. The
oordinates qk and q̄k 
oin
ide there too by de�nition (pk and p̄k trivially too, be
ause theyvanish there). After k steps we see that the 
oordinates q1, · · · , qk, y1, · · · , ym−k on P , on
erestri
ted to M , 
oin
ide with their barred 
ounterparts. �We refer to Example 9.3 for an example of the 
onstru
tion of Prop. 9.7Referen
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