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10 Semi-simple 
ase and ADE-singularities 4511 Remarks on appli
ations 501 Introdu
tionThis paper studies generalizations of Hodge stru
tures and variations of them. They appearedin the work of Ce
otti and Vafa ([CV91℄[CV93℄) on supersymmetri
 �eld theories. The abstra
tnotion is of general nature. It is studied under the name TERP-stru
ture in [Her03℄.In this paper we 
ontinue to investigate su
h TERP-stru
tures. More spe
i�
ally, we study therelation between nilpotent orbits of them and a 
orresponding generalization of mixed Hodgestru
tures. This result is an extension of a similar 
orresponden
e in Hodge theory due toCattani, Kaplan and S
hmid.Closely related obje
ts, 
alled twistor stru
tures (whi
h also generalize Hodge stru
tures) ap-peared in the work of Simpson ([Sim97℄). TERP-stru
tures are enri
hed twistors. A twistor issimply a holomorphi
 ve
tor bundle Ĥ on P1. A twistor Ĥ is 
alled pure of weight w ∈ Z if itis semi-stable of slope w. A pure twistor of weight 0 is polarized if there is a sesquilinear pairing
Ŝ : Ĥz × Ĥ−1/z → C for all z ∈ P1 su
h that the indu
ed pairing on Γ(P1, Ĥ) is hermitian andpositive de�nite. This 
an be generalized to any weight. Note that a single twistor is a ratherelementary obje
t. However, if one takes into a

ount parameters, then the resulting stru
tureis quite involved, a variation of pure polarized twistors is a
tually equivalent to a harmoni
bundle on the parameter spa
e (see [Sim88℄[Sim90℄[Sim92℄).A TERP-stru
ture (the name stems from �T� for twistor, �E� for extension, �R� for real stru
tureand �P� for pairing) is a twistor with additional data whi
h generalize all ingredients of apolarized Hodge stru
ture, that is, a real stru
ture, a pairing and the Hodge �ltration. Morepre
isely, a TERP-stru
ture of weight 0 is a holomorphi
 ve
tor bundle H on C with a �at
onne
tion ∇ on H|C∗ whi
h has a pole of order at most two at 0. The real stru
ture 
onsists ofa �at real subbundleH ′

R
on C∗. The pairing in this 
ase is a pairing P : Hz×H−z → C for z ∈ C,whi
h is symmetri
 and nondegenerate on C and �at on C∗ and whi
h takes values in R on thereal subbundle. In many appli
ations it makes sense to 
onsider the data (H|C∗,∇, H ′

|R, P ) as�topologi
al obje
ts� and the extension of the bundle to 0 as trans
endent. This extension is thegeneralization of the Hodge �ltration. A key point now is that real and �at stru
tures allow to
onstru
t 
anoni
ally an extension to in�nity making up a twistor (see 
hapter 3 for the pre
ise
onstru
tion). The extension at ∞ then generalizes naturally the 
omplex 
onjugate of theHodge �ltration. By 
onstru
tion, the resulting twistor 
omes equipped with a meromorphi

onne
tion with poles of order at most two at zero and in�nity. Moreover, the given pairing Pand the 
onstru
tion of the extension yield a pairing Ŝ like the one des
ribed above.A TERP-stru
ture H will be 
alled pure (resp. polarized pure) if the 
orresponding obje
t
(Ĥ, Ŝ) is a pure (resp. polarized pure) twistor. Pureness generalizes the notion of opposite�ltrations, i.e. of a Hodge stru
ture. Polarized pure TERP-stru
tures generalize polarizedpure Hodge stru
tures. The pre
ise relation between TERP-stru
tures and twistor stru
turesis reviewed in 
hapter 3. We also make some 
omments on the parameter 
ase, i.e., variationsof TERP- resp. twistor stru
tures, whi
h were treated in great detail in [Her03℄.Important tools in the study of variations of Hodge stru
tures are the notions of nilpotent2



orbits of Hodge stru
tures and mixed Hodge stru
tures, the �rst one being geometri
, these
ond linear. There is a beautiful 
orresponden
e relating them (theorem 2.5). One di-re
tion is due to S
hmid [S
h73℄, the other one has been treated later in a series of papers([CK82℄[CKS86℄[CK89℄) by Cattani, Kaplan and S
hmid. We give a short reminder of thesenotions and results in 
hapter 2.The main purpose of the present paper is the generalization of this 
orresponden
e to TERP-stru
tures. The notion of a nilpotent orbit has a rather simple generalization (de�nition 4.1):We say that a TERP-stru
ture (H,∇, H ′
R
, P ) indu
es a nilpotent orbit if π∗

r (H,∇, H
′
R
, P ) isa polarized pure TERP-stru
ture for any r ∈ C∗ with |r| ≪ 1; here πr : C → C, z 7→ z · r,for r ∈ C

∗. It 
omes as a surprise that a simple res
aling of the 
oordinate on C 
hanges thetwistor whi
h results from the gluing pro
edure in an essential way.The generalization of a polarized mixed Hodge stru
ture is what we 
all a mixed TERP-stru
ture. Its de�nition (de�nition 9.3) is rather involved, as we have to deal with a possiblyirregular singularity of the 
onne
tion ∇ at zero. Let us �rst explain the regular singular 
ase.A TERP-stru
ture (H,∇, H ′
R
, P ) is 
alled regular singular if the pole at 0 is so. In that 
asethere is a well known pro
edure to obtain a �ltration on the spa
e H∞ of multivalued �atglobal se
tions of the bundle H|C∗ . Up to a twist, it was �rst 
onsidered by Var
henko [Var80℄in the 
ontext of hypersurfa
e singularities, and re�ned later in [SS85℄[Sai89℄. For a regularsingular TERP-stru
ture, the 
ondition to be mixed simply means that this �ltration is partof a polarized mixed Hodge stru
ture. If, however, the pole at zero be
omes irregular, thenwe have to modify this 
ondition. First, we require that the formal de
omposition of (H,∇)
an be done without rami�
ation. Moreover, we need a 
ompatibility 
ondition between H ′

Rand the Stokes stru
ture de�ned by the irregular pole. Under these two hypotheses, the regularsingular fa
tors whi
h appear in the formal de
omposition are themselves TERP-stru
tures andthe main 
ondition imposed is that they indu
es polarized mixed Hodge stru
tures as before.The details are explained in the 
hapters 8 and 9. With this notion in mind, we 
an state thegeneralized 
orresponden
e as follows.Conje
ture 1.1. (
onje
ture 9.2) A TERP-stru
ture whi
h does not require a rami�
ation isa mixed TERP-stru
ture i� it indu
es a nilpotent orbit.The main result of this paper is a proof of a good part of this 
onje
ture, namely:Theorem 1.2. (theorem 9.3)1. The 
onje
ture is true if the TERP-stru
ture is regular singular.2. The impli
ation ⇒ is true for any TERP-stru
ture.The impli
ation ⇒ in the regular singular 
ase was shown in [Her03, theorem 7.20℄, using theanalogous impli
ation in the 
orresponden
e between polarized mixed Hodge stru
tures andnilpotent orbits of Hodge stru
tures. The opposite impli
ation ⇐ for regular singular TERP-stru
tures is proved in 
hapter 6 and uses quite di�erent te
hniques, namely, it relies on are
ent result of Mo
hizuki [Mo
03℄: In that paper, he 
onstru
ts, among other things, for anytame harmoni
 bundle on the 
omplement of a normal 
rossing divisor a limit polarized mixedtwistor stru
ture. This generalizes S
hmid's limit polarized mixed Hodge stru
ture de�ned bya variation of Hodge stru
tures. 3



For nilpotent orbits of TERP-stru
tures, we only need the one-variable version of the limitmixed twistor stru
ture ([Mo
03, theorem 12.1℄). To apply it, we establish in 
hapter 5 a
orresponden
e (lemma 5.9) between 
ertain integrable polarized mixed twistor stru
tures andpolarized mixed Hodge stru
tures equipped with a semi-simple automorphism. This 
orrespon-den
e extends similar 
orresponden
es in [Mo
03, 
h. 3℄.The last part of the paper (
hapters 8 to 10) deals with the general (i.e., irregular) 
ase. Theimpli
ation ⇒ in general is proved in 
hapter 9. It 
ombines the regular singular 
ase with adis
ussion of the Stokes stru
ture. In the end it 
omes down to a Riemann boundary valueproblem whi
h we are able to solve by an argument involving the Birkho� de
omposition ofthe loop group ΛGLn(C) [PS86, (8.1.2)℄.A parti
ular 
ase arises if the pole part of the 
onne
tion is a semi-simple endomorphism withpairwise di�erent eigenvalues. Su
h TERP-stru
tures are 
alled semi-simple and the impli
ation
⇒ was already established by Dubrovin [Dub93, proposition 2.2℄ in that 
ase.For semi-simple TERP-stru
tures of rank two, families⋃r>0 π

∗
r−1(H,∇, H ′

R
, P ) of TERP-stru
turesare 
losely related to solutions of the sinh-Gordon equation (∂2

r +
1
r
∂r)u(r) = sinh u(r) [CV91℄[CV93℄[Dub93℄(and impli
itly also [IN86℄). The impli
ation ⇐ in the semi-simple rank two 
ase is equivalentto the 
laim that the only solutions u(r) whi
h are smooth and real for large r are the oneparameter family of solutions whi
h were studied in [MTW77℄. This is very probably true, butthe statements in [IN86℄[MTW77℄ do not imply it immediately. See the dis
ussion at the endof 
hapter 10 for more details. The 
onje
ture in general predi
ts that the singularity freenessfor large r of 
ertain systems of di�erential equations is equivalent to �linear� 
onditions whi
hare neatly formulated in terms of the Stokes data.The semi-simple 
ase is also interesting be
ause of the apparent simpli
ity in whi
h the stru
ture
an be en
oded.Lemma 1.3. (lemma 10.1) Any data (w, u1, ..., un, ξ, T ) where w ∈ Z, ui ∈ C with ui 6= uj for

i 6= j, ξ ∈ S1 with ℜ(
ui−uj

ξ
) < 0 for i < j and T ∈ M(n × n,R) upper triangular with Tii = 1give rise to a unique semi-simple mixed TERP-stru
ture of weight w. The numbers u1, ..., unare the eigenvalues of the pole part of the 
onne
tion and the Stokes stru
ture is equivalent tothe matrix T together with the point ξ. Any semi-simple mixed TERP-stru
ture arises in su
ha way (the 
hoi
e of ξ is not unique and in�uen
es T ).An interesting question is to know whi
h of these TERP-stru
tures are pure and polarized.The following 
onje
ture proposes a partial answer.Conje
ture 1.4. (see 
onje
ture 10.2) If the matrix T + T tr is positive de�nite, then theTERP-stru
ture is pure and polarized.The 
onje
ture is proved in 
hapter 10 for Stokes data whi
h are related to the ADE-singularities.One ingredient are beautiful results in [Del℄ and [Loo74℄ whi
h roughly say that the semi-universal unfolding of an ADE-singularity is a one to one atlas for all distinguished bases up tosigns and a �nite to one atlas for possible Stokes data. Another ingredient is a re
ent funda-mental result of Sabbah [Sab05a, theorem 4.9℄ on TERP-stru
tures for tame fun
tions, whi
happlies to the ADE-singularities and their unfoldings.Using os
illating integrals resp. by the Fourier-Lapla
e transform of its Gauss-Manin system,any fun
tion germ f : (Cw, 0) → (C, 0) with an isolated singularity at zero and similarly any4



tame fun
tion f : Y → C on an a�ne manifold Y gives rise to a mixed TERP-stru
ture(theorem 11.1). This result relies on the work of many di�erent people. In the tame 
ase, it hasbeen established (although it is not expressed in these terms) in [Sab℄ and [DS03℄. For fun
tiongerms, the 
onstru
tion is des
ribed in [Her03, 8.1℄.Sabbah's new result [Sab05a, theorem 4.9℄ (see theorem 11.2) states that for tame fun
tions,this TERP-stru
ture is always pure and polarized. It seems to be of fundamental importan
efor future study of tame fun
tions. In a sense, it should be seen as the analogue to the fa
t thatthe primitive part of the 
ohomology of a 
ompa
t Kähler manifold is a sum of polarized pureHodge stru
tures. Even though this analogy is only a sort of meta-theorem, it 
an hopefullybe turned into more 
on
rete results using the point of view of mirror symmetry: 
ertain tamefun
tions on a�ne manifolds 
orrespond to 
ertain Fano manifolds. We give some spe
ulationsin that dire
tion in 
hapter 11.TERP-stru
tures for tame fun
tions, and even Sabbah's theorem, are treated from the physi-
ists' perspe
tive in [CV91℄[CV93℄. The fun
tions are part of Landau-Ginzburg models, thepositive de�nite hermitian metri
 of the polarized pure TERP-stru
ture is a ground state met-ri
. Also lemma 1.3 is already used impli
itly in [CV91℄[CV93℄. Semi-simple TERP-stru
turesarises from massive �eld theories, and it is an important feature in 
it.lo
. that these 
an been
oded by simple data as in lemma 1.3.It is an elementary 
omputation that the TERP-stru
ture TERP(f) of a fun
tion f (a germor tame) satis�es TERP(r · f) = π∗
r−1(TERP(f)) for any parameter r ∈ C∗. The fa
t that

TERP(f) is mixed and theorem 9.3 2. imply that TERP(r · f) is pure and polarized for
|r| ≫ 0. This proves the main part of the 
onje
ture 8.3 in [Her03℄. It endows a part of thesemi-universal unfolding spa
e with a positive de�nite hermitian metri
. This will hopefullyhave appli
ations for moduli spa
e questions or Torelli problems.In [CV91℄[CV93℄ the limit r → ∞ is 
alled infrared limit, the limit r → 0 is 
alled ultravioletlimit. We also 
onsider r → 0 and de�ne a 
ounterpart of a nilpotent orbit whi
h is 
alledSabbah orbit (de�nition 4.1). The reason for this is that Sabbah has de�ned in [Sab℄ for any(not ne
essarily regular singular) TERP-stru
ture a �ltration F •

Sab on H∞. In parti
ular, itwas proved that this �ltration gives a mixed Hodge stru
ture for TERP-stru
tures 
omingfrom tame fun
tions. However, polarizations were not 
onsidered in that paper. The �Sabbahorbit�-version of our 
orresponden
e reads as follows.Theorem 1.5. (see theorem 7.3) A TERP-stru
ture indu
es a Sabbah orbit i� a twisted versionof the �ltration F •
Sab gives rise to a polarized mixed Hodge stru
ture.The impli
ation⇐ is analogous to [Her03, theorem 7.20℄, the impli
ation⇒ uses again [Mo
03,theorem 12.1℄. This theorem 1.5 and [Sab05a, theorem 4.9℄ show that F •

Sab, twisted appropri-ately, even makes up a polarized mixed Hodge stru
ture.Besides [CV91℄[CV93℄, this paper owes a lot to [Sab05b℄ and [Mo
03℄. In [Sab05b℄, Simpson'snotion of a variation of twistor stru
tures is generalized to polarizable twistor D-modules.Chapter 7 of 
it.lo
. is devoted to twistor stru
tures with 
onne
tion on C∗ and a �at hermitianpairing Ŝ as above (one might 
all them �TEH�-stru
tures). The extraordinary long paper[Mo
03℄ provided us with a 
entral degeneration result used in the proofs of theorem 6.6 andtheorem 7.3. In the third 
hapter of 
it.lo
., nilpotent orbits of polarized twistor stru
tures are
onsidered, however, these twistors are not equipped with 
onne
tions on C
∗, so they are lessri
h than TERP-stru
tures. 5
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ussions.Notations: For any 
omplex manifold M , we denote by M the same real manifold, equippedwith the 
onjugate 
omplex stru
ture, i.e., OM := OM . We will need at di�erent pla
es a totalordering on C extending the usual real ordering of R. This will be the lexi
ographi
 one, thatis, we will write α < β i� either ℜ(α) < ℜ(β) or ℜ(α) = ℜ(β) and ℑ(α) < ℑ(β). However,the interval notation [α, α′] for α, α′ ∈ R will 
ontinue to denote all β ∈ R with α ≤ β ≤ α′.If H is a holomorphi
 ve
tor bundle on a 
omplex manifold M , we write H ∈ VBM for shortand we will use the symbol H to denote its sheaf of holomorphi
 se
tions. In [Her03℄ pureTERP-stru
tures and their variations were 
alled (tr.TERP)-stru
tures, polarized pure TERP-stru
tures and their variations were 
alled (pos.def.tr.TERP)-stru
tures. The following mapswill be used frequently in the paper.
i : C∗ →֒ C ; ĩ : C∗ →֒ P1\{0} ; î : C∗ →֒ P1 ; πr : C → C , z 7→ r · z for r ∈ C∗;

j : P1 → P1 , j(z) = −z ; γ : P1 → P1 , γ(z) = z−1 ; σ : P1 → P1 , σ(z) = −z−1.2 Polarized mixed Hodge stru
tures and nilpotent orbitsof Hodge stru
turesThis 
hapter re
alls for the reader's 
onvenien
e some 
lassi
al notions from Hodge theory. Wegive the de�nition of nilpotent orbits and state the 
orresponden
e between nilpotent orbits ofpolarized Hodge stru
tures and (limit) polarized mixed Hodge stru
tures. This 
orresponden
eis one of the main motivation of our work.Throughout the whole 
hapter, w will be an integer, H a 
omplex ve
tor spa
e of �nite dimen-sion, HR a real subspa
e with H = HR⊕ iHR, and S a nondegenerate (−1)w-symmetri
 pairingon H with real values on HR.De�nition 2.1. A polarized Hodge stru
ture of weight w ∈ Z (abbreviation PHS) 
onsists ofdata H,HR and S as above and an exhaustive de
reasing Hodge �ltration F • on H with thefollowing properties.
F p ⊕ Fw+1−p = H, (2.1)

S(F p, Fw+1−p) = 0, (2.2)
ip−(w−p) · S(a, a) > 0 for a ∈

(
F p ∩ Fw+1−p

)
\{0}. (2.3)Remarks:1. A tuple (H,HR, F

•, w) with (2.1) is a pure Hodge stru
ture of weight w.2. The �ltrations F • and Fw−• are 
alled opposite if they satisfy (2.1). This 
ondition isequivalent to the Hodge de
omposition H =
⊕

pH
p,w−p, where Hp,w−p := F p ∩Fw−p. Of
ourse, Hp,q = Hq,p. 6



3. Given a PHS, the Hodge subspa
es Hp,w−p are orthogonal with respe
t to the pairing
S( , · ) The pairing

h : H ×H → C,

(a, b) 7→ ip−(w−p) · S(a, b) for a ∈ Hp,w−p, b ∈ His hermitian and positive de�nite. This pairing distinguishes a PHS from a Hodge stru
-ture.Mixed Hodge stru
tures have been introdu
ed by Deligne [Del71℄ in order to study the 
oho-mology of singular or non-
ompa
t Kähler manifolds. A MHS 
ontains a se
ond �ltration 
alledweight �ltration su
h that the Hodge �ltration indu
es pure Hodge stru
tures of appropriateweights on the graded spa
es with respe
t to the weight �ltration. In S
hmid's work, a morespe
i�
 variant of mixed Hodge stru
tures is 
onsidered: The weight �ltration is always indu
edby a given nilpotent endomorphism on HR satisfying
S(N a, b) + S(a,N b) = 0, (2.4)i.e., whi
h is an in�nitesimal isometry of S. These data yield a weight �ltration W• in thefollowing way.Lemma 2.2. [S
h73, Lemma 6.4℄ Let (H,HR, S,N, w) be as above.1. There exists a unique exhaustive in
reasing �ltration W• on HR su
h that N(Wl) ⊂Wl−2and su
h that N l : GrW

w+l → GrW
w−l is an isomorphism.2. The �ltration satis�es S(Wl,Wl′) = 0 for l + l′ < w.3. A nondegenerate (−1)w+l-symmetri
 bilinear form Sl is well de�ned on GrW

w+l for l ≥ 0by Sl(a, b) := S(ã, N lb̃) for a, b ∈ GrW
w+l with representatives ã, b̃ ∈Ww+l.4. The primitive subspa
e Pw+l ⊂ GrW

w+l is de�ned by
Pw+l := ker(N l+1 : GrW

w+l → GrW
w−l−2)for l ≥ 0 and by Pw+l := 0 for l < 0. Then

GrW
w+l =

⊕

i≥0

N iPw+l+2i, (2.5)and this de
omposition is orthogonal with respe
t to Sl if l ≥ 0.De�nition 2.3. [CK82℄[Her02℄ A polarized mixed Hodge stru
ture of weight w (abbreviationPMHS) 
onsists of data H,HR, S,N and W• as above and an exhaustive de
reasing Hodge�ltration F • on H with the following properties.1. The �ltration F •GrW
k on GrW

k gives a pure Hodge stru
ture of weight k,2. N is a (−1,−1)-morphism of mixed Hodge stru
tures,
N(F p) ⊂ F p−1, (2.6)7



3.
S(F p, Fw+1−p) = 0. (2.7)4. For a ∈

(
F pPw+l ∩ Fw+l−pPw+l

)
\{0}

ip−(w+l−p)Sl(a, a) > 0. (2.8)Remark: The 
onditions (2.4), (2.6) and (2.7) imply that Sl(F
pPw+l, F

w+l+1−pPw+l) = 0. This
ondition and 
ondition (2.8) say the pure Hodge stru
ture F •Pw+l of weight w + l on Pw+l ispolarized by Sl.Let us �x one referen
e polarized Hodge stru
ture (H,HR, S, F
•
0 ) of weight w. The spa
e

Ď :=
{�ltrations F • on H | dimF p = dimF p

0 , S(F p, Fw+1−p) = 0
}is a 
losed submanifold of a produ
t of Grassmannians, in parti
ular proje
tive. It is also a
omplex homogeneous spa
e. Consider the subspa
e

D :=
{
F • ∈ Ď | F • gives rise to a PHS, i.e., satis�es (2.1) and (2.3)}whi
h is an open 
omplex submanifold and a real homogeneous spa
e [S
h73℄. It 
lassi�espolarized Hodge stru
tures with �xed Hodge numbers.De�nition 2.4. A tuple (H,HR, S, F

•, N) is said to give rise to a nilpotent orbit if the followingholds:1. F • ∈ Ď,2. the endomorphismN of HR is nilpotent and an in�nitesimal isometry with N(F p) ⊂ F p−1,3. there exists a bound b ∈ R su
h that
eρNF • ∈ D for ℑ(ρ) > b.Then the set {eρNF • | ρ ∈ C} is 
alled a nilpotent orbit of Hodge stru
tures.Nilpotent orbits of Hodge stru
tures play a fundamental role in S
hmid's work [S
h73℄. Thefollowing theorem gives a beautiful 
orresponden
e between PMHS and nilpotent orbits ofHodge stru
tures. The main purpose of the whole paper is to generalize this 
orresponden
e toTERP-stru
tures.Theorem 2.5. [S
h73℄[CK82℄[CKS86℄[CK89℄ Let (H,HR, S) be as above.1. The tuple (H,HR, S, F

•, N) is a PMHS of weight w if and only if (H,HR, F
•, N) givesrise to a nilpotent orbit of Hodge stru
tures.2. If (H,HR, S, F

•, N) is a PMHS with Iq,p = Ip,q then eρNF • ∈ D for ℑ(ρ) > 0.The dire
tion `⇐=' in 1. is shown in [S
h73, Theorem 16.6.℄. It is a 
onsequen
e of the SL2-orbit theorem. `=⇒' in 1. is [CKS86, Corollary 3.13℄. Short proofs of both dire
tions are givenin [CK89, Theorem 3.13℄. The spe
ial 
ase 2. is proved in [CK82, Proposition 2.18℄ and in[CKS86, Lemma 3.12℄.The nilpotent orbit theorem [S
h73℄ says that any variation of PHS on a pun
tured disk isapproximated by a nilpotent orbit. Therefore the 
orresponden
e above asso
iates a (limit)PMHS to any variation of PHS on a pun
tured disk.8



3 TERP-stru
tures and twistor stru
turesThis 
hapter introdu
es the 
entral obje
ts of this paper: TERP-stru
tures. This notion en
ap-sulates a situation en
ountered when studying Hodge theory for singularities. More pre
isely, aTERP-stru
ture arises when performing a Fourier-Lapla
e transformation of the Gauss-Manin-system and the Brieskorn latti
e of a holomorphi
 fun
tion germ or a tame polynomial. In asense whi
h will be
ome 
lear later (
hapter 6), (variations of) TERP-stru
tures are naturalgeneralizations of (variations of) Hodge stru
tures. We will give in this 
hapter the de�nitionsand some properties of TERP-stru
tures. The main point is the 
onstru
tion of a bundle on P1starting from a given TERP-stru
ture. After re
alling the notion of (polarized) twistor stru
-ture, we will see that this P1-bundle is a (polarized) twistor with some additional stru
ture,
alled integrable twistor. We only make some 
omments on how to extend these 
onstru
tionsto the 
ase with parameters, i.e., for variations of TERP/twistor stru
tures. In a sense, this
hapter is a short version of the se
ond 
hapter of [Her03℄ with some additional notations and
omparison results.De�nition 3.1. A TERP-stru
ture (�twistor, extension, real stru
ture, pairing�) of weight
w ∈ Z is a tuple (H,H ′

R
,∇, P, w) where H is a holomorphi
 ve
tor bundle on C, equippedwith a �at meromorphi
 
onne
tion ∇ with a pole of order at most two at zero, a �at realsubbundle H ′

R
⊂ H ′ := H|C∗ of the restri
tion to C∗ satisfying H ′ = H ′

R
⊗C and a �at, bilinear,

(−1)w-symmetri
, nondegenerate pairing
P : Hz ×H−z −→ C for z ∈ C

∗with the following two properties.1. For any z ∈ C∗, we have
P : (H ′

R)z × (H ′
R)−z → iwR. (3.1)2. The pairing indu
ed on se
tions satis�es

P : H⊗ j∗H −→ zwOC, (3.2)and the pairing z−wP is nondegenerate at 0.De�nition 3.2 (extension to in�nity). Consider a TERP-stru
ture (H,H ′
R
,∇, P, w). Let γ :

P1 → P1; z 7→ z−1 and de�ne for any z ∈ C∗ the following two anti-linear involutions.
τreal : Hz −→ Hγ(z)

s 7−→ ∇-parallel transport of s
τ : Hz −→ Hγ(z)

s 7−→ ∇-parallel transport of z−wsThe indu
ed maps on se
tions by putting s 7→ (z 7→ τs(z−1)) resp. s 7→ (z 7→ τreals(z
−1)) willbe denoted by the same letter. They 
an either be seen as morphisms τ, τreal : H′ → γ∗H′ whi
h�x the base, or as morphisms τ, τreal : H′ → H′ whi
h map se
tions in U ⊂ C∗ to se
tions in

γ(U) ⊂ C∗. Note that due to the two-fold 
onjugation (in the base and in �bres), τ and τrealare morphisms of holomorphi
 bundles over C
∗. Denote by Ĥ ∈ VBP1 the bundle obtained bypat
hing H and γ∗H via the identi�
ation τ . 9



Noti
e that the pairing P does not enter in the 
onstru
tion of the bundle Ĥ . However, the solefa
t that the bundle H is equipped with a pairing with the above properties puts restri
tionson Ĥ as the following lemma shows. Let us denote the sheaf O(Ĥ|P1\{0}) by H̃ for short.Lemma 3.3. 1. The 
onne
tion naturally extends with a pole of order two at in�nity.2. The pairing P satis�es P : H̃ ⊗ j∗H̃ → zwOP1\{0}, and z−wP is nondegenerate at ∞.3. The bundle Ĥ has degree zero.Proof. We will need the following two equalities of endomorphisms of H′, whi
h express the�atness property of τreal. They are immediate 
onsequen
es of γ∗ (dz
z

)
= −dz

z
.

∇z∂z
◦ τreal = τreal ◦ ∇−z∂z

; ∇z∂z
◦ τ = τ ◦ (∇−z∂z

+ wId) . (3.3)Consider H as a subsheaf of i∗H′ where i : C∗ →֒ C. By de�nition, we have H̃ = τH ⊂ ĩ∗Hwith ĩ : C∗ →֒ P1\{0}. This gives immediately, using the above formula, that
z−1∇∂

z−1H̃ = −∇z∂z
τH = τ(∇z∂z

− wId)H = τ(
1

z
H) = zH̃.To dete
t the order of P at in�nity, 
onsider the following 
al
ulation:

z−w · P (a(z), b(−z)) = (−z)w · P (z−wa(z), (−z)−wb(−z))

= zw · P (z−wa(z), (−z)−wb(−z)) [(−1)w be
ause of 
ondition (3.1)]
= zw · P (τ(a)(z−1), τ(b)(−z−1)) [P is �at]. (3.4)The order of P at zero and H̃ = τH yield P : H̃ ⊗ j∗H̃ → zwOP1\{0} as required. To prove thethird point, we �rst 
onsider the 
ase where rank(H) = 1. Then Ĥ ∼= OP1(k) for some k ∈ Z.Choose non-vanishing holomorphi
 se
tions σ ∈ Γ(C, Ĥ) and σ̃ ∈ Γ(P1\{0}, Ĥ) satisfying

σ̃ = zkσ on C∗. This implies that z 7→ P (σ(z), σ(−z)) de�nes a non-vanishing holomorphi
fun
tion on C
∗ with a zero of order w at zero (by equation (3.2) in the de�nition of TERP-stru
tures) and a zero of order 2k − w at in�nity by the above 
omputation. Consequently,

k = 0. Now for the general 
ase, we remark that given any TERP-stru
ture (H,H ′
R
,∇, P, w),then the determinant (line) bundle det(H) is naturally a TERP-stru
ture of weight w ·rank(H).Moreover, it is 
lear that d̂et(H) = det(Ĥ). This implies that deg(Ĥ) = 0.The next step is to investigate more 
losely the 
ase where Ĥ is a trivial P1-bundle. Thisimplies that we have a 
anoni
al identi�
ation of any �bre with the spa
e H0(P1, Ĥ) and thusalso a 
anoni
al identi�
ation of all �bres.Lemma 3.4. Let Ĥ be trivial and 
onsider the identi�
ation H0

∼=
−→ H0(P1, Ĥ). The morphism

τ a
ts on this spa
e as an anti-linear involution and the pairing z−wP is symmetri
 and has
onstant values on it. De�ne
h : H0 ×H0 −→ C ; (a, b) 7−→ z−wP (a, τb).Then h is a hermitian pairing on H0. 10



Proof. In order to see that τ de�nes an anti-holomorphi
 involution on H0(P1, Ĥ), 
onsiderthe extension î∗H′, where î : C∗ →֒ P1. We have ĩ∗H ⊂ î∗H′, i∗H̃ ⊂ î∗H′ and the interse
tion
ĩ∗H ∩ i∗H̃ is pre
isely the �nite-dimensional spa
e H0(P1, Ĥ) whi
h is of dimension equal tothe rank of H if Ĥ is trivial. The morphism τ a
ts on H′ and therefore on î∗H′. It maps ĩ∗Hisomorphi
ally to i∗H̃ and vi
e versa. This shows that it a
ts on H0(P1, Ĥ).For any two global se
tions a, b ∈ H0(P1, Ĥ), putting z 7→ P (a(z), b(−z)) de�nes a holomorphi
fun
tion with zero of order w at the origin and pole of order w at in�nity. Therefore, thefun
tion z 7→ z−wP (a(z), b(−z)) is holomorphi
 on P1 and thus 
onstant. The symmetryproperty follows from

z−wP (a, b) (z) = z−wP (a(z), b(−z)) = z−w(−1)wP (b(−z), a(z)) = z−wP (b, a) (z).In order to show that h is hermitian, we apply 
omputation (3.4) to global se
tions, whi
h gives
z−wP (a, b) = z−wP (τa, τb) for a, b ∈ H0(P1, Ĥ). This implies that

h(a, b) = z−wP (a, τb) = z−wP (τa, b) = z−wP (b, τa) = h(b, a)whi
h is what we need.The last lemma motivates the following de�nition.De�nition 3.5. A TERP-stru
ture is 
alled pure i� the bundle Ĥ is trivial. A pure TERP-stru
ture is 
alled polarized i� the hermitian form h : H0 ×H0 → C is positive de�nite.The next result introdu
es one of the most interesting obje
ts atta
hed to a pure TERP-stru
ture, namely, an endomorphism of H0 that was 
onsidered in [CFIV92℄ under the name�new supersymmetri
 index�. Its eigenvalues are related to and 
an be 
onsidered (in the regularsingular 
ase, see 
hapter 6) as a generalization of the spe
tral numbers of H,∇. Let U be thepole part of the 
onne
tion ∇ on H , i.e. U is an endomorphism of the �bre H0 de�ned by
U = [z∇z∂z

].Lemma 3.6. Suppose that (H,H ′
R
,∇, P, w) is a pure TERP-stru
ture. Then there exists anendomorphism Q of H0 su
h that for any ω ∈ H0(P1, Ĥ) ∼= H0, we have

∇z∂z
ω =

(
1

z
U +

(w
2

Id −Q
)
− zU

)
ωwhere U denotes the adjoint of U with respe
t to h and satis�es U = τ ◦ U ◦ τ . Q is h-selfadjoint and anti-
ommutes with τ . If the TERP-stru
ture is polarized, Q is semi-simpleand its eigenvalues are real and symmetri
 with respe
t to zero.Proof. It is obvious that there are endomorphisms A,B su
h that∇z∂z

ω =
(
U
z

+ A + zB
)
ω. Weneed to show that B = −U , that Q := w

2
Id −A is h-selfadjoint and anti-
ommutes with τ andthat U = τ ◦U ◦τ . All of these properties follow using the equations (3.3), τ(zω) = z−1τ(ω) andthe fa
t that for a, b ∈ H0(P1, Ĥ) we have z−wP (Ua, b) = z−wP (a,Ub). If h is positive de�nite,

Q is semi-simple with real eigenvalues. They are symmetri
 be
ause of τ ◦ Q = −Q ◦ τ .11



We will give in the following de�nition/theorem a brief reminder on how to extend the notionof a TERP-stru
ture to the relative 
ase, where parameters have to be taken into a

ount. Themain referen
e is [Her03, 
hapter 2℄, in parti
ular se
tions 2.4 to 2.7 of 
it.lo
.De�nition-Theorem 3.7. Let M be a 
omplex manifold. A variation of TERP-stru
turesover M is a tuple (H,H ′
R
,∇, P, w) where H ∈ VBC×M and H ′

R
a maximal real subbundle ofthe restri
tion H ′ := H|C∗×M . The 
onne
tion ∇ : H′ → H′ ⊗ Ω1

C×M is �at and meromorphi
with a pole of Poin
aré rank one along {0} ×M . The pairing P : H ⊗ j∗H → zwOC×M isnon-degenerate, (−1)w-symmetri
, �at and sends H ′
R
to iwR.The following fa
ts hold:1. The 
onstru
tion of the extension to in�nity generalizes and yields a 
omplex ve
tor bundle

Ĥ over P1 ×M with holomorphi
 stru
ture in P
1-dire
tion, in other words, a lo
ally free

C∞
MOP1-module. The 
onne
tion extends to Ĥ with a pole of Poin
aré rank one along

{0,∞}×M .2. The notion of pure resp. polarized pure TERP-stru
tures is de�ned as in the absolute 
ase.Given a variation of (H,H ′
R
,∇, P, w) of pure TERP-stru
tures, the obje
ts h, τ,U , Q arede�ned on p∗C∞h(Ĥ) ∼= O(H|z=0) ⊗OM

C∞
M . Moreover pre
isely, the 
onne
tion ∇ takesthe following form: Let ω ∈ p∗C∞h(Ĥ), then

∇ω =

(
D +

1

z
C + zC +

(
1

z
U +

(w
2

Id −Q
)
− zU

) dz
z

)
ωwhere D is the Chern 
onne
tion for h, C a Higgs �eld on H|z=0 and C its h-adjoint. Theoperators D,C,C, h, τ,U , Q satisfy a 
ouple of 
ompatibility 
onditions ([Her03, equations2.50-2.61℄) making up what was 
alled CV -stru
ture in 
it.lo
.In the remaining part of this 
hapter, we will dis
uss the relation of the notion of (variation of)TERP-stru
tures with (variation) of polarized integrable twistor stru
tures. Polarized twistorstru
tures were de�ned in [Sim97℄, and the term integrable was �rst used in [Sab05b℄. Webrie�y re
all the de�nitions.As in [Sim97℄, we denote for any OP1-module E by σ∗E the sheaf de�ned by Γ(U, σ∗E) :=

Γ(σ(U), E). As before, the 
onjugate 
omplex stru
ture is needed to ensure that σ∗E is againa sheaf of OP1-modules. Note that the 
onvention here di�ers from the one used for the map
γ, but we prefer to be 
ompatible with the notations both in [Her03℄ and [Sim97℄.De�nition 3.8. • A twistor is a holomorphi
 bundle on P1.

• A twistor Ĥ ∈ VBP1 is integrable if it 
omes equipped with a meromorphi
 
onne
tionwith poles of order at most two at zero and in�nity.
• Ĥ is 
alled pure of weight w i� it is semi-stable of slope w, i.e., isomorphi
 to a sum
⊕rank( bH)

i=1 OP1(w).
• A pairing on Ĥ is a non-degenerate (−1)k-symmetri
 morphism Ŝ : O(Ĥ)⊗O

P1
σ∗O(Ĥ) →

OP1(2k) where k = deg(Ĥ). In 
ase Ĥ is integrable Ŝ is required to be �at.12



• A pure twistor Ĥ of weight w is 
alled polarized by a pairing Ŝ i� the indu
ed pairing
Ŝw :

(
O(Ĥ) ⊗OP1(−w)

)
⊗O

P1
σ∗
(
O(Ĥ) ⊗OP1(−w)

)
−→ OP1indu
es a positive de�nite hermitian pairing on the spa
e of global se
tions. The pair

(Ĥ, Ŝ) is 
alled polarized twistor stru
ture (abbreviation PTS).
• A twistor Ĥ is mixed i� it is equipped with an in
reasing �ltration Ŵ• by subbundles su
hthat ea
h graded pie
e GrcW

k (Ĥ) is a pure twistor of weight k.With these de�nitions in mind, we 
an state the following 
omparison lemma.Lemma 3.9. Let (H,∇, HR, P, w) be a TERP-stru
ture. Then (Ĥ,∇) is an integrable twistor.There is a naturally de�ned pairing Ŝ : O(Ĥ) ⊗O
P1 σ

∗O(Ĥ) → OP1. Ĥ is pure (and thenautomati
ally of weight zero) i� H is pure TERP and in that 
ase Ŝ gives a polarization i� His polarized pure TERP.Proof. The statements about (Ĥ,∇) are obvious from what has been said before, it was shownin lemma 3.3 that the 
onne
tion extends to Ĥ as required and that deg(Ĥ) = 0. The pairing
Ŝ is de�ned as

Ŝ(a, b) := (−1)wP (a, τrealb) = z−wP (a, τb).

P has by de�nition a zero of order w at the origin and (as was shown) a pole of order wat in�nity, whi
h implies that Ŝ maps to OP1 . The �atness of Ŝ follows from the �atness of
P and τreal. The only thing that remains to dis
uss is that if Ĥ is pure then it is polarizedby Ŝ pre
isely i� the TERP-stru
ture we started with is polarized pure TERP. But this is atautology: Ŝ polarizes Ĥ i� the indu
ed form on H0(P1,O(Ĥ)) is positive de�nite hermitian,but this form is exa
tly z−wP (−, τ(−)). The positive de�niteness of this form on the spa
eof global se
tions was the de�ning property for a pure TERP-stru
ture to be polarized pureTERP.Remark: A TERP-stru
ture (H,∇, H ′

R
, P ) 
omes equipped with an integer w, its weight.However, lemma 3.3 shows that the twistor Ĥ 
onstru
ted from su
h a TERP-stru
ture is a

P1-bundle whi
h always has degree zero. Consequently, for a pure TERP-stru
ture, the twistor
Ĥ is pure of weight zero, regardless of the value of w. The reason for this is that the Tatetwist, whi
h is used to transform a pure twistor of some weight in a twistor of weight zero isalready impli
itly 
ontained in our gluing 
onstru
ting from de�nition 3.2, namely, Ĥ is de�nedby pat
hing H and γ∗H via the map τ , and not via τreal.In [Sab05b℄, the related notion of an R-triple was introdu
ed. The following lemma gives the
omparison. We omit the proof, whi
h is more or less straightforward.Lemma 3.10. Given a TERP-stru
ture (H,∇, H ′

R
, P, w), the tuple (O(H),O(H), Ŝ) where Ŝis the above pairing restri
ted to O(H ′) is a smooth R-triple. It is equal to its hermitian adjoint

(O(H),O(H), Ŝ∗), so it is polarized by (Id , Id). It is even an obje
t in Rint(pt), the verti
al
onne
tion being ∇z (and using the �atness of Ŝ).13



As before, we need a relative version of the above notions taking parameters into a

ount. It
an be formulated in two equivalent ways.De�nition 3.11 (Variation of twistor stru
tures, harmoni
 bundles). Let M be a 
omplexmanifold.1. Consider a C∞ ve
tor bundle on P1 × M together with an integrable operator ∂P1 :
C∞(E) → C∞(E)⊗C∞

M×P1
C∞

MA0,1
P1 de�ning a lo
ally free sheaf E of C∞

MOP1-modules. Then
E is 
alled a variation of twistor stru
tures (abbreviation VTS) if it 
omes equipped withan OP1-linear operator D : E → E ⊗C∞

M
O

P1
ξA1

M satisfying the following Leibniz rule:
D(fe) = fD(e) + d(f)ewhere ξA1 is the twistor A1

M ⊗C OP1(1) (see [Sim97℄ or [Mo
03℄) and d : ξC∞
M

∼= OP1 ⊗C

C∞
M → ξA1

M is the natural �twistor derivative�. A variation of polarized twistor stru
tures(abbreviation VPTS) is a variation equipped with a polarization as in de�nition 3.8 whi
his �at with respe
t to D. Similarly, one de�nes variations of pure resp. mixed twistorstru
tures.2. A C∞-bundle E on M is 
alled harmoni
 i� there are operators ∂, ∂, θ, θ and a pairing hwith
∂, θ : C∞(E) −→ C∞(E) ⊗C∞

M
A1,0

M

∂, θ : C∞(E) −→ C∞(E) ⊗C∞
M
A0,1

M

h : C∞(E) ⊗C∞
M
C∞(E) −→ C∞

Mwhere θ, θ are C∞
M -linear and ∂, ∂ are satisfying the Leibniz-rule, su
h that (∂+∂+θ+θ)2 =

0. The pairing h is positive de�nite, θ + θ is h-self-adjoint and (∂ + ∂) is h-metri
, i.e.
dh(a, b) = h(∂a, b) + h(a, ∂b) and dh(a, b) = h(∂a, b) + h(a, ∂b).A basi
 result due to Simpson ([Sim97℄) is that the 
ategory of variations of pure polarizedtwistor stru
tures of weight zero is equivalent to the 
ategory of harmoni
 bundles. This
orresponden
e will be used impli
itly several times in the sequel. As a matter of notation, fora variation of twistors Ê on M , we denote by C∞h(Ê) the sheaf of C∞-se
tions of Ê whi
h areholomorphi
 in the P1-dire
tion, i.e., annihilated by the operator ∂P1.The following extension of lemma 3.9 to the relative 
ase is a 
ondensed version of [Her03,theorem 2.19℄ (see also [Sab05b, 
orollary 7.2.6℄).Lemma 3.12. For any variation of polarized pure TERP-stru
tures (G,G′

|C∗×M ,∇, P, w), Ĝhas the stru
ture of a variation of pure polarized integrable twistors stru
tures of weight zeroyielding a harmoni
 bundle p∗C∞h(Ĝ) on M equipped with operators U ,Q satisfying [Sab05b,equations 7.2.5℄.Proof. We only remark how to de�ne the 
onne
tion in the parameter dire
tion: By de�nition,a variation of TERP-stru
tures furnishes a �horizontal� 
onne
tion ∇M : O(G) → O(G) ⊗
z−1OCΩ1

M whi
h we 
an of 
ourse extend to
D′

M : C∞h(G) −→ C∞h(G) ⊗
(
z−1OCC

∞
MA1,0

M ⊕OCC
∞
MA0,1

M

)14



Similarly, the morphism γ∗∇M indu
es the operator
D′′ : C∞h(γ∗G) −→ C∞h(γ∗G) ⊗

(
zOP1\{0}C

∞
MA0,1

M ⊕OP1\{0}C
∞
MA1,0

)Then we put D : C∞h(Ĝ) → C∞h(Ĝ) ⊗ ξA1
M by D = zD′ + z−1D′′ where z and z−1 are seen asglobal se
tions of OP1(1).Remark: It should be more or less 
lear from what has been said that the notion of integrabletwistor also extends to the relative 
ase, namely, given a variation of twistor stru
tures (E ,D)like before then we 
all it integrable if on both 
harts C ×M and (P1\{0}) ×M the relativemeromorphi
 
onne
tions de�ned by D 
an be 
ompleted to an absolute meromorphi
 
onne
-tion having poles of Poin
aré rank one at {0}×M and {∞}×M . This also explains the termintegrable. Ea
h restri
tion EP1×{x} for x ∈M is then naturally an integrable twistor as de�nedbefore. For more details, see [Sab05b, 
hapter 7℄.4 Nilpotent orbits of TERP-stru
turesAfter the general dis
ussion of TERP-stru
tures and variations of them in the previous 
hap-ter, we will introdu
e now a parti
ular 
lass of su
h variations over one-dimensional bases,these are 
alled nilpotent orbits. The name is derived from 
orresponding obje
ts in Hodgetheory ([S
h73℄), and it will be
ome 
lear later (see lemma 6.5) that nilpotent orbits of TERP-stru
tures give rise to nilpotent orbits of Hodge-stru
tures in the 
lassi
al sense.We will simultaneously 
onsider two points of view: Starting with a single TERP-stru
ture,there is a 
anoni
al way to 
onstru
t variations over pun
tured dis
s, on the other hand, givensu
h a variation, we will give a simple 
riterion to de
ide whether it is a nilpotent orbit.De�nition 4.1. Consider the following holomorphi
 maps: for any r ∈ C

∗, let πr : C → C bethe multipli
ation by r and de�ne π, π′ : C× C∗ → C by π(z, r) = zr and π′(z, r) = zr−1.1. Let (H,H ′
R
,∇, P, w) be a TERP-stru
ture. Then π∗

r (H,H
′
R
,∇, P, w) is also TERP, andwe say that (H,H ′

R
,∇, P, w) indu
es a nilpotent orbit i� π∗

r(H,H
′
R
,∇, P, w) is a polarizedpure TERP-stru
ture for any r ∈ C∗ with |r| ≪ 1. Similarly, (H,H ′

R
,∇, P, w) is said toindu
e a Sabbah orbit i� π∗

r(H,H
′
R
,∇, P, w) is polarized pure TERP for |r| ≫ 0, i.e. i�

π∗
r−1(H,H ′

R
,∇, P, w) is polarized pure TERP for |r| ≪ 12. LetM = ∆∗ be a pun
tured unit disk with 
oordinate r, and (G,G′

R
,∇, P, w) be a variationof TERP-stru
tures on M (it might even be de�ned on a larger dis
 or on the whole of

C∗). Then we 
all it nilpotent orbit (resp. Sabbah orbit) i�(a) The sheaf O(G) is stable under ∇z∂z−r∂r
(resp. under ∇z∂z+r∂r

).(b) For any r ∈ M with |r| ≪ 1, the restri
tion (G,∇, H ′
R
, P, w)|C×{r} is a polarizedpure TERP-stru
ture.We will show that if a TERP-stru
ture indu
es a nilpotent orbit resp. a Sabbah orbit, then thefamily π∗(H,∇, H ′

R
, P, w) (resp. (π′)∗(H,∇, H ′

R
, P, w)) is a nilpotent orbit resp. Sabbah orbita

ording to the se
ond de�nition above and that vi
e versa, any nilpotent resp. Sabbah orbit15



is of this type. For this purpose and also for later use, we will dis
uss the di�erent types ofmonodromy involved in this situation. For any �at bundle on C∗×∆∗, we 
all the monodromyof the loop (z0e
iϕ, r0) verti
al, and that of (z0, r0e

iϕ) horizontal (here z0, r0 6= 0 and ϕ ∈ [0, 2π)).We will mainly treat nilpotent orbits, and only 
omment on the 
ase of Sabbah orbits whi
h isquite analogous.Lemma 4.2. Suppose that (H,∇, H ′
R
, P, w) indu
es a nilpotent orbit. Let G := π∗H. Considerthe restri
tion of G|π−1(z0) to a �bre of π (whi
h is isomorphi
 to C∗). This bundle is 
anoni
allytrivialized and we denote by ρr,z0 : G(z0r−1,r) → G(z0,1) the identi�
ation of the �bres of G. For

z0 ∈ C∗ this trivialization is given by the �at stru
ture of G|π−1(z0). In parti
ular, the monodromyof G|π−1(z0) is trivial. This implies that verti
al and horizontal monodromy of G|C∗×M 
oin
ide.Proof. The �rst two statements are 
lear, they follow from the de�nition of the pull-ba
kof a bundle with �at 
onne
tion (see, e.g., [Sab02℄). The monodromy of a �at bundle on
π−1(z0) ∼= C

∗ whi
h has a basis of �at se
tions is obviously trivial. Moreover, a 
ounter-
lo
kwise oriented loop inside a �bre π−1(z0) is homotopi
 to the 
omposition of (z0e
iϕ, r0) and

(z0, r0e
−iϕ), so that verti
al and horizontal monodromy must be equal.Lemma 4.3. A TERP-stru
ture (H,∇, H ′

R
, P, w) indu
es a nilpotent orbit (resp. a Sabbahorbit) i� the variation π∗(H,∇, H ′

R
, P, w) (resp. π′∗(H,∇, H ′

R
, P, w)) is a nilpotent orbit (resp.a Sabbah orbit). Any nilpotent orbit (resp. Sabbah orbit) on a pun
tured disk 
ontaining 1 isindu
ed from its restri
tion to C× {1} by the map π (resp. π′).Proof. Suppose that (H,∇, H ′

R
, P, w) indu
es a nilpotent orbit. The restri
tion of π∗(H,∇, H ′

R
, P, w)to C × {r} is equal to π∗

r (H,∇, H
′
R
, P, w) by de�nition and therefore a polarized pure TERP-stru
ture. We need to show that the family G := π∗H is a variation of TERP-stru
tures, i.e,that the 
onne
tion has a pole of Poin
aré rank at most one along {0} ×∆∗ and that O(π∗H)is stable under ∇z∂z−r∂r

. It is readily 
he
ked that the �bres of π are pre
isely the integral
urves of the ve
tor �eld z∂z − r∂r. Lemma 4.2 implies that for any σ ∈ O(H), the pullba
k
π∗σ ∈ π−1O(H) ⊂ OC×M ⊗ π−1O(H) = O(π∗H) satis�es ∇z∂z−r∂r

π∗σ = 0. By de�nition,
O(π∗H) is generated by su
h se
tions π∗σ, therefore, O(π∗H) must be stable under ∇z∂z−r∂r

.Moreover, it is 
lear that ∇z2∂z
O(π∗H) ⊂ O(π∗H), as this is true for the restri
tion to any

C× {r}. Finally, it follows from the identity z∂r = 1
r
z2∂z −

z
r
(z∂z − r∂r) that O(π∗H) is alsostable under ∇z∂r

. In 
on
lusion, we have shown that π∗(H,∇, H ′
R
, P, w) is a nilpotent orbit.Conversely, given any bundle G ∈ VBC×∆∗ whi
h underlies a variation of polarized pure TERP-stru
tures and satis�es ∇z∂z−r∂r

O(G) ⊂ O(G), we need to see that it is of the form G =
π∗G|C×{1}. This follows from the 
al
ulation done in lemma 7.19 of [Her03℄, i.e., the fa
t thatif ∇z∂z−r∂r

sends O(G) to itself then any base e of this sheaf is related to the base π∗(e|C×{1})by a base 
hange in GL(OC×∆∗).In the following lemma, we 
onsider the bundle Ĥ over P1 obtained from a TERP-stru
tureby the 
onstru
tion of de�nition 3.2. If we are given a variation of TERP-stru
tures, then by[Her03℄, lemma 2.14 (e), one ends up with a real analyti
 family of holomorphi
 P1-bundles. Inthe 
ase of a variation π∗H of the above type, the following statement shows that the 
anoni
alidenti�
ation ρr,z0 of �bres of π∗H over points (z, r) ∈ π−1(z0) extends to an identi�
ation ofthe P1-bundles π̂∗H |P1×{r} for all r ∈ S1 and more generally we have π̂∗H |P1×{r}
∼= π̂∗H |P1×{r′}if |r| = |r′|. This means that the �interesting� part of the variation π∗H → C × M is therestri
tion to rays in M with �xed argument. 16



Lemma 4.4. For any r ∈ S1, there is a 
anoni
al bundle isomorphism π̂∗
rH → Ĥ whi
hrestri
ts over any z0 ∈ C ⊂ P1 to the isomorphism of �bres ρr,z0 : (π∗H)|(z0·r−1,r) → H|z0
onsidered in lemma 4.2.Proof. The pointwise isomorphisms ρr,z0 glue to a bundle isomorphisms φr : π∗
rH → H . More-over, for r ∈ S1 we have 1/r = r, and we 
an also glue the maps ρr,z0

−1 : (π∗H)
|(r·z−1

0 ,r)
→ H|z0

−1for all z0 ∈ P1\{0} to an isomorphism φ̃r : γ∗(π∗
rH) → γ∗H. If we twist φ̃r by multipli
ationwith rw, we obtain the following 
ommuting diagram, whi
h shows that π̂∗

rH
∼= Ĥ.�at shift of (z 1

r
)−wb γ∗π∗

rH ∼=

rw·eφr
// γ∗H �at shift of z−wa

b
_

OO

π∗
rH

τ

OO

∼=

φr

// H

τ

OO

a
_

OO

The lemma shows in parti
ular that for any r ∈ S1, π̂∗
rH is a trivial bundle i� Ĥ is so. Weobtain as a 
onsequen
e:Corollary 4.5. For any bundle G ∈ VBC×∆∗ underlying a variation of TERP-stru
tures withthe property that ∇z∂z−r∂r

O(G) ⊂ O(G), the subset {r ∈ ∆∗ | Ĝ|P1×{r} is not trivial} is eitherthe whole of ∆∗ or a dis
rete union ⋃Sc with Sc = {r ∈ C
∗ | |r| = c} or empty. On the 
omple-ment, one obtains a real analyti
 hermitian form h by the pro
edure of lemma 3.4. Its signatureis 
onstant on any 
onne
ted 
omponent of this 
omplement.We �nish this 
hapter by des
ribing some properties of the harmoni
 bundle p∗C∞h(Ĥ) asso-
iated to a nilpotent orbit or Sabbah orbit (here p : P1 × ∆∗ → ∆∗ is the proje
tion). Anyharmoni
 bundle (E,D,C, h) on a pun
tured disk with 
oordinate r is 
alled tame i� the eigen-values of Cr∂r

∈ End(E) are bounded at zero (see [Sim90℄). In our situation, the endomorphism
Cr∂r

of the harmoni
 bundle asso
iated to a nilpotent orbit or Sabbah orbit (G,∇, G′
R
, P, w)is given by Cr∂r

= [r∇z∂r
] ∈ EndOM

(G|z=0). Re
all also that the pole part U is de�ned as
U = [z∇z∂z

] ∈ EndOM
(G|z=0).Lemma 4.6. 1. The harmoni
 bundle asso
iated to a nilpotent orbit of TERP-stru
tures istame i� the pole part U of the TERP-stru
ture is nilpotent.2. The harmoni
 bundle asso
iated to a Sabbah orbit of TERP-stru
tures is always tame.Proof. Let (H,∇, H ′

R
, P, w) be a TERP-stru
ture indu
ing a nilpotent orbit G := π∗H , thenthe fa
t that ∇z∂z−r∂r
π−1O(H) = 0 implies that Cr∂r

= U ∈ EndOM
(G|z=0). If (H,∇, H ′

R
, P, w)indu
es a Sabbah orbit, then the same argument shows Cr∂r

= −U ∈ EndOM
(G|z=0). Therefore,it su�
es in both 
ases to study the behavior of the eigenvalues of U .If G is a nilpotent orbit, then for any r ∈ M we have that G|C×{r} = π∗

rH , whi
h implies that
U|r = r−1·ρ−1

0,r◦U|1◦ρ0,r whereas for a Sabbah orbit,G|C×{r} = π∗
r−1H so that U|r = r·ρ−1

0,r◦U|1◦ρ0,r.This shows that in the �rst 
ase, the eigenvalues are bounded i� U|1 is nilpotent whereas in these
ond 
ase they tend to zero as r approa
hes the origin.17



5 PMHS and integrable PMTSThis 
hapter is devoted to establish 
orresponden
es between (polarized) mixed Hodge stru
-tures and some parti
ular TERP-stru
tures resp. integrable twistors. This is merely an exten-sion to integrable twistors of the 
orresponden
e due to Simpson ([Sim97℄ and [Mo
03℄). Thiswill allow us to use Mo
hizuki's main result ([Mo
03, theorem 12.1℄, the theorem of the limitmixed twistor stru
ture) in 
hapter 6.We start by giving a very brief reminder on how to asso
iate linear algebra data to the �topolog-i
al part� of a TERP-stru
ture. The term �topologi
al� refers to the following fa
t: If a TERP-stru
ture (H,∇, H ′
R
, P, w) arises from singularity theory (see 
hapter 11), then the restri
tion

H ′ := H|C∗ is a topologi
al invariant of the singularity and the extension H to a bundle on Cwith meromorphi
 
onne
tion is of trans
endental nature. We thus sti
k to (H ′,∇, H ′
R
, P, w)for a moment. The following obje
ts are either well known or have been dis
ussed extensivelyin [Her03, 7.2℄.

• H∞ ⊃ H∞
R
: the spa
es of 
omplex resp. real �at multivalued global se
tions of (H ′,∇).

• M ∈ Aut(H∞
R

): the monodromy of ∇, whi
h de
omposes into M = Ms ·Mu with Mssemi-simple and Mu unipotent, N := log(Mu) the nilpotent part.
• For any λ ∈ C, the generalized eigenspa
e H∞

λ of M for the eigenvalue λ and the 
or-responding �at subbundle H ′
λ ⊂ H ′. Moreover, let H∞

arg=0 = ⊕arg(λ)=0H
∞
λ , H∞

arg6=0 =
⊕arg(λ)6=0H

∞
λ and H∞

6=1 = ⊕λ6=1H
∞
λ .

• Elementary holomorphi
 se
tions of H ′: �x A ∈ H∞
λ and α ∈ C with λ = e−2πiα, thende�ne es(A, α) := z(αId− N

2πi)A(z) := e(2πiαId−N)ζA(ζ) with ζ a 
oordinate on the universal
overing of C∗ su
h that e2πiζ = z; the spa
e of elementary se
tions of order α is denotedby Cα, and sending A 7→ es(a, α) de�nes an isomorphism ψα : H∞
e−2πiα → Cα. The
onne
tion a
ts as follows: ∇z∂z

es(A, α) = α · es(A, α) − es
(

N
2πi
A, α

).
• Polarizations: The pairing P indu
es two bilinear forms on H∞, whi
h are equivalent toea
h other. The �rst one, 
alled L here, 
orresponds to the Seifert form in singularitytheory: �rst �x any z ∈ C∗ and de�ne L : Hz ×Hz → C; (a, b) 7→ P (a, γπ(b)), where γπ isthe 
ounter-
lo
kwise �at shift from the �bre at z to the �bre at −z. It is readily 
he
kedthat L is monodromy invariant, so that we get a pairing on H∞. Then the followingformulas, whi
h might seem arti�
ial at �rst sight, de�ne a pairing S on H∞

R
:

S(a, b) := (−1)(2πi)wL

(
a,

1

M − Id
b

)
∀a, ∀b ∈ H∞

arg 6=0, (5.1)
S(a, b) := (2πi)wL

(
a,

2πi(−β)Id +N

M − Id
b

)
∀a ∈ H∞, ∀b ∈ H∞

e−2πiβwhere β ∈ iR. If β = 0 (i.e., b ∈ H1) we put
2πi(−β) +N

M − Id
:=

(∑

k≥1

1

k!
Nk−1

)−1

.18



The pairing S is monodromy invariant, nondegenerate , (−1)w−1-symmetri
 on Harg 6=0and (−1)w-symmetri
 on Harg=0. It takes real values on HR.
• A topologi
al version of the Fourier-Lapla
e transformation: Let G(α) for α with ℜ(α) > 0be the automorphism of H∞

e−2πiα de�ned as:
G(α) :=

∑

k≥0

1

k!
Γ(k)(α)

(
−N

2πi

)k

=: Γ

(
α · Id −

N

2πi

)
.Here Γ(k) is the k-th derivative of the gamma fun
tion. For notational 
onvenien
e, welet

G :=
∑

ℜ(α)∈(0,1]

G(α) ∈ Aut (H∞ = ⊕αH
∞
e−2πiα) . (5.2)The following identities hold true.� Let τ be another 
oordinate on C. Then

∫ ∞·z

0

e−τ/z · es(A, α− 1)(τ)dτ = es(G(α)A, α)(z). (5.3)Here the left hand side means that the values of the se
tion for di�erent τ 's areshifted using ∇ to the �bre over z and then summed up (as an integral).� Let α, β ∈ (0, 1) + iR and A ∈ H∞
e−2πiα, B ∈ H∞

e−2πiβ . Then
P (es(G(A), α), es(G(B), β)) (z) = z

1

(2πi)w−1
· S(A,B). (5.4)� Let α, β ∈ 1 + iR and A ∈ H∞

e−2πiα , B ∈ H∞
e−2πiβ . Then

P (es(G(A), α), es(G(B), β)) (z) = z2 −1

(2πi)w
· S(A,B). (5.5)In fa
t, the automorphism G and the pairing S were de�ned in [Her03, 7.2℄ in a slightlymore restri
ted situation, namely, it was assumed in that paper that the eigenvalues ofthe monodromy are in S1. However, the generalization we 
onsider here 
an be shown bythe same type of 
al
ulations.It is also possible to go the other way round, i.e., to 
onstru
t a tuple (H ′,∇, H ′

R
, P, w) startingfrom the ve
tor spa
es H∞ ⊃ H∞

R
, an automorphism M and a pairing S as above. The�rst part is obvious as a �at bundle (H ′

R
,∇) is equivalent to the data (H∞

R
,M) (similarlyfor the 
omplexi�
ations). Thus the only thing to show is how to de�ne P starting from

(H∞, H∞
R
,M ∈ Aut(HR), S). First remark that the formulas (5.1) 
an be reversed to de�ne

L starting from S. Note that S takes real values on H∞
R

but L sends H∞
R

to iwR. Then put
P (a, b)(z) := L (a(z), γ−πb(−z)). This gives a �at pairing as L is de�ned on the spa
e of �atse
tions. The symmetry property for P follows from that of L (i.e, one needs to 
he
k that
L(a, b) = (−1)wL(Mb, a) whi
h is straightforward). We therefore arrive at the following basi
result. 19



Lemma 5.1 (Corresponden
e of topologi
al data). There is a one to one 
orresponden
ebetween tuples 
onsisting of (H∞, H∞
R
,M, S, w) with the above properties and �at bundles

H ′ ⊃ H ′
R
on C∗ equipped with a �at (−1)w-symmetri
 pairing P : O(H ′) ⊗ j∗O(H ′) → OC∗sending (pointwise) H ′

R
to iwR.We will gradually enri
h this result to get eventually a 
orresponden
e between sums of twopolarized mixed Hodge stru
tures with an automorphism having eigenvalues in S1 on the onehand and integrable polarized mixed twistor stru
tures �generated by elementary se
tions� onthe other hand. The �rst step is to 
onstru
t a twistor from one additional pie
e of data,namely, a �ltration. This is the result of the next lemma whi
h is quite 
lose to [Her03, lemma7.12℄.Lemma 5.2. Let (H∞, H∞
R
,M) be as above and F • an exhaustive de
reasing �ltration on H∞.Suppose that it is invariant under Ms and satis�es NF • ⊂ F •−1. Consider the �at (
omplex)bundle H ′ on C∗ 
orresponding to (H∞,M). De�ne the following sheaves

H :=
∑

p∈Z,ℜ(α)∈(0,1]

OCz
(α+w−1−p)Id− N

2πiF pH∞
e−2πiα

=
∑

p∈Z,ℜ(α)∈(0,1]

A∈F pH∞

e−2πiα

OCes(A, α + w − 1 − p),

H̃ :=
∑

q∈Z,ℜ(α)∈(0,1]

OP1\{0}z
(q+α−[ℜ(α)])Id− N

2πiF
q
H∞

e−2πiα

=
∑

q∈Z,ℜ(α)∈(0,1]

A∈F
q
H∞

e−2πiα

OP1\{0}es(A, q + α− [ℜ(α)]).

(5.6)
Theses are lo
ally free extensions of O(H ′) to zero and in�nity de�ning a bundle Ĥ ∈ VBP1.The 
onne
tion extends to Ĥ with poles of order at most two at 0 and ∞, therefore Ĥ isintegrable. Twistors of this type are 
alled generated by elementary se
tions.The 
onne
tion has logarithmi
 poles at zero and in�nity if M is semi-simple. Ĥ is pure ofweight k i� (Harg 6=0, HR,arg6=0, F

•) is a Hodge stru
ture of weight w+k−1 and (Harg=0, HR,arg=0, F
•)is a Hodge stru
ture of weight w + k.Proof. The in
lusions H ⊂ i∗O(H ′) and H̃ ⊂ ĩ∗O(H ′), where i : C∗ → C and ĩ : C∗ → P

1\{0},are obvious. Consequently, we obtain a bundle Ĥ ∈ VBP1 . If M is the identity, then this ispre
isely the Rees 
onstru
tion ([Sim97℄, [Mo
03℄). The 
onne
tion on H ′ extends to Ĥ (withpoles at zero and in�nity) using the Leibniz rule. Then for any A ∈ F pHe−2πiα we have
(z2∇z)(e

log(z)((α+w−1−p)Id− N
2πi)A) = z

(
(α + w − 1 − p) Id − N

2πi

)
z(α+w−1−p)Id− N

2πiA

= z(α+w−p)Id− N
2πi

(
(α + w − 1 − p) Id − N

2πi

)
A ∈ z(α+w−p)Id− N

2πiF p−1He−2πiα ⊂ H.A similar 
al
ulation shows that for A ∈ F
q
He−2πiα we have

z−2∇∂
z−1 (z

(q+α−[ℜ(α)])Id− N
2πiA) ∈ H̃.20



In both 
ases the fa
t that NF • ⊂ F •−1 is essential. We see that the 
onne
tion has a pole oforder at most two at zero and in�nity. For N = 0 it follows immediately that H is stable under
z∇∂z

and H̃ is stable under z−1∇∂
z−1

.In general, for A ∈ (F p ∩ F
(w+k)−1−p

)H∞
arg 6=0 we have that

z(α+w−1−p)Id− N
2πiA ∈ z−kz((w+k)−1−p+α−[ℜ(α)])Id− N

2πiF
(w+k)−1−p

H∞
e−2πiα ⊂ z−kH̃and similarly for A ∈ (F p ∩ F

(w+k)−p
)H∞

arg=0 (i.e., α ∈ 1 + iR)
z(α+w−1−p)Id− N

2πiA ∈ z−kz((w+k)−p+α−[ℜ(α)])Id− N
2πiF

(w+k)−p
H∞

e−2πiα ⊂ z−kH̃.Suppose that (H∞, H∞
R
, F •) is a sum of two Hodge stru
tures of weights w+ k − 1 and w + k,i.e.,

H∞ =
⊕

p

(
F p ∩ F

(w+k)−1−p
)
H∞

arg 6=0 ⊕
⊕

p

(
F p ∩ F

(w+k)−p
)
H∞

arg=0.Then by 
hoosing an appropriate basis, we see from the last two formulas that the 
onstru
tedbundle Ĥ is semi-stable of slope k, thus we obtain an integrable pure twistor of weight k.Conversely, if we know that Ĥ is isomorphi
 to Orank(H)

P1 (k) then reading the last 
al
ulationba
kwards gives us a basis of H∞ showing that the �ltration F •, shifted appropriately, splits
F • .Consider now the general situation of a tuple (H∞, H∞

R
,M ∈ Aut(H∞

R
), F •H∞, w), where F •and F • are not ne
essarily w + k resp. w + k − 1-opposed. Then the following 
onstru
tion isa re�nement of the above 
orresponden
e.Let N be the nilpotent part ofM , and letW• be the weight �ltration de�ned by N as des
ribedin lemma 2.2, but 
entered at zero. By de�nition ofW•, for any k the endomorphismM restri
tsto an element in Aut(Wk).Lemma 5.3. The above 
onstru
tion applied to the tuple (Wk,Wk ∩ H∞
R
,M|Wk

, F • ∩Wk, w)de�nes a subbundle Ŵk ⊂ Ĥ. We obtain a �ltration of Ĥ by subbundles. There is a naturallyde�ned nilpotent morphism N̂ : O(Ĥ) → O(Ĥ) ⊗OP1(2) sending Ŵk to Ŵk−2 ⊗OP1(2). Thequotient bundle GrcW
k Ĥ is an integrable twistor and is 
anoni
ally isomorphi
 to the integrabletwistor 
orresponding to (GrW

k H
∞, GrW

k H
∞
R
,M ∈ Aut(GrW

k H
∞), F •GrW

k H
∞, w). The indu
ed

M on GrW
k H

∞ is semi-simple, so that (Gr
cW
k (Ĥ),∇) is logarithmi
.Proof. The only point to understand is the de�nition of N̂ : this is merely the fun
toriality ofthe above 
onstru
tion (whi
h we will not dis
uss in detail here). The map N : H∞ → H∞satis�es by assumption N(F •) ⊂ F •−1 and N(F

•
) ⊂ F

•−1. De�ne N̂es(A, α) := es(NA,α),then N̂H ⊂ z−1H and N̂H̃ ⊂ zH̃ and, so that N̂ : O(Ĥ) → O(Ĥ) ⊗ OP1(2). By de�nitionof the weight �ltration W• on H , NWk ⊂ Wk−2, this implies the same property for N̂ withrespe
t to Ŵ•. Note that the �ltration Ŵ may also be de�ned from N̂ as in lemma 2.2.The following is now an immediate 
onsequen
e of lemma 5.2.21



Lemma 5.4. (Ĥ, Ŵ•) is a mixed twistor, that is, ea
h GrcW
k (Ĥ) is pure of weight k, if and onlyif the tuples (H∞

arg 6=0, H
∞
R,arg6=0,W•+w−1, F

•) and (H∞
arg=0, H

∞
R,arg=0,W•+w, F

•) are mixed Hodgestru
tures. Moreover, given a twistor generated by elementary se
tions, one re
overs the �ltra-tion F • on H∞ by
F pH∞

e−2πiα := ψ−1
α

(
zp+1−w(Cα+w−1−p ∩H)

) (5.7)for ℜ(α) ∈ (0, 1]. We obtain a one to one 
orresponden
e between mixed twistors generated byelementary se
tions and sums of two mixed Hodge stru
tures (on H∞
arg 6=0 and H∞

arg=0).The next step is to take into a

ount the pairing S. We suppose a tuple (H∞, H∞
R
,M, F •H∞, S)be given. Remember that the data (H∞, H∞

R
,M, S) were already shown to be equivalent toa �at bundle (H ′,∇) over C∗ and a �at pairing P on opposite �bres. For a moment, we willonly 
onsider the extension H ∈ VBC (i.e., we will not make use of F •) and show that if F •satis�es a parti
ular orthogonality property with respe
t to S, then the pairing P will have azero of order w on the extension H making (H,∇, H ′

R
, P, w) into a TERP-stru
ture. De�nethe �ltration F̃ • by F̃ • := G−1F • where G is the automorphism de�ned by formula (5.2). Thesaid orthogonality property will be formulated using this twisted �ltration F̃ •.Lemma 5.5. Let (H∞, H∞

R
,M, F •, w, S) with all the properties of lemma 5.1 and 5.2 be given.Suppose that

(
F̃ pH∞

arg 6=0

)⊥
= F̃w−pH∞

arg 6=0 and (
F̃ pH∞

arg=0

)⊥
= F̃w+1−pH∞

arg=0. (5.8)Here ⊥ is the orthogonal 
omplement with respe
t to S. Then (H,∇, H ′
R
, P, w) is a TERP-stru
ture.Proof. In view of what has been said before, we need to show that P sends the germ H0 to

zwOC,0 and is nondegenerate when multiplied by z−w. So take two generators of this germ, i.e.,let A ∈ F pH∞
e−2πiα , B ∈ F qH∞

e−2πiβ (suppose �rst that α, β ∈ (0, 1) + iR), and 
ompute
P (es(A, α + w − 1 − p), es(B, β + w − 1 − q))(z) = P (z(α+w−1−p)Id− N

2πiA, (−z)(β+w−1−q)Id− N
2πiB)

= z2w−2−(p+q)(−1)w−1−qP (zαId− N
2πiA, (−z)βId− N

2πiB)

= z2w−2−(p+q)(−1)w−1−q z
2πi
S (G−1A,G−1B) = z2w−1−(p+q) (−1)w−1−q

2πi
S (G−1A,G−1B) .As S (G−1A,G−1B) 6= 0 only if p+ q ≤ w− 1, we get P (es(A, α+w− 1− p), es(B, β+w− 1−

q))(z) ∈ zwOC,0. On the other hand, for any A ∈ F pHarg 6=0 there is a B ∈ Fw−p−1Harg 6=0 with
S(G−1A,G−1B) 6= 0, so that P is nondegenerate. Se
tions 
oming from elements in Harg=0 aretreated similarly.We will 
all TERP-stru
tures as above generated by elementary se
tions. The following lemmashows that this notion is 
onsistent with the 
orresponding one for twistor stru
tures.Lemma 5.6. Let (H,H ′

R
,∇, P, w) be a TERP stru
ture generated by elementary se
tions. Thenthe bundle Ĥ 
onstru
ted by the pro
edure from de�nition 3.2 is a twistor generated by elemen-tary se
tions as de�ned in lemma 5.2. 22



Proof. This is an immediate 
onsequen
e of the following formula, whi
h is shown in [Her03,(7.86)℄.
τ (es(A, α)) = es

(
A,w − α

) (5.9)It is an easy exer
ise to 
he
k that the 
onverse of lemma 5.5 holds, so that we get the followingextension of the 
orresponden
e of topologi
al data. Note that any TERP-stru
ture generatedby elementary se
tions 
anoni
ally de�nes a �ltration F • on H∞ by formula (5.7).Lemma 5.7. There is a one to one 
orresponden
e between TERP-stru
tures generated byelementary se
tions and tuples (H∞, H∞
R
,M, F •, S, w) as above su
h that the twisted �ltration

F̃ • satis�es 
ondition (5.8).The last step is now a (
ommon) extension of the 
orresponden
e of lemma 5.4 and of thelast result putting together (mixed) twistors and polarizations. We 
ite the following de�nitionfrom [Mo
03, de�nition 3.48℄. We restri
t here to weight zero, whi
h is what we need, but thede�nition extends to any weight.De�nition 5.8. Let (Ĥ, N̂ , Ŵ•) be a mixed twistor stru
ture (with Ŵ• generated by N̂), suppose
deg(Ĥ) = 0, and let Ŝ : O(Ĥ) ⊗O

P1 σ
∗O(Ĥ) → OP1 be a non-degenerate pairing. Then Ŝ is
alled a polarization if the following holds.

• Ŝ is a morphism of mixed twistors and satis�es Ŝ(N̂−,−) + S(−, σ∗N̂(−)) = 0. Thisimplies in parti
ular that Ŝ indu
es a morphism
Ŝk :

(
Gr

cW
k ⊗OP1(−2k)

)
⊗
(
σ∗Gr

cW
k

)
−→ OP1

(a, b) 7−→ Ŝ
(
N̂ka, b

)
.and then also a morphism

i−kŜk :
(
Gr

cW
k ⊗OP1(−k)

)
⊗ σ∗

(
Gr

cW
k ⊗OP1(−k)

)
−→ OP1

(a, b) 7−→ i−kŜk(a, b).The term i−k 
omes from the identi�
ation σ∗OP1(−k) ∼= OP1(−k).
• Let P̂k := Ker

(
N̂k+1 : Gr

cW
k → Gr

cW
−k−1

) be the primitive part of weight k. Then i−kŜkpolarizes P̂k, i.e., for all global se
tions a ∈ H0(P1, P̂k ⊗OP1(−k))\{0}, i−kŜk(a, a) > 0.
(Ĥ, N̂ , Ŵ•, Ŝ) is 
alled a polarized mixed twistor stru
ture of weight zero (PMTS).The �nal result of this 
hapter is the following.23



Lemma 5.9 (Corresponden
e between PMHS and integrable PMTS). There is a one to one
orresponden
e between tuples (H∞, H∞
R
,M, F •, S, w) with the property that (H∞

arg 6=0, H
∞
R,arg6=0,−N, F̃

•, S)resp. (H∞
arg=0, H

∞
R,arg=0,−N, F̃

•, S) are PMHS's of weight w−1 resp. w and integrable polarizedmixed twistors (Ĥ,H ′
R
, Ŵ•, N̂ , Ŝ,∇) with �at real substru
ture on C∗ (and su
h that Ŵ• and N̂are indu
ed by the monodromy ∇) whi
h are generated by elementary se
tions. The eigenvaluesof M resp. of the monodromy have absolute value one.Proof. Let us �rst show the last statement: Suppose that (H∞, H∞

R
,−N, F̃ •, S) is a sum of twoPMHS's. The semi-simple part of the monodromy a
ts on the primitive part of ea
h GrW

k H
∞and respe
ts the hermitian form indu
ed by S on these spa
es. This for
es its eigenvalues tobe in S1. Note that the spa
e GrW

k H
∞ is de
omposed a

ording to formula (2.5) whi
h impliesthat ea
h eigenspa
e has a primitive part. On the other hand, for an integrable polarizedmixed twistor (Ĥ,H ′

R
, Ŵ•, N̂ , Ŝ,∇) as above it is easy to see that the semi-simple part of themonodromy gives rise to a bundle map M̂s ∈ Aut(Ĥ) 
ompatible with the weight �ltration

Ŵ• and with the pairing Ŝ. The indu
ed map on H0(P1, P̂k ⊗OP1(−k)) therefore respe
ts thepositive de�nite hermitian form i−kŜk. As before, we 
an 
on
lude that its eigenvalues are ofabsolute value one. For the remaining part of this proof, we 
an therefore assume that thevarious logarithms of the monodromy eigenvalues are real numbers.Remark that in order to de�ne MHS on H∞ one 
an work with F̃ • as well as with F •,be
ause these two �ltrations 
oin
ide by de�nition on the quotients GrW
• . Therefore, weknow by lemma 5.4 that Ĥ is a mixed twistor i� the tuples (H∞

6=1, (H
∞
R

) 6=1, F̃
•,W•+w−1) resp.

(H∞
1 , (H

∞
R

)1, N, F̃
•,W•+w) are mixed Hodge stru
tures. The orthogonality of F̃ • with respe
tto S is equivalent to the fa
t that Ŝ takes values in OP1 (this follows from lemma 5.7 andlemma 3.9), so that the 
orresponden
e is true i� the positive de�niteness properties of the twopolarizations are equivalent. On the one hand, we have PMHS's of weights w − 1 resp. w i�

ip−(w−1+[α]+k−p)S(A, (−N)kA) > 0for all non-vanishing 
lasses
[A] ∈

(
F̃ p ∩ F̃w−1+[α]+k−p

) (
GrW

k He−2πiα

)
prim

=
(
F p ∩ Fw−1+[α]+k−p

) (
GrW

k He−2πiα

)
primi.e., all [A] 6= 0 in that spa
e with Nk+1[A] = 0.On the other hand, (Ĥ, Ŵ•, N̂ , Ŝ) is a PMTS i� i−kŜk is positive on 
lasses [es(A, α+w− 1−

p)] ∈ P̂k, where again A ∈ WkH
∞
e−2πiα with [A] ∈

(
F p ∩ Fw−1+[α]+k−p

) (
GrW

k He−2πiα

)
prim

\{0}.Therefore we need to show that for all these elements A, ip−(w−1+[α]+k−p)S(A, (−N)kA) > 0 isequivalent to i−kŜ(N̂kes(A, α+w− 1− p), es(A, α+w− 1− p)) > 0. This is a 
onsequen
e of24



the following 
omputation.
i−kŜ

(
N̂kes(A, α+ w − 1 − p), es(A, α + w − 1 − p)

)

= i−kz−wP
(
es(NkA, α+ w − 1 − p), es(A, p+ 1 − α)

)

= i−k(−1)p+1(−z)−1−[α]P
(
es(NkA, α), es(A, 1 + [α] − α)

)
= i−k(−1)p

(2πi)w−1+[α]S
(
G−1NkA,G−1A

)

= ip−(w+k−1+[α]−p)

(2π)w−1+[α] S
(
G−1A, (−N)kG−1A

)
= 1

Γ(1+[α]−α)Γ(α)
· ip−(w+k−1+[α]−p)

(2π)w−1+[α] · S
(
A, (−N)kA

)
.The last equality is a result of the following three fa
ts, whi
h are dedu
ed dire
tly from thede�nitions.

G−1A ≡
1

Γ(α)
A mod Wk−1 ; G−1A ≡

1

Γ(1 + [α] − α)
A mod Wk−1 ; S(Wk,W−k−1) = 0This shows the equivalen
e of the positive de�niteness properties of the two polarizations.6 Regular singular TERP-stru
turesIn this 
hapter we investigate more 
losely the 
ase of TERP-stru
tures (H,H ′

R
,∇, P, w) andnilpotent orbits of them whi
h are regular singular, i.e., su
h that ∇ has a regular singularityon O(H) at zero (see the de�nition below). In this 
ase we will obtain a dire
t generalizationof S
hmid's 
orresponden
e (theorem 2.5). This generalization will 
onsist in a 
orresponden
ebetween two types of TERP-stru
tures: those indu
ing nilpotent orbits and those whi
h de�nespolarized mixed Hodge stru
tures on H∞ (theorem 6.6). To start with, we re
all the de�nitionof some well-known obje
ts asso
iated to regular singular 
onne
tions, namely, the Kashiwara-Malgrange �ltration and the Deligne latti
es V α. More pre
isely, let (H ′,∇) be a �at bundleover C∗. Remember the de�nition of the subspa
es Cα ⊂ O(H ′) from 
hapter 5. Re
all alsothat we have 
hosen a total order on C whi
h will be used below.De�nition 6.1. Put

V α :=
∑
β≥α

OC · Cβ =
⊕

α≤β<α+1

OC · Cβ

V >α :=
∑
β>α

OC · Cβ =
⊕

α<β≤α+1

OC · Cβ

V >−∞ :=
∑
β

OC · Cβ

V α and V >α are lo
ally free OC-modules whereas V >−∞ is lo
ally free over OC[z−1], i.e., ameromorphi
 bundle. Obviously, all of them are subsheaves of i∗O(H ′). The de
reasing �l-tration de�ned by V α on V >−∞ is the Kashiwara-Malgrange or V-�ltration. There is naturalidenti�
ation Grα
V := V α/V >α ∼= Cα.The following de�nition introdu
es the notions of regular singular 
onne
tions and explains someimportant obje
t and invariants atta
hed to them. The idea is essentially due to Var
henko25



([Var80℄, [SS85℄) who used it to de�ne a �ltration making up a mixed Hodge stru
ture on the
ohomology of the Milnor �bre of an isolated hypersurfa
e singularity (see 
orollary 6.4).De�nition 6.2. • Let H be a bundle over C and ∇ a meromorphi
 
onne
tion with poleat zero. Then ∇ is said to have a regular singularity at zero if H is a subsheaf of V >−∞,in other words, if the se
tions in H have moderate growth at the origin when expressedin a basis of �at se
tions. A TERP-stru
ture (H,∇, H ′
R
, P, w) is 
alled regular singularif (H,∇) is so. For a regular singular 
onne
tion, the V-�ltration indu
es a �ltration on

H whi
h we denote by the same letter.
• Any se
tion ω ∈ H0 
an be written as a (possibly in�nite) sum

s =
∑

β≥α

s(ω, β)where s(ω, β) ∈ Cβ and s(ω, α) 6= 0. α is 
alled the order of ω and the se
tion s(ω, α) theprin
ipal part of ω.
• Let ω1, . . . , ωn be a set of generating se
tions for H0 with linearly independent prin
ipalparts s(ωi, αi). Put

Hel := ⊕iOC · s(ωi, αi) ∼= ⊕αOC ·Grα
V H.Then Hel ⊂ i∗O(H ′) de�nes a ve
tor bundle (Hel,∇) over C generated by elementaryse
tions.

• De�ne the spe
trum Sp(H,∇) as a �subset of C with multipli
ities�, i.e.:
Sp(H,∇) =

∑

α∈C

ν(α)α ∈ Z[C] with ν(α) := dimC

(
Grα

V H

Grα
V zH

)We order the (possibly repeated) spe
tral numbers α1, . . . , αrank(H) by the total order on Cde�ned in the beginning. (In [Her03, 7.2℄ the spe
tral numbers are 
alled exponents.)Lemma 6.3. Let (H,H ′
R
,∇, P, w) be a regular singular TERP-stru
ture. Then (Hel, H ′

R
,∇, P, w)is also a TERP-stru
ture, generated by elementary se
tions, therefore also regular singular. Wedenote by (Ĥel, Ŵ•, N̂ , Ŝ) the 
orresponding twistor. The spe
tral numbers obey the symmetry

αi + αrank(H)+1−i = w.Proof. The �rst thing to show is that the 
onne
tion has still a pole of order at most two onHel:This follows dire
tly from the de�nition of the V-�ltration. Namely, let ω ∈ V α∩H be a se
tionhaving prin
ipal part s(ω, α). If z∇z∂z
s(ω, α) ∈ Cα+1 is non-zero, then it must be the prin
ipalpart of z∇z∂z

ω ∈ V α+1 ∩H. This proves that z∇z∂z
s(ω, α) ∈ Hel as required. The main pointnow is to see that the pairing P sends Hel to zwOC and that z−wP is nondegenerate on Hel.Then we know that (Hel, H ′

R
,∇, P, w) is a TERP-stru
ture. By de�nition it is generated byelementary se
tions. This implies its regularity as elementary se
tions have moderate growth.The symmetry property of the spe
trum will 
ome out of the proof as a by-produ
t.First note that be
ause z−wP is nondegenerate on H, we have an isomorphism (z−wH,∇) ∼=

j∗(H∗,∇∗), where H∗ := HomOC
(H,OC) is the dual module with the indu
ed 
onne
tion and26



j : z 7→ −z as before. This implies that Grα
V (H/zH) ∼= Grα−w

V ∗ (H∗/zH∗). On the otherhand, for any bundle (H,∇) with regular singular 
onne
tion, we have that Grα
V ∗(H∗/zH∗) ∼=(

Gr−α
V (H/zH)

)∗. This 
an be shown as in [Sab, Remark 3.6℄ or [Sab02, III.1.18℄ (Note thatthe indi
es must be shifted by one 
ompared to lo
.
it.). Putting these two equations together,we 
on
lude that P indu
es a non-degenerate pairing
P : Grα

V

H

zH
⊗Grw−α

V

H

zH
−→ zw

C, (6.1)whi
h gives, by the identi�
ation
⊕aOCGr

α
V

H

zH
∼=

⊕αOCGr
α
V H

⊕αzOCGrα
V H

∼=
Hel

zHelthe desired non degenerateness of z−wP onO(Hel). In parti
ular, (6.1) implies that dimC

(
Grα

V
H
zH

)
=

dimC

(
Grw−α

V
H
zH

)
, whi
h is pre
isely the symmetry property of the spe
trum.The next result is a rather trivial but important 
onsequen
e of the last lemma.Corollary 6.4. Let (H,H ′

R
, P, w) be a TERP-stru
ture. Then the formula

F pH∞
e−2πiα := ψ−1

α

(
zp+1−wGrα+w−1−p

V H
) with ℜ(α) ∈ (0, 1] (6.2)de�nes a �ltration F • on the spa
e H∞ 
oin
iding with the one obtained from (Hel, H ′

R
,∇, P, w)using lemma 5.7, i.e., F pH∞

e−2πiα = ψ−1
α

(
zp+1−w(Cα+w−1−p ∩Hel)

). In parti
ular, the orthogo-nality 
onditions (5.8) for the twisted �ltration F̃ • are satis�ed, so that F̃ • gives an element in
Ď, the 
lassifying spa
e of Hodge-like �ltrations on H∞ from 
hapter 1.Remark: In 
ase a TERP-stru
ture arises as Fourier-Lapla
e transform of the Brieskorn latti
eof an isolated hypersurfa
e singularity (see 
hapter 11), F̃ • is the �ltration de�ned by Steenbrink[SS85℄ as part of a polarized mixed Hodge stru
ture on the 
ohomology of the Milnor �bre (thespa
e H∞).The following lemma motivates the introdu
tion of nilpotent orbits of TERP-stru
tures. Let
(G,G′

R
,∇, P, w) be a variation of TERP-stru
tures on ∆∗ su
h that O(G) is stable under

∇z∂z−r∂r
. First it follows that if the restri
tion GC×{r} to any r ∈ ∆∗ is regular singular, thenthe whole bundle is regular singular along z = 0. In this situation, 
onsider the spa
e G∞of �at multivalued se
tions of G′ := G|C∗×∆∗ . Then F̃ • indu
e a family of �ltrations on G∞parameterized by the universal 
over H of ∆∗.Lemma 6.5. This family satis�es F̃ •(ρ) = exp(−ρN)F̃ •(0) (with ρ a 
oordinate on H su
hthat r = e2πiρ). In parti
ular, it yields a holomorphi
 map φ : H → Ď into the 
lassifyingspa
e, and this map is a nilpotent orbit of Hodge stru
tures with nilpotent endomorphism −Ni� F̃ •(ρ) ∈ D for ℜ(ρ) ≫ 0.Proof. The �rst statement is shown in [Her03, theorem 7.20℄. It implies that the dimensionsof the various F̃ p's are 
onstant in ρ and by the last 
orollary we know that F̃ •(ρ) satis�es theorthogonality 
onditions for any ρ. This proves the se
ond statement.27



The following theorem is the main result of this 
hapter. It generalizes the 
orresponden
e 2.5.Theorem 6.6. Let (H,∇, H ′
R
, P ) be a regular singular TERP-stru
ture. The following two
onditions are equivalent.1. (H,∇, H ′

R
, P ) indu
es a nilpotent orbit.2. (H∞, H∞

R
,−N, S, F̃ •) de�nes a PMHS of weight w−1 resp. w on H∞

arg 6=0 resp. on H∞
arg=0.Before entering into the proof, let us make some 
omments on the 
ontent of this result. Supposethat 2.) holds, then the family F̃ •(ρ) will eventually end up in the interior D of the 
lassifyingspa
e by S
hmid's 
orresponden
e, whi
h by 
hapter 5 amounts to say that (Ĝel, Ŝ) is a familyof pure polarized twistors. However, it is by no means obvious that the same holds for (Ĝ, Ŝ). Itwas shown in [Her03, theorem 7.20℄ that this is indeed the 
ase, mainly be
ause the two obje
ts

Ĝel and Ĝ tend �to ea
h other� in a suitable sense when r approa
hes the origin. Therefore2.) �> 1.) of the above theorem is pre
isely what has been shown in [Her03, theorem 7.20℄.We need to prove the 
onverse. The same di�
ulty o

ur: From the fa
t that G underlies avariation of polarized pure TERP-stru
ture we know (almost by de�nition) that (Ĝ,D, Ŝ) is aVPTS, but it is not at all 
lear a priori that this is also true for (Ĝel,D, Ŝ). The proof willa
tually be quite di�erent: We will use one of the main results of [Mo
03℄ to obtain from thevariation G a �limit obje
t� whi
h we 
an identify with the twistor (Ĥel, Ŵ•, N̂ , Ŝ) 
onstru
tedfrom our original TERP-stru
ture. Mo
hizuki's theorem says that this limit is a PMTS so thatby the 
orresponden
e of lemma 5.9 we 
an 
on
lude that (−N, F̃ •) gives rise to a (sum of)PMHS on H∞.In order to state the next theorem, re
all from de�nition 3.11 that any VPTS (Ĝ,D, Ŝ) of weightzero on a base spa
e M gives rise to the stru
ture of a harmoni
 bundle on E = p∗C∞h(Ĝ),where p : P1 × M → M is the proje
tion. If M a pun
tured disk, Mo
hizuki 
onstru
ts(following the idea in [Sim97, se
tion 6℄) a �limit� twistor (i.e., a ve
tor bundle on P
1 × {0}).It should be noti
ed that in the one dimensional situation we are looking at, the limit obje
t isalready 
onsidered in the work of Simpson. Mo
hizuki a
tually works in a mu
h more generalsituation, namely, he 
onsiders harmoni
 bundles in any dimensions de�ned on the 
omplementof a normal 
rossing divisor. As we will see, the nilpotent orbit assumption also restri
ts the
lass of harmoni
 bundles whi
h 
an o

ur.To be more pre
ise, Mo
hizuki de�nes for any a ∈ (0, 1] a tuple

(
Scan

(a,0)(E), N̂ , Ŵ•, Ŝ
)where Scan

(a,0)(E) ∈ VBP1×{0}, N̂ is a nilpotent bundle endomorphism generating a weight �ltra-tion Ŵ• and Ŝ is a pairing as the one dis
ussed in 
hapter 5. Theorem 12.1 in [Mo
03℄ thenstates that (Scan
(a,0)(E), N̂ , Ŵ•, Ŝ

) is a polarized mixed twistor stru
ture. Therefore, the proofof theorem 6.6 redu
es by lemma 5.9 to the following 
omparison result.Theorem 6.7. Consider the harmoni
 bundle E := p∗C∞h(Ĝ) on ∆∗, where G := π∗H is anilpotent orbit of TERP-stru
tures. Then Ĥel ∈ VBP1 is 
anoni
ally isomorphi
 to the bundle⊕
0<a≤1 S

can
(a,0)(E) and this isomorphism identi�es Ŵ•, Ŝ from lemma 6.3 with the obje
ts Ŵ•, Ŝand sends N̂ to 2π · N̂ . 28



Proof:We will mainly have to adapt the proof of [Mo
03, theorem 12.1℄ to our situation. In fa
t, as thesetup 
onsidered by Mo
hizuki is mu
h more general, everything will simplify to a large extentbut still the abundan
e of obje
ts and notations in [Mo
03℄ makes this translation somewhatpainful. We will pro
eed in three steps.(I) Canoni
al extensions over r = 0 and (z, r)-elementary se
tionsLet us 
onsider for a moment the restri
tion G′ := G|C∗×∆∗ of our family of TERP-stru
tures.We will use a slight generalization of the 
onstru
tions of the beginning of 
hapter 5 to the
ase of a �at bundle on the 
omplement of a normal 
rossing divisor. The divisor here is just
{r = 0}∪{z = 0} ⊂ C×∆, our bundle is G′ and as has been shown, the two monodromies areequal. For ea
h �xed z, we 
an 
onsider the restri
tionG|{z}×∆∗ whi
h is �at and we have a spa
eof multivalued �at se
tions of this bundle whi
h 
omes equipped with a monodromy operator.If z varies, they pat
h together to a �at bundle H∞ on C∗ × {0}, on whi
h the horizontalmonodromy a
ts. We denote by H∞

λ the �at generalized eigenbundle for this monodromy. It isobviously the same as the �at subbundle for the "intrinsi
" verti
al monodromy ofH∞. For any�xed r, (H∞,∇) 
an be identi�ed with the restri
tion (G′
|C∗×{r},∇z), in parti
ular, (H∞,∇) isisomorphi
 to (H ′,∇), the restri
tion over C∗ of the original TERP-stru
ture.The bundle H∞ 
an also be de�ned more intrinsi
ally by putting H∞ := ψr(G

′∇), where G′∇ isthe lo
al system on C
∗×∆∗ 
orresponding to the �at bundle G′, and ψ is the fun
tor of nearby
y
les of Deligne (see [Dim04℄). In this simple situation, the 
omplex ψr(G

′∇) has 
ohomologyonly in degree zero. This implies dire
tly that H∞ is a lo
al system on {r = 0} = C∗×{0} withmonodromy, and by abuse of notation we denote by (H∞,∇) the �at bundle 
orresponding toit and by H∞
λ the eigenbundle of the monodromy operator. Note that as we have a 
anoni
alidenti�
ation of lo
al systems

(γ∗G′)γ∗∇ ∼= (G′)∇we 
an also des
ribe H∞ by ψr((γ∗G′)γ∗∇). This fa
t will be used in a moment. As before inthe absolute situation, we de�ne for any α ∈ C by Vα the bundle
Vα =

⊕

α≤β<α+1

OC∗×∆r
βId− N

2πiH∞
e−2πiβBy de�nition, Vα is the unique OC∗×∆-free extension of O(G′) having a logarithmi
 pole along

C∗ × {0} with residue eigenvalues β su
h that α ≤ β < α+ 1. There is a natural isomorphism
H∞

e−2πiα −→ Grα
V := Vα/V>αwhere, as before V>α :=

⋃
β>α V

β. Similarly, one de�nes
V

α
:=

⊕

α≤β<α+1

O
C∗×∆r

βId+ N
2πiH∞

e2πiβyielding an isomorphism H∞
e2πiα → Grα

V
. In the sequel, we need an expli
it des
ription ofgenerating se
tions of G, whi
h is provided by the following lemma.29



Lemma 6.8. Consider a basis of the original TERP-stru
ture H given by se
tions whi
h wede
ompose into elementary se
tions, i.e.:
O(H) =

rank(H)⊕

i=1

OC

(∑

j∈N

es(Aij , αij)

)with Aij ∈ H∞ and αi1 < αi2 < . . . for all i. Then we have
O(G) =

rank(H)⊕

i=1

OC×∆∗

(∑

j∈N

rαijId−
N
2πi es(Aij , αij)

) (6.3)Proof. This follows dire
tly from the de�nition of G = π∗H , namely,
∇z∂z−r∂r

(∑

j≥1

rαijId−
N
2πi es(Ai, αij)

)
= 0holds.(II) KMSS-spe
trum of nilpotent orbitsLet us re
all in brief the notion of the paraboli
 �ltration asso
iated to a VPTS on ∆∗. It ismainly due to Simpson ([Sim90℄), but we need a slightly more pre
ise version as in [Mo
03℄(see also [Sab05b, Corollary 5.3.1℄).De�nition-Theorem 6.9. Let (E, ∂, θ, h) be a tame harmoni
 bundle on ∆∗, take the pull-ba
k E ′ := p∗E|C×∆∗ and de�ne E := Ker

(
∂ + zθ : C∞h(E ′) → C∞h(E ′) ⊗OCA

0,1
∆∗

)
∈ VBC×∆∗.Consider the following extensions to sheaves over C× ∆ (let i : C× ∆∗ →֒ C× ∆):

aE := {s ∈ i∗E | |s|p∗h ∈ O (|r|−ǫ−a) ∀ǫ > 0} ,

∗E :=
⋃

a∈R aE = {s ∈ i∗E | |s|p∗h has moderate growth along C× {0}}.The in
reasing �ltration of ∗E by the subsheaves aE is 
alled paraboli
 �ltration. We havethat r · aE ∼= a−1E endowing aE with a OC×∆-module stru
ture. The sheaf ∗E is a lo
allyfree OC×∆[r−1]-module and for any z ∈ C, the restri
tions aEz := j∗z (aE) are O∆-lo
ally freeextension of j∗zE over (z, 0) (here jz : {z} × ∆ →֒ C × ∆). However, aE is not OC×∆-free ingeneral. The z-
onne
tion (z∂ + θ) sends aEz to a+1Ez, in parti
ular for any z ∈ C∗, ∂ + z−1θhas a logarithmi
 pole on aEz Let GrPa (∗Ez) := aEz/<aEz with <aEz =
⋃

b<a bEz. The residue of
z∂ + θ at r = 0 a
ts on the graded pie
es. Denote by EαGr

P
a (∗Ez) its generalized eigenspa
ede
omposition and by N z

E its nilpotent part. De�ne
KMSS (Ez) :=

{
(a, α) ∈ R× C |EαGr

P
a (∗E

z) 6= {0}
}to be the Kashiwara-Malgrange-Sabbah-Simpson spe
trum of Ez. The multipli
ity of

(a, α) ∈ KMSS (Ez) is by de�nition dimC EαGr
P
α (Ez). In parti
ular, (a, α) ∈ KMSS (E0) only30



if α is an eigenvalue of the residue endomorphism of the Higgs �eld θ. The KMSS-spe
trum isdetermined by the redu
ed KMSS-spe
trum
KMSS red(E

z) := KMSS (Ez) ∩ (0, 1] × C,be
ause it is invariant under the shift (a, α) 7→ (a + 1, α− z).We quote the following properties of the KMSS-spe
trum.Lemma 6.10. Let (E, ∂, θ, h) be a tame harmoni
 bundle on ∆∗.1. The KMSS-spe
trum satis�es:
(a, α) ∈ KMSS (E0) i� (a + 2ℜ(z · α), α− az − αz2) ∈ KMSS (Ez) ∀z ∈ C2. The KMSS-spe
trum of the harmoni
 bundle (E, ∂, θ, h) on the 
onjugate 
omplex mani-fold ∆∗ is given by

KMSS (E
z
) = {−a+2ℜ(z−1 ·α), α+az−1−αz−2) | (a, α) ∈ KMSS (E0)} ∀z ∈ P

1\{0},where E is 
onstru
ted from E as above, but using the pullba
k p∗E|(P1\{0})×∆∗ .3. For any (a, α) ∈ KMSS (E0), there is a unique holomorphi
 bundle G(a,α) on C×{0} whoserestri
tion to z × {0} satis�es
(G(a,α))|z = Eα−az−αz2

(
GrPa+2ℜ(z·α)(∗E

z)
)and a unique holomorphi
 bundle G(−a,α) on P

1×{0} whose restri
tion to z×{0} satis�es
(G(−a,α))|z = Eα+az−1−αz−2

(
GrP−a+2ℜ(z−1·α)(∗E

z
)
)for any z ∈ P1\{0}.Proof. The �rst statement is [Mo
03, proposition 1.8 and 
orollary 7.71℄. The se
ond pointthen simply redu
es to the fa
t that KMSS (E

∞
) = {(−a, α) | (a, α) ∈ KMSS (E0)} whi
h isobvious. The third point is explained in detail in [Mo
03, se
tions 1.3.6, 8.9.1 and 11.2.3℄.We 
an apply this result to our more spe
ial situation. Remember that if a harmoni
 bundle Eis given by p∗C∞h(Ĝ) where G underlies a variation of TERP-stru
tures on ∆∗, then the sheaf

E from de�nition-theorem 6.9 is nothing else then O(G) and the 
onne
tion ∂ + z−1θ on E is
anoni
ally identi�ed with the horizontal part ∇r : O(G) → O(G) ⊗ z−1OCΩ1
∆∗ of ∇. In thesame way, (E , ∂ + zθ) 
an be identi�ed with (O(γ∗G), γ∗∇r).Lemma 6.11. Consider a harmoni
 bundle E 
onstru
ted from a nilpotent orbit of TERP-stru
tures as above.1. The redu
ed KMSS-spe
trum is KMSS red(E

z) = {(a,−z · a) | a ∈ L ⊂ (0, 1]}, where L is�nite. 31



2. The eigenvalues of the monodromy of either ∇∂z
or ∇∂r

are equal to e2πia with a ∈ L. Inparti
ular, they are elements of S1.3. For any a ∈ L, the restri
tion (aE)|C∗×∆ 
oin
ides with the sheaf V−a.4. aE is OC×∆-free for all a ∈ L.Proof. 1. For a nilpotent orbit, it was shown in lemma 4.6 that the Higgs �eld is nilpo-tent i� the polar part U of the verti
al 
onne
tion ∇z of our original TERP-stru
ture isnilpotent. By [Sab02, theorem II.4.1℄, this is the 
ase for a regular singular 
onne
tion,so that the eigenvalues of the Higgs �eld are zero. This means that KMSS red(E0) =
{(a, 0) | a ∈ L ⊂ (0, 1]} so that by the pre
eding lemma we get that KMSS red(Ez) =
{(a,−z · a) | a ∈ L ⊂ (0, 1]}.2. It was already shown in lemma 4.2 that the nilpotent orbit 
ondition implies that verti
aland horizontal monodromy 
oin
ide. We know that ∇∂r

= ∂ + z−1θ is logarithmi
 onany aEz, so that the eigenvalues of the monodromy are of the form e−2πiγ where γ is aneigenvalue of the residue endomorphism of ∇∂r
a
ting on aEz/(r · aEz). By the �rst point,the eigenvalues of the residue of the z-
onne
tion z∇∂r

= z∂ + θ on GrPa (∗Ez) are of theform −za with a ∈ L. Therefore the monodromy eigenvalues are pre
isely the numbers
e2πia ∈ S1.3. It follows from 1.) and the de�ning property of V−a that aEz ∼= V−a

|{z}×∆ for all z ∈ C∗.This implies aE|C∗×∆
∼= V−a.4. On C×∆∗, the sheaf aE 
oin
ides by de�nition with E whi
h is OC×∆∗-free. As was justshown, on C∗ × ∆ it is isomorphi
 to V−a whi
h is obviously free over OC∗×∆. Hen
e weonly need to show that the germ aE(0,0) is a free OC×∆,(0,0)-module. Suppose �rst that

a /∈ L+Z, then this follows from [Mo
03, proposition 1.11℄. If, however, a ∈ L+Z, thenby dis
reteness of L+Z in R we 
an 
hoose an ǫ0 > 0 su
h that (a, a+ ǫ) ∩ (L+Z) = ∅.Then for any smaller 0 < ǫ < ǫ0, we have an equality
a+ǫE |C×∆\{(0,0)} = aE |C×∆\{(0,0)}.The sheaves a+ǫE are all free over OC×∆ by 
onstru
tion, and a 
lassi
al result ([Ser66℄)asserts that for any lo
ally free sheaf de�ned on a 
omplement of a subvariety of 
odi-mension at least two, there is at most one lo
ally free extension to the entire spa
e. Thisimplies that for any two ǫ, ǫ′ ∈ (0, ǫ0) as above, a+ǫE = a+ǫ′E on the whole of C×∆. Butby de�nition, if s ∈ a+ǫE , then for any δ > 0, |s|p∗h ∈ O(|r|−a−ǫ−δ). The last formula istrue for any ǫ and δ be
ause of a+ǫE = a+ǫ′E , so that we already have s ∈ aE . This gives

a+ǫE = aE and thus the desired freeness property.Remark: It turns out that the last lemma holds true in a more general 
ontext, namely, forany integrable VPTS over a 
urve with tame behavior at the singularities. In other words, thenilpotent orbit 
ondition is needed only to get tameness of the 
orresponding harmoni
 bundleas in lemma 4.6. This follows from the simple observation that if we have an integrable VPTS,then the monodromy of ∂+z−1θ is 
onstant in z (isomonodromi
 situation), so that the residue32



of this operator along r = 0 on GrPa (∗E) is equal to α
z
− a − αz whi
h 
an be 
onstant only if

α = 0. Therefore θ is nilpotent whi
h implies all other statements of the lemma.(III) Identi�
ation of twistorsThe main playing 
hara
ters of this last part of the proof are the bundles G(a,α) ∈ VBC and
G(−a,α) ∈ VBP1\{0} de�ned above. A

ording to lemma 6.11, only pairs (a, 0) (resp. (−a, 0))o

ur as indi
es in our situation, therefore we denote the 
orresponding bundles simply by Garesp. G−a. The following lemma gives an expli
it des
ription of theses obje
ts.Lemma 6.12. Let E as above be 
onstru
ted from a nilpotent orbit G of TERP-stru
tures.Then we 
an 
onsider the graded pie
es GrPa (∗E) globally on C and there is an identi�
ation
Ga

∼= GrPa (∗E) for any a ∈ L. Similarly, G−a
∼= GrP−a(∗E). It follows that the restri
tion (Ga)|C∗is 
anoni
ally isomorphi
 to Gr−a

V
∼= He2πia and that (G−a)|C∗

∼= Gra
V
∼= He2πia.Proof. The quotients GrPa (∗E) are bundles sin
e aE is lo
ally free. For any �xed z ∈ C, thethird part of lemma 6.10 shows that (G(a,0))|z = E−za

(
GrPa (∗Ez)

). But the fa
t that only pairs
(a,−za) o

ur as elements of KMSS (Ez) shows that E−za

(
GrPa (∗Ez)

)
= GrPa (∗Ez). The samearguments applied to the sheaves Ez yield G−a

∼= GrP−a(∗E). Con
erning the se
ond statement,the identi�
ation (aE)|C∗×∆
∼= V−a from lemma 6.11 shows (Ga)|C∗

∼= Gr−a
V . Similarly one 
he
ksthat (−aE)|C∗×∆

∼= V
a yielding (G−a)|C∗

∼= Gra
V
.Corollary 6.13. The morphism Φcan

(a,0) from [Mo
03, se
tion 10.4.1℄ 
an be expressed as the
omposition of the isomorphisms
H∞

e2πia −→ Gr−a
V −→

(
GrPa (∗E) ∼= Ga

)
|C∗Similarly, the morphism Φ† can

(−a,0) is given by
H∞

e2πia −→ Gra
V
−→

(
GrP−a(∗E) ∼= G−a

)
|C∗

.Proof. This is a dire
t 
onsequen
e of the last lemma as soon as we know that the �ltration
F• on H∞ 
onsidered by Mo
hizuki is trivial in our situation whi
h follows from the behaviorof the graded pie
es of this �ltration (the �KMSS-spe
trum of �at multivalued se
tions�), see[Mo
03, proof of lemma 2.4, se
tions 7.4.2 and 9.1.5℄.The next result is the 
entral step in the 
omparison of Mo
hizuki's obje
ts with the ones weare interested in. Note that by the last lemma, we 
an 
onsider Ga as a subsheaf of i∗H∞

e2πiaand G−a as a subsheaf of ĩ∗H∞
e2πia , where, as before, i : C∗ →֒ C and ĩ : C∗ →֒ P1\{0}.Lemma 6.14. Consider an identi�
ation H∞

e2πia −→ O(H ′
e2πia). Under this isomorphism, Gais mapped to ∑

k∈Z

OC

(
Grk−a

V O(H)
)
⊂ i∗O(H ′

e2πia)Therefore, ⊕a∈LGa
∼= O(Hel). Similarly, ⊕a∈LG−a

∼=
−→ O(Ĥel

|P1\{0}) = O(γ∗Hel) ⊂ ĩ∗O(H ′).33



Proof. As was shown in part (I)
O(G) =

rank(H)⊕

i=1

OC×∆∗

(∑

j≥1

rαijId−
N
2πi es(Aij , αij)

)Lemma 6.11 gives
aE =

rank(H)⊕

i=1

OC×∆

(∑

j≥1

r(αij−[αi1+a])Id− N
2πi es(Aij , αij)

)so that
Ga

∼= Gra(∗E) =
⊕

i:αi1+a∈Z

OCr
−aId− N

2πi es(Ai1, αi1)If αi1 + a ∈ Z then es(Ai1, αi1) ∈ ⊕k∈ZGr
k−a
V O(H). On the other hand, the 
omposed map

(Ga)|C∗ −→ Gr−a
V −→ H∞

e2πia −→ O(H ′
e2πia)sends r−aId− N

2πi es(Ai1, αi1) to es(Ai1, αi1) whi
h shows the �rst part of the lemma. The state-ment on G−a is proved in the same way.The twistor Scan
(a,0)(E) is 
onstru
ted in [Mo
03℄ by pat
hing Ga and G−a via their identi�
ationswithH∞

e2πia on C∗. Therefore we obtain the following result whi
h shows the �rst part of theorem6.7.Corollary 6.15. Let (H,H ′
R
,∇, P, w) be a TERP-stru
ture indu
ing a nilpotent orbit and E =

p∗C∞h(π̂∗H) the 
orresponding harmoni
 bundle. Then the P1-bundles Ĥel and ⊕a∈LS
can
(a,0)(E)are isomorphi
.It remains to identify (Ŵ•, Ŝ, N̂) on O(Ĥel) with (Ŵ•, Ŝ, 2π · N̂ ) on ⊕aS

can
(a,0)(E). The �ltrations

Ŵ• and Ŵ• are de�ned as usual by the nilpotent morphisms N̂ and N̂ , so that it su�
es toshow the identi�
ation of Ŝ with Ŝ and of N̂ with 2π · N̂ .In order to 
ompare the 
onstru
tions of the parings and the nilpotent morphisms, rememberthat Mo
hizuki starts from a general VPTS (
alled (E∆,D∆, h) on ∆∗ in [Mo
03, Corollary 11.8℄)whi
h is in our 
ase 
onstru
ted from the variation of TERP-stru
tures (G,∇, G′
R
, P, w). Inparti
ular, the pairing Ŝ on Ĝ is pre
isely the one from lemma 3.9. The pairing Ŝ on ⊕aS

can
(a,0)(E)is de�ned in [Mo
03, 11.3.5℄ through a series on lemmas and intermediate 
omputations. If onefollows these de�nitions 
arefully, it be
omes 
lear that the isomorphism ⊕aS

can
(a,0)(E) ∼= O(Ĥel)identi�es Ŝ with Ŝ. The map N̂ is de�ned on ⊕aGa resp. ⊕aG−a by the morphism 1

iz
NE resp. by

izNE [Mo
03, 11.3.6℄ withNE from 6.9. This implies that N̂ : ⊕aS
can
(a,0)(E) → Scan

(a,0)(E)⊗OP1(2).Under the isomorphism ⊕aGa
∼= O(Hel) resp. ⊕aG−a

∼= O(Ĥel
|P1\{0}), 1

z
NE 
orresponds to

− 1
2πi
N̂|C and zNE to 1

2πi
N̂|P1\{0}. Therefore, N̂ on ⊕aS

can
(a,0)(E) 
orresponds pre
isely to 1

2π
N̂ on

O(Ĥel).Remark: In [Mo
03℄ there is another 
onstru
tion of a limit mixed twistor stru
ture whi
huses the same bundles Ga and G−a as above but a di�erent gluing. This gluing pro
edure34



depends this time on a point x �near the origin in ∆∗� and produ
es a P
1-bundle denoted by

S(a,0)(E, x). Although we do not need this 
onstru
tion in order to prove theorem 6.6, we willgive here the 
orresponding statement for the 
ase of nilpotent orbits of TERP-stru
tures.Lemma 6.16. Consider the �res
aled� TERP-stru
ture π∗
x(H,H

′
R
, P, w), then the 
orrespondingtwistor ̂(π∗

xH)el is isomorphi
 to ⊕0<a≤1 S(a,0)(E, x) and under this isomorphism Ŵ•, Ŝ getidenti�ed with Ŵ•, Ŝ and N̂ is mapped to 2π · N̂ .Proof. The gluing of Ga and G−a to S(a,0)(E, x) is done via an identi�
ation
(Ga)|C∗

∼= Ga(E)|C∗×{0}

∼=

Φx

// G−a(E)|C∗×{0}
∼= (G−a)|C∗where Ga(E) resp. G−a(E) are lo
ally free sheaves over OC∗×∆ resp. O

C∗×∆, de�ned in [Mo
03,se
tions 10.1.4 and 10.3.2℄. In our situation, the fa
t that the �ltration F• on H∞ is trivialshows that
Ga(E) ∼=

{
s ∈ i∗O(G′

e2πia) | |s|p∗h ∈ O(|r|−a−ǫ) ∀ǫ > 0
}where i : C∗ × ∆∗ →֒ C

∗ × ∆ and G′
λ denotes the �at generalized eigensubbundle of G′ withrespe
t to either horizontal or verti
al monodromy. From the proof of lemma 6.14 it is obviousthat Ga(E) resp. G−a(E) are generated by se
tions of the form raId−N/2πies(A, a + k) resp.

raId+N/2πies(A,−a+ l) with k, l ∈ Z. The identi�
ation Φx is de�ned in [Mo
03, se
tion 11.3.3℄as a 
omposition Φx = Φ†−1
x,0 ◦ Φx,0 where

Φx,0 : Ga(E)|C∗×{0}
∼= Ga(E)|C∗×{x}

Φ†
x,0 : G−a(E)|C∗×{0}

∼= G−a(E)|C∗×{x}are isomorphisms of �bres whi
h in our situation boil down to restri
ting the se
tions of theabove type to C × {x}. The isomorphism Ga(E)|C∗×{x}
∼= G−a(E)|C∗×{x} in [Mo
03℄ is thensimply the identi�
ation τ : (π∗

xH)el ∼= γ∗(π∗
xH)el whi
h shows that S(a,0)(E, x) ∼= ̂(π∗

xH)el. Thestatements on N̂, Ŝ, N̂ and Ŝ are proved as in theorem 6.6.7 Sabbah's mixed Hodge stru
turesThe results of the previous 
hapter strongly rely on the assumption of regularity of the givenTERP-stru
ture. In the general 
ase, one 
an no longer de�ne a �ltration on the spa
e H∞ asin 
orollary 6.4. However, there exists another pro
edure due to Sabbah ([Sab℄) whi
h appliesto arbitrary bundles with meromorphi
 
onne
tions. It was used to 
onstru
t MHS for tamefun
tions, see 
hapter 11. It uses global se
tions with moderate growth at in�nity. We re
allit brie�y below. We will get a statement similar to theorem 6.6 but this time PHMS will
orrespond to Sabbah orbits instead of nilpotent orbits (whi
h explains their name).Consider an arbitrary TERP-stru
ture (H,∇, H ′
R
, P, w). In the spirit of the beginning of 
hap-ter 6, we will 
onsider the Deligne-extensions of H but this time over in�nity. More pre
isely,denote ĩ : C →֒ P1 and put

ĩ∗O(H) ⊃ O(H<∞) := {s ∈ O(H) | s has moderate growth at ∞}35



Then H<∞ is a bundle on P
1, meromorphi
 at in�nity (i.e., a lo
ally free OP1(∗∞)-module).The rational bundle 
orresponding to it by GAGA is denoted by G0. It is a free C[z]-module.It is a latti
e at zero inside of G := G0 ⊗ C[z, z−1], whi
h is rational with poles at zero andin�nity. Moreover, for any α ∈ C we 
an 
onsider the following latti
es at in�nity

V Sab
α :=

{
ω ∈ G

∣∣∣ω =
∑

β≤α s(ω, β) ∈ Cβ
}
,

V Sab
<α :=

{
ω ∈ G

∣∣∣ω =
∑

β<α s(ω, β) ∈ Cβ
}
.Due to the formula z−1∇∂

z−1 = −z∇∂z
, it does not matter whether we 
onsider elementary se
-tions at zero or at in�nity. Therefore the above formulas de�nes the Deligne latti
es at in�nityof H<∞. V Sab

α and V Sab
<α are free C[z−1]-modules inside of G of maximal rank 
orresponding toalgebrai
 bundles on P1\{0}. The advantage of working algebrai
ally is that we 
an use theV-�ltration at in�nity to de�ne a TERP-stru
ture generated by elementary se
tions. Namely,we write GrV Sab

α := V Sab
α /V Sab

<α
∼= Cα as before and use the �ltration indu
ed by the V Sab

α 's on
G0.De�nition 7.1. Let (H,∇, H ′

R
, P, w) be any TERP-stru
ture. De�ne

GSab
0 = ⊕αC[z]GrV Sab

a G0as the algebrai
 bundle generated by the Sabbah-prin
ipal parts of se
tions if G0. Let HSab be itsanalyti
 
ounterpart, i.e., O(HSab) = ⊕OCGr
V Sab

a G0. The spe
trum in this situation is de�nedas
SpSab(H,∇) =

∑

α∈C

ν(α)α ∈ Z[C] with ν(α) := dimC

(
GrV Sab

α G0

GrV Sab

α zG0

)Write as before the spe
tral numbers as an ordered rank(H)-tuple of (possibly repeated) numbers
α1 ≤ ... ≤ αrank(H). We 
all them spe
tral numbers at in�nity.The following result is the analogue of lemma 6.3.Lemma 7.2. Let (H,H ′

R
,∇, P, w) be a TERP-stru
ture.1. The spe
tral numbers derived from the V-�ltration at in�nity satisfy the symmetry αi +

αrank(H)+1−i = w.2. (HSab, H ′
R
,∇, P, w) is again a TERP-stru
ture. It is generated by elementary se
tionsand thus regular singular.Proof. (O(HSab),∇) has a pole of order at most two at zero by the same proof as in lemma6.3. Moreover, it is obvious that the pairing P indu
es a pairing G⊗ j∗G→ C[z, z−1] sending

G0 to zwC[z]. Then we are exa
tly in the situation 
onsidered in [Sab℄. It is shown in se
tion3 of lo
.
it. that the spe
tral numbers are symmetri
 and the properties of P as a pairing on
GSab

0 we are after are a dire
t 
onsequen
e. 36



As in the regular singular 
ase, the last lemma allows us to de�ne a �ltration on the spa
e H∞:The TERP-stru
ture (HSab, H ′
R
,∇, P, w) is generated by elementary se
tions and is thereforeequivalent to the data 
onsidered in lemma 5.7. In parti
ular, the formula

F p
SabH

∞
e−2πiα := ψ−1

α zp+1−wGrV Sab

α+w−1−pG0
∼= ψ−1

α

(
zp+1−w(Cα+w−1−p ∩ O(HSab)0)

) (7.1)for α ∈ (0, 1]+iR de�nes a de
reasing �ltration on H∞ su
h that its twisted version F̃ •
SabH

∞ :=
G−1(F •

SabH
∞) satis�es the orthogonality 
onditions (5.8) and therefore gives an element of the
lassifying spa
e Ď.The next result is the �Sabbah-orbit� version of theorem 6.6.Theorem 7.3. For an arbitrary TERP-stru
ture (H,H ′

R
,∇, P, w), the following 
onditions areequivalent.1. (H,H ′

R
,∇, P, w) indu
es a Sabbah orbit.2. (H∞, H∞
R
, N, S, F̃ •

Sab) de�nes a PMHS of weight w − 1 resp. w on H∞
arg 6=0 resp. H∞

arg=0.Proof. The proof of 2) �> 1) is similar to the proof of [Her03, theorem 7.20℄. The parts(I)�(III) in that proof are un
hanged, the parts (IV) and (V) 
an be adapted easily.The proof of 1)�>2) is virtually the same as the one in 
hapter 6. We give only 
omments onthe ne
essary adjustments. The �rst point is that by lemma 4.6, if we 
onsider the variationof pure polarized twistor stru
tures asso
iated to the orbit K := (π′)∗H , then taking globalse
tions along the proje
tion p : P1 × ∆∗ → ∆∗ gives a harmoni
 bundle E on ∆∗ with tamebehavior at 0 ∈ ∆.The dis
ussion of U|r in the proof of lemma 4.6 shows that on any extension aE0 of the harmoni
bundle E the residue at 0 of the Higgs �eld is nilpotent. Therefore the KMSS-spe
trum of thevariation of twistor stru
tures is pre
isely as des
ribed in lemma 6.11. All the properties ofthe extension sheaves aE remain true. The verti
al and horizontal monodromy are not equal,but inverse to ea
h other. We 
ontinue to denote by H∞ the �at bundle ψr((K
′)∇), and by

H∞
λ the eigenbundle of the horizontal monodromy. With this 
onvention, the de�nition of theextensions Vα remains un
hanged. However, we see that now the bundle O(K) is generated byse
tions of the form ∑

i≥1

r−αijId+ N
2πi es(Ai, αij)where ∑i≥1 es(Aij, αij) for j = 1, . . . , rank(H) is a set of generating se
tions of O(HSab) andwhere this time α1j > α2j > . . .. The remaining part of the proof is exa
tly the same. Weidentify the limit polarized mixed twistor stru
ture (⊕aS

can
(a,0)(E), Ŵ•, N̂ , Ŝ) of Mo
hizuki withthe twistor (ĤSab, Ŵ•,−

1
2π
N̂ , Ŝ) whi
h is generated by elementary se
tions and 
orresponds bylemma 5.9 to a sum of two PMHS. Note that the di�erent signs +N instead of −N in thePMHS in 2. and − 1

2π
instead of 1

2π
in the PMTS result from the fa
t that now horizontal andverti
al monodromy are inverse, not equal. 37



8 Formal stru
ture and Stokes stru
tureFrom now on we will 
onsider TERP-stru
tures whi
h are not ne
essarily regular singular. This
hapter is devoted to dis
uss both formal and Stokes stru
tures of these obje
ts. Our mainreferen
es for the fa
ts dis
ussed below are [Mal83℄ and [Sab02℄.Let (H,∇, H ′
R
, P ) be a TERP-stru
ture. We will forget about the real subbundle H ′

R
for amoment. The remaining obje
t (H,∇, P ) is 
alled a TEP-stru
ture. We might as well 
onsideronly the germ (H0,∇, P ) at zero. It turns out that for TEP-stru
tures, it is su�
ient to work atthe level of formal power series, i.e., to 
onsider only the formalization (H0,∇, P )⊗C[[z]][z−1].However, to in
orporate the real subbundle of a TERP-stru
ture, we will need to use the Stokesstru
ture asso
iated to the irregular 
onne
tion ∇.To start with, let us simplify the situation even more and restri
t our attention to the germ

H0[z
−1] = H0 ⊗C{z}[z−1]. Remember that the 
onne
tion has a pole of order two on H0[z

−1].By the theorem of Turrittin (e.g. [Mal83, 2.1℄) there is a �nite rami�
ation rn : C → C, z 7→ zn,su
h that r∗n(H0[z
−1],∇) is formally isomorphi
 to a sum⊕l

i=1 e
fi ⊗(Ri,∇i), where fi ∈ C[z−1],

Ri is a C{z}[z−1]-ve
tor spa
e and (Ri,∇i) is regular singular. The symbol efi denotes thebundle of rank one equipped with the 
onne
tion given by the one form dfi (equivalently, efi⊗Riis the germ of the meromorphi
 extension at zero given by multiplying se
tions in Ri by efi).In the sequel, we will always make the simplifying assumption that the rami�
ation is unne
-essary. This is satis�ed in all examples (singularity theory) and potential examples (quantum
ohomology) whi
h we have in mind. In this situation, the exponents that o

ur in the formalde
omposition are simply fi = −ui

z
, where ui is an eigenvalue of the pole part U . This isen
apsulated in the following de�nition.De�nition 8.1. A TEP-stru
ture (or its formalization at zero) (H,∇, P ) is said to require norami�
ation i� the germ (H0[z

−1],∇) is formally isomorphi
 to a sum ⊕l
i=1 e

−ui/z ⊗ (Ri,∇i)where Ri is a C{z}[z−1]-ve
tor spa
e, (Ri,∇i) is regular singular, and u1, ..., ul are the di�erenteigenvalues of the pole part U = [z∇z∂z
]. A TERP-stru
ture is said to require no rami�
ationi� this is true for the 
orresponding TEP-stru
ture.Given a TEP-stru
ture (H0,∇, P ), then the C{z}-latti
e e−u/z ·H0 with the indu
ed 
onne
tion(in the above sense) and the indu
ed pairing is also a TEP stru
ture.Lemma 8.2. Let (H0,∇, P ) be a TEP-stru
ture whi
h does not require a rami�
ation and Ψ aformal isomorphism from (H0[z

−1],∇) to a sum⊕l
i=1 e

−ui/z⊗(Ri,∇i) as above. Then there areunique C{z}-latti
es (Hi)0 ⊂ Ri and pairings Pi su
h that ((Hi)0,∇i, Pi) is a regular singularTEP-stru
ture and Ψ is an isomorphism of the formal TEP-stru
tures (H0 ⊗ C[[z]],∇, P ) and⊕l
i=1 e

−ui/z ⊗ ((Hi)0 ⊗C[[z]],∇i, Pi). The TEP-stru
tures ((Hi)0,∇i, Pi) are 
alled the regularsingular pie
es of (H0,∇, P ).Proof. Exer
ise 5.9 in [Sab02, II℄ shows that the C[[z]]-latti
e Ψ(H0 ⊗ C[[z]]) ⊂ Ψ(H0 ⊗
C[[z]][z−1]) is 
ompatible with the splittingΨ(H0⊗C[[z]][z−1]) =

⊕l
i=1 e

−ui/z⊗(Ri⊗C[[z]][z−1]),that means, it splits into l C[[z]]-latti
es. Be
ause of [Sab02, III.2.1℄ these l C[[z]]-latti
es ariseas e−ui/z ⊗ ((Hi)0 ⊗ C[[z]]) from some C{z}-latti
es (Hi)0 ⊂ Ri.The 
onne
tion on Ri has a pole of order ≤ 2 with respe
t to (Hi)0, be
ause the same holds forthe 
onne
tion on the fa
tor e−ui/z and for the 
onne
tion on e−ui/z ⊗ (Ri ⊗ C[[z]][z−1]) withrespe
t to the C[[z]-latti
e e−ui/z ⊗ ((Hi)0 ⊗ C[[z]]).38



The pairing Ψ(P ) on Ψ(H0 ⊗C[[z]]) indu
ed by P gives the �rst of the following isomorphisms(
ompare the proof of lemma 6.3).
(z−wΨ(H0 ⊗ C[[z]]),∇) ∼= j∗(Ψ(H0 ⊗ C[[z]])∗,∇∗)

∼= j∗

(
l⊕

i=1

eui/z ⊗ ((Hi)
∗
0,∇

∗
i ) ⊗ C[[z]]

)

∼=

l⊕

i=1

e−ui/z ⊗ j∗((Hi)0,∇
∗
i ) ⊗ C[[z]]. (8.1)As the formal de
omposition is unique (e.g. [Sab02, II.5.5℄), these isomorphisms respe
t thede
omposition and give rise to isomorphisms (z−w(Hi)0,∇i) ∼= j∗((Hi)

∗
0,∇

∗
i ) 
orresponding topairings Pi on (Hi)0 whi
h make ((Hi)0,∇i, Pi) into regular singular TEP-stru
tures. Moreover,for i 6= j, the pairing Ψ(P ) vanishes on e−ui/z ⊗ (Hi)0 × e−uj/z ⊗ (Hj)0.As remarked above, the formal stru
ture of the 
onne
tion (H0,∇) is not su�
ient to treatthe real subbundle H ′

R
. The ne
essary analyti
 information is provided by what is 
alled theStokes stru
ture asso
iated to (H,∇). Roughly speaking, it 
onsists of data whi
h keep tra
kof the di�eren
e of analyti
 liftings of the formal de
ompositions in se
tors of C. To dis
ussthis Stokes stru
ture, we need some notations.For any I ⊂ S1, let Î := {z ∈ C

∗ | z
|z|

∈ I}. If I ⊂ S1 happens to be open and 
onne
ted, then
Î is a se
tor. Denote by A[z−1] the sheaf on S1 of holomorphi
 fun
tions in neighborhoods of0 in se
tors whi
h have an asymptoti
 development in the sense of [Mal83, 3.]. For any ξ ∈ S1the Taylor development of fun
tions in A[z−1]ξ yields a map T : A[z−1]ξ → C[[z]][z−1] whi
his surje
tive by the lemma of Borel-Ritt. We will need the subsheaves A := T−1(C[[z]]) and
A<0 := ker T of A[z−1]. Remark that γ∗(A[z−1]) is the sheaf on S1 of holomorphi
 fun
tionsin neighborhoods of ∞ in se
tors su
h that the fun
tions have asymptoti
 developments at ∞.Fix a TERP-stru
ture (H,∇, H ′

R
, P ) whi
h does not require a rami�
ation and a formal iso-morphism

Ψ : (H0,∇, P ) ⊗ C[[z]]
∼=
→

l⊕

i=1

e−ui/z ⊗ ((Hi)0,∇i, Pi) ⊗ C[[z]]of TEP-stru
tures. In this situation, we say that ξ ∈ S1 is a Stokes dire
tion if there exist
i 6= j with ℜ(

ui−uj

ξ
) = 0. These Stokes dire
tions form a �nite set Σ ⊂ S1. For ξ ∈ S1\Σ, the
omponent of S1 − Σ whi
h 
ontains ξ is denoted by I(ξ) and we de�ne an order on {1, ..., l}depending on ξ as follows

i ≤ξ j
def
⇐⇒ ℜ

(
ui

ξ

)
< ℜ

(
uj

ξ

) or i = j (8.2)
⇐⇒ (z 7→ e

ui−uj

z ) ∈ Aξ ⇐⇒ (z 7→ e(ui−uj)z) ∈ γ∗(Aξ).In the sequel, we will work with a 
overing of S1 by two open sets I±(ξ) de�ned in the followingway: Choose on
e and for all a value ξ ∈ S1\Σ and put
I±(ξ) := I(ξ) ∪ I(−ξ) ∪ {z ∈ S1 | ± ℑ(z/ξ) ≤ 0}.39



Ea
h of the sets I+(ξ) and I−(ξ) 
ontains exa
tly one of two Stokes dire
tions ±ξ′ for any
ξ′ ∈ Σ. Let L be the lo
al system of (H,∇)|S1, LR ⊂ L the lo
al system of (H ′

R
,∇)|S1 anddenote by Li the lo
al system of �at se
tions of the i-th regular singular pie
e Hi. The theoremof Hukuhara (e.g. [Mal83, 3.℄ or [Sab02, II.5.12℄) and the dis
ussion in [Mal83, 4.+5.℄ yieldthe following result.Lemma 8.3. Let (H,∇, H ′

R
, P ) be a TERP-stru
ture requiring no rami�
ation and let Ψ and⊕l

i=1 e
−ui/z ⊗ ((Hi)0,∇i, Pi) and ξ ∈ S1 be as above. There is a unique lift Ψ± of Ψ to anisomorphism of sheaves on I±(ξ),

Ψ± : A[z−1]|I±(ξ) ⊗ (H0[z
−1],∇) −→ A[z−1]|I±(ξ) ⊗

(
l⊕

i=1

e−ui/z ⊗ ((Hi)0[z
−1],∇i)

)
. (8.3)The underlying isomorphism of lo
al systems on I±(ξ) is denoted by the same letter

Ψ± : L|I±(ξ) →
l⊕

i=1

Li|I±(ξ).Let L±,i := Ψ−1
± (Li|I±(ξ)), so that L|I±(ξ) =

⊕l
i=1 L±,i. At ±ξ the two splittings indu
e (restri
-tions of) proje
tions t(±)

ij : (L+,i)±ξ → (L−,j)±ξ satisfying
t
(+)
ij = 0 ⇐= i <ξ j ⇐⇒ j <−ξ i =⇒ t

(−)
ji = 0.Therefore t(±)

ii are isomorphisms, and the lo
al system obtained by gluing L+,i and L−,i with t(±)
iiis mapped by Ψ± to Li.The following lemma extends the de
omposition of the meromorphi
 bundle to the latti
e H0and des
ribes the behavior of the pairing.Lemma 8.4. We 
onsider the same situation as in the last lemma. The formal isomorphism

Ψ respe
ts the C[[z]]-latti
e H0 ⊗ C[[z]] and thus indu
es isomorphisms
Ψ± : A|I±(ξ) ⊗ (H0,∇) → A|I±(ξ) ⊗

(
l⊕

i=1

e−ui/z ⊗ ((Hi)0,∇i)

)
. (8.4)The two splittings ⊕l

i=1 L±,i of L|I±(ξ) are dual with respe
t to the pairing P . The maps t(+)
ijand t(−)

ji determine ea
h other by
P (t

(+)
ij −,−) = P (−,−) = P (−, t(−)

ji −) : (L+,i)ξ × (L+,j)−ξ −→ C. (8.5)
P restri
ts to the lo
al system obtained by gluing L±,i with t(±)

ii . It is identi�ed with Pi by theisomorphism with Li.Proof. The �rst statement is 
lear. For the se
ond point, suppose i 6= j, σi ∈ (Hi)0 and σj ∈
(Hj)0. The last statement in the proof of lemma 8.2 shows that P (Ψ−1

+ (e−ui/zσi),Ψ
−1
− (e−uj/zσj)

)is an element in Γ(I+(ξ),A<0). On the other hand, it takes the form e(uj−ui)/z·
∑

α≥α0,k aα,kz
α(log z)k.Therefore it vanishes. This shows the duality property of the two splittings and also yields bothequalities in (8.5). The remaining statements are obvious.40



The next de�nition introdu
es the 
ondition we need in order to equip the regular singularpie
es with a real stru
ture, i.e., make them into TERP-stru
tures.De�nition 8.5. Let (H,∇, H ′
R
, P ) be a TERP-stru
ture requiring no rami�
ation. Considerthe data from lemma 8.3. We say that real stru
ture and Stokes stru
ture are 
ompatible if

L±,i = L±,i.Lemma 8.6. Let (H,∇, H ′
R
, P ) be a TERP-stru
ture requiring no rami�
ation and whi
h has
ompatible real stru
ture and Stokes stru
ture. Then the regular singular pie
es (Hi,∇i, Pi),whi
h are TEP-stru
tures by lemma 8.2, are naturally equipped with real stru
tures and be
omeTERP-stru
tures.Proof. The identity map on the stalks L± 
an be de
omposed as Id =

∑
j≤±ξi t

(±)
ij : L±ξ → L±ξ.As the identity obviously respe
ts the real stru
ture, the same holds true for the individualmaps t(±)

ij : (L+,i)±ξ → (L−,j)±ξ. By lemma 8.3, Li is 
anoni
ally isomorphi
 to the lo
alsystem obtained by gluing L±,i with t
(±)
ii . Therefore it 
arries a 
anoni
al real stru
ture. Pimaps the real lo
al system in Li to iwR be
ause of the identi�
ation in lemma 8.4 with therestri
tion of P . This gives a real �at subbundle H ′

i,R ⊂ H ′
i su
h that (Hi,∇i, H

′
i,R, Pi) is aTERP-stru
ture.The following lemma is now an immediate 
onsequen
e of the pre
eding results.Lemma 8.7. Let (H,∇, H ′

R
, P ) be a TERP-stru
ture requiring no rami�
ation. The integrabletwistor (Ĥ,∇) has a pole of order two at in�nity and the map τ ◦Ψ± ◦ τ is an isomorphism ofsheaves on I±(ξ):

τ ◦ Ψ± ◦ τ : γ∗
(
A|I±(ξ)

)
⊗ (Ĥ∞,∇) −→ γ∗

(
A|I±(ξ)

)
⊗

(
l⊕

i=1

e−ui·z ⊗ ((Ĥi)∞,∇i)

)
. (8.6)It is the unique lift on I±(ξ) of the 
orresponding formal isomorphism. On the level of lo
alsystems it is given by the 
omposition − ◦ Ψ± ◦ − =: Ψ±. Therefore it indu
es the splitting

L|I±(ξ) =
⊕l

i=1 L±,i. The morphisms Ψ± and τ ◦ Ψ± ◦ τ glue to an isomorphism of sheaveson the real blow up [0,∞] × I±(ξ) at 0 and ∞ of the se
tor Î±(ξ) i� real stru
ture and Stokesstru
ture are 
ompatible.9 Mixed TERP-stru
turesThe 
orresponden
e between nilpotent orbits of Hodge stru
tures and PHMS due to Cattani,Kaplan and S
hmid (theorem 2.5) was generalized to regular singular TERP-stru
tures in
hapter 6 (theorem 6.6). In 
onje
ture 9.2 we propose a further generalization to arbitraryTERP-stru
tures. We will give a 
omplete proof of one dire
tion of this 
orresponden
e. Inorder to state the general 
orresponden
e, we need repla
e the notion of PHMS by what we
all mixed TERP-stru
ture. The de�nition is straightforward after what has been said in thelast 
hapter. 41



De�nition 9.1. A TERP-stru
ture is a mixed TERP-stru
ture if it does not require a rami�-
ation, if real stru
ture and Stokes stru
ture are 
ompatible and if the regular singular pie
es oflemma 8.2, whi
h are TERP-stru
tures by lemma 8.6, indu
es PMHS as in theorem 6.6.With this de�nition at hand, the main 
onje
ture is very simple to state, and takes pre
iselythe same form as in the regular singular 
ase of 
hapter 6.Conje
ture 9.2. A TERP-stru
ture whi
h does not require a rami�
ation is a mixed TERP-stru
ture if and only if it indu
es a nilpotent orbit.The following is the main result of this paper.Theorem 9.3. 1. The 
onje
ture is true if the TERP-stru
ture is regular singular.2. The impli
ation ⇒ is true.As already said, the �rst statement is pre
isely theorem 6.6. The remaining part of this 
hapteris 
on
erned with a proof of the se
ond 
laim.Part 2. is already known in two 
ases whi
h are opposite to ea
h other in a 
ertain sense: If theTERP-stru
ture is regular singular, i.e., if U is nilpotent, it is pre
isely [Her03, theorem 7.20℄.If all eigenvalues of U are di�erent (we 
all the TERP-stru
ture semi-simple in that 
ase), thenit follows from [Dub93, proposition 2.2℄. We will use [Her03, theorem 7.20℄ and 
ombine it withideas from [Dub93℄ to get the general 
ase. This will 
ontain a new proof of the semi-simple
ase.Let (H,∇, H ′
R
, P ) be a mixed TERP-stru
ture of weight w. We use all notations and obje
tsfrom 
hapter 8. In parti
ular, ξ ∈ S1\Σ is 
hosen, giving rise to the 
overing S1 = I+(ξ)∪I−(ξ)with I+(ξ)∩I−(ξ) = I(ξ)∪ (−I(ξ)). L is the lo
al system of (H,∇)|S1. There are the 
anoni
alsplittings L|I±(ξ) =

⊕l
i=1 L±,i whi
h are indu
ed from the unique isomorphisms Ψ± : L|I±(ξ) →⊕l

i=1 Li|I±(ξ) in (8.4). We 
hoose the numbering 1, . . . , l of the blo
k de
omposition in su
ha way that for all i, j ∈ {1, . . . , l} we have i ≤ j ⇐⇒ i ≤ξ j. By assumption, the regularsingular pie
es (Hi,∇i, H
′
i,R, Pi) are TERP-stru
tures whi
h indu
e PMHS as in theorem 6.6.Also lemma 8.7 applies.Denote n := rank(H) and ni := rank(Hi). Let ep = (e±1 , ..., e

±
n ) be bases of L|I±(ξ) satisfying

P (e+i , e
−
j ) = (−i)wδij and whi
h are adapted to the splittings, i.e., (e±1 , ..., e

±
n1

) is a basis of L±,1et
. Su
h bases exist by lemma 8.4. The images f± = (f±
1 , ..., f

±
n ) = (Ψ±(e±1 ), ...,Ψ±(e±n )) arebases of the lo
al systems ⊕l

i=1 Li|I±(ξ), adapted to the splittings. Be
ause of (8.5) there is aunique matrix T ∈ GL(n,C) with
(e−)ξ = (e+)ξ · T and (e−)−ξ = (e+)−ξ · (−1)wT tr. (9.1)Write T = (Tjk)j,k=1,...,l with blo
ks Tjk ∈ M(nj × nk,C). Lemma 8.3 and the 
hosen orderingof the fa
tors of the de
omposition implies that the matrix T is blo
k upper triangular. Denote

Tmodel := diag(T11, ..., Tll) and T Stokes := (Tmodel)−1 · T . Then
(f−)ξ = (f+)ξ · T

model and (f−)−ξ = (f+)−ξ · (−1)w(Tmodel)tr. (9.2)We want to prove that π∗
r(H,∇, H

′
R
, P ) is a polarized pure TERP-stru
ture for |r| ≪ 1. Ashas been shown in lemma 4.4, the 
orresponding twistors are isomorphi
 for r having the sameabsolute value, so it is su�
ient to prove the 
ase where r ∈ R>0.42



The family ⋃r>0 π
∗
r (H,∇, H

′
R
, P ) is isomonodromi
. This implies that data L, L±,i, Li, e±, f±de�ned above for r = 1 
an be identi�ed with the analogous data for any r > 0. The familyhas 
onstant Stokes stru
ture (e.g. [Sab02, II.6.
℄). Therefore the isomorphisms Ψ± : L|I±(ξ) →⊕l

i=1 Li|I±(ξ) of lo
al systems extend for any r > 0 to isomorphisms
Ψ±(r) : A|I±(ξ) ⊗ π∗

r(H0,∇) → A|I±(ξ) ⊗

(
l⊕

i=1

e−
ui
z·r ⊗ π∗

r((Hi)0,∇i)

)
. (9.3)As explained in the last 
hapter, we will use the notation ef⊗ to denote extensions of sheavesover zero or in�nity (or both) twisted by multiplying se
tions by the fun
tion (z 7→ ef) on

C∗. Obviously e−ui/(z·r) ⊗ π∗
r (Hi,∇i, H

′
i,R, Pi) is a TERP-stru
ture and is equal to π∗

r (e
−ui/z ⊗

(Hi,∇i, H
′
i,R, Pi)). The extension to ∞ by τ satis�es

[π∗
r (e

−
ui
z ⊗Hi)]̂ = [e−

ui
z·r ⊗ π∗

rHi]̂ = e−
ui
z·r

−
ui·z

r ⊗ π̂∗
rHi. (9.4)Lemma 8.7 applies and shows that Ψ±(r) and τ ◦ Ψ± ◦ τ glue to an isomorphism

Ψ±(r) : Â± ⊗ π̂∗
rH 7→ Â± ⊗

(
l⊕

i=1

e−
ui
z·r

−
ui·z

r ⊗ π̂∗
rHi

)
. (9.5)Here Â± is a sheaf on the real blow up [0,∞] × I±(ξ) of Î±(ξ) at 0 and ∞. It is the extensionof ObI±(ξ) by A|I±(ξ) at 0 and γ∗(A|I±(ξ)) at ∞.By [Her03, theorem 7.20℄ resp. theorem 6.6 2.⇒1., π∗

r(Hi,∇i, H
′
i,R, Pi) is a polarized pureTERP-stru
ture for small r > 0. One 
an 
hoose a basis σ(r) = (σ1(r), ..., σn(r)) of⊕l

i=1 Γ(P1, π̂∗
rHi)
ompatible with the splitting. The matrix Pmat(r) := z−w · P ((σ)tr, τ(σ)) is independent of z,hermitian, positive de�nite and blo
k diagonal. The entries of the matri
es C± de�ned by

σ|bI±(ξ) = f± · C± (9.6)take the form ∑
α1≤α≤αn

∑
k∈N∪{0} aα,k(r) · zα · (log z)k, where α1 and αn are the minimal andthe maximal spe
tral number of the regular singular TERP-stru
ture⊕l

i=1 π
∗
r(Hi,∇i, H

′
i,R, Pi).Note that theses spe
tral numbers are real be
ause by assumption the TERP-stru
ture indu
esPMHS (see the beginning of the proof of lemma 5.9).The proof of [Her03, theorem 7.20℄, and more pre
isely the formulas (7.107), (7.117) and (7.123),provides a family of bases σ(r) for small r > 0 su
h that the 
oe�
ients aα,k(r) in all entries of

C± and (C±)−1 are real analyti
 and of order O(| log r|N) for some N > 0.Also ⊕l
i=1 e

−ui/(z·r) ⊗ π∗
r(Hi,∇i, H

′
i,R, Pi) is a polarized pure TERP-stru
ture for small r > 0.A basis is σ(r) · R(r) where

R(r) := diag(exp(−
u1

z · r
−
u1 · z

r
) · 1n1 , .., exp(−

ul

z · r
−
ul · z

r
) · 1nl

). (9.7)The identities R(r) = γ∗(R(r)) = R(r)tr = R(r,−z)−1 show the se
ond equality in
z−w · P ((σ(r) · R(r))tr, τ(σ(r) · R(r))) = R(r)tr · Pmat(r) · γ

∗(R(r,−z)) = Pmat(r). (9.8)43



We want to show that π∗
r (H,∇, H

′
R
, P ) is a polarized pure TERP-stru
ture for small r > 0.Suppose for a moment that this holds and that ω = (ω1, ..., ωn) is a basis of Γ(P1, π̂∗

rH). Then
ω = Ψ−1

± (σ · R) · A± = e± · C± · R · A± (9.9)on Î±(ξ), where A± are matri
es with entries in Γ([0,∞] × I±(ξ), Â±). Formula (9.1), that is,
(e−)|I(ξ) = (e+)|I(ξ) · T , shows on the small se
tor Î(ξ)

ω|bI(ξ) =
(
e+ · C+ · R · A+

)
|bI(ξ)

(9.10)
=

(
e− · C− · R · A−

)
|bI(ξ)

=
(
e+ · T · C− · R · A−

)
|bI(ξ)

.(9.2) and (9.6) give C+

|bI(ξ)
= Tmodel · C−

|bI(ξ)
. Therefore

A+

|bI(ξ)
· (A−

|bI(ξ)
)−1 =

(
R−1 · (C−)−1 · T Stokes · C− ·R

)
|bI(ξ)

. (9.11)Analogously on −Î(ξ) = Î(−ξ)

A+

|bI(−ξ)
· (A−

|bI(−ξ)
)−1 =

(
R−1 · (C+)−1 · (−1)w(T Stokes)tr · C+ · R

)
|bI(−ξ)

. (9.12)Obviously, the bundle π̂∗
rH is trivial i� there are invertible matri
es A± with entries in Γ([0,∞]×

I±(ξ), Â±) and satisfying (9.11) and (9.12). The requirement A±(0) = 1n makes them unique.This is a Riemann boundary value problem. We will argue that the matri
es on the right handside of (9.11) and (9.12) are 
lose to 1n for small r > 0 and that therefore the problem has asolution.The matrix T Stokes = (Tmodel)−1 ·T is blo
k upper triangular with diagonal blo
ks T Stokes
jj = 1njfor j = 1, .., l. The matri
es C± are blo
k diagonal. Therefore the matrix on the right handside of (9.11) is also blo
k upper triangular, and the (j, k)-blo
k for j ≤ k is

(C−
j )−1 · T Stokes

jk · C−
k · exp

(
uj − uk

z · r
+

(uj − uk) · z

r

)
. (9.13)The diagonal blo
k for j = k is 1nj

.The fun
tions (z 7→ exp
(

uj−uk

z·r
+

(uj−uk)·z

r

)) on Î(ξ) for j < k have asymptoti
 developmentsequal to zero at the origin and at in�nity. Remark that ℜ(
uj−uk

z
) < 0 and ℜ((uj − uk) · z) < 0for z ∈ Î(ξ). Therefore with r → 0 the fun
tions and all their z-derivatives tend to 0 pointwise.The moderate behavior in z and r of the entries of C± and (C±)−1 had been dis
ussed above.We obtain: The restri
tions to ξ ·R>0 ⊂ P1 (here − denotes 
losure) of all the entries of a

(j, k)-blo
k with j < k are real analyti
 on ξ ·R>0 and C∞ at 0 and ∞; if r → 0, they and alltheir derivatives tend uniformly to 0.The same analysis holds for the nondiagonal entries of the right hand side of (9.12). Here oneremarks that this matrix is lower triangular and that z ∈ Î(−ξ). One 
onsiders the restri
tionsto ξ ·R<0.By a Möbius transformation one 
an map ξ ·R ⊂ P
1 to S1. The Birkho� de
omposition in[PS86, (8.1.2)℄ gives a 
ertain unique de
omposition for all C∞ loops S1 → GL(n,C) in an44



open dense set of the loop spa
e LGL(n,C), whi
h 
ontains 0; and this de
omposition dependssmoothly on the loop.In our 
ase it shows the existen
e and uniqueness of matri
es A± with the following properties:
A± is 
ontinuous and invertible on the set {z ∈ C∗ | ± arg z

ξ
< 0}; it is holomorphi
 on {z ∈

C∗ | ± arg z
ξ
< 0}; it satis�es A±(0) = 1n; for z ∈ ξ ·R (9.11) and (9.12) hold. Furthermore,for r → 0 the restri
tions A±

|ξ·R
tend uniformly to 1n.The right hand sides of (9.11) and (9.12) are holomorphi
 in ±Î(ξ). With the theorem ofMorera one sees that A± extend to holomorphi
 matri
es on Î±(ξ) (this argument is taken from[Dou83, page 296℄).We still have to show that (A±)0 ∈ Γ(I±(ξ), GL(A)) and (A±)∞ ∈ Γ(I±(ξ), GL(γ∗(A))). Butany OC,0-basis of H0 gives rise to matri
es Ã± ∈ Γ(I±(ξ), GL(A)) whi
h also satisfy (9.11) and(9.12) for z ∈ Î(ξ) 
lose to 0. Therefore the matri
es (Ã±)−1 · A± glue to a matrix whi
h is
ontinuous and invertible 
lose to 0 and holomorphi
 outside 0. Thus it is holomorphi
 at 0.Therefore (A±)0 ∈ Γ(I±(ξ), GL(A)). The same applies at ∞. The Riemann boundary valueproblem is solved for r ≪ 1, and π∗

r(H,∇, H
′
R
, P ) is a pure TERP-stru
ture.It remains to show that it is polarized. Let now ω be a global basis as above. The hermitianpairing is given by the hermitian and z-independent matrix

z−w · P (ωtr, ω) = (A+(z))tr · Pmat(r) · A−(−
1

z
) = Pmat(r) · A−(∞). (9.14)The matrix Pmat(r) is hermitian and positive de�nite.Now one way to 
on
lude is to go through the 
onstru
tion simultaneously for all Stokes matri
es

T (t) := (1 − t) · Tmodel + t · T with t ∈ [0, 1]. For su�
iently small r it works, and the matrix
A−(∞)(t) depends 
ontinuously on t, with A−(∞)(t = 0) = 1n. Therefore for all t ∈ [0, 1] thehermitian matrix Pmat(r) · A−(∞)(t) is positive de�nite.10 Semi-simple 
ase and ADE-singularitiesA TERP-stru
ture is 
alled semi-simple if the eigenvalues of the pole part are all di�erent.Su
h TERP-stru
tures automati
ally do not require a rami�
ation (e.g. [Sab02, II.5.7℄). Fur-thermore, a semi-simple TERP-stru
ture is determined by very elementary data, as is shownin the following lemma. Let us 
all two matri
es T and T ′ in M(n × n,C) sign equivalent ifthere is a matrix B = diag(±1, ...,±1) su
h that BTB = T ′.Lemma 10.1. 1. Fix a weight w ∈ Z, n di�erent values u1, ..., un ∈ C and ξ ∈ S1 with

ℜ(
ui−uj

ξ
) < 0 for i < j. There is a natural 1-1 
orresponden
e between the set ofsemi-simple TEP-stru
tures (i.e. no real stru
ture) of weight w with pole part havingeigenvalues u1, ..., un, and the set of sign equivalen
e 
lasses of upper triangular matri
es

T ∈ M(n × n,C) with diagonal entries equal to 1. The matri
es T are 
alled Stokesmatri
es of the TEP-stru
ture.2. The 
orresponden
e in 1. restri
ts to a 
orresponden
e between semi-simple mixed TERP-stru
tures and sign equivalen
e 
lasses of matri
es with real entries.45



3. Given a semi-simple TERP-stru
ture of weight w with eigenvalues u1, ..., un ∈ C and
ξ ∈ S1 as above, the 
orresponding Stokes matrix T is 
onstru
ted as follows. We usethe notations and results of 
hapter 8, in parti
ular, lemma 8.3. The pie
es L±,j of the
anoni
al (after the 
hoi
e of ξ ∈ S1) splittings L|I±(ξ) =

⊕n
j=1 L±,j have rank 1. Thereare bases e± = (e±1 , ..., e

±
n ) of L|I±(ξ) unique up to the 
ommon signs of the pairs e+jand e−j with the following properties: they are 
ompatible with the splittings, they satisfy

P ((e+)tr, e−) = (−i)w ·1n and (e−)ξ = (e+)ξ ·T with Tjj = 1 for all j. Then T is a Stokesmatrix.Proof. First we prove the last part: If e± are any bases of L|I±(ξ) whi
h are 
ompatible with thesplittings, then T is upper triangular with detT 6= 0 by lemma 8.3, and P ((e+)tr, e−) is diagonaland invertible by lemma 8.4. The 
onstraints Tjj = 1 and P (e+j , e
−
j ) = (−i)w determine e+j and

e−j up to a 
ommon sign. This shows part 3.Now suppose that the semi-simple TEP-stru
ture is a mixed TERP-stru
ture. Real stru
tureand Stokes stru
ture are 
ompatible, thus there exist λ±j ∈ S1 su
h that (λ±1 e
±
1 , ..., λ

±
n e

±
n ) arereal bases of L|I±(ξ). Be
ause of Tjj = 1 one 
an 
hoose λ−j = λ+

j . Then (λ+
j )2 · (−i)w =

P (λ+
j e

+
j , λ

+
j e

−
j ) ∈ iw · R shows λ+

j ∈ {±1}, so e± are real bases and T has real entries. Thisproves one dire
tion in 2.For the other dire
tion and for the �rst part, we start from u1, ..., un, ξ and T as in 1. Let us �rst
onstru
t the topologi
al data (H ′,∇, P ), and H ′
R
in 
ase T is real. Let L± be lo
al systemsof rank n on I±(ξ) with bases e± = (e±1 , ..., e

±
n ). They are glued to a lo
al system L on S1 by

(e−)ξ = (e+)ξ · T and (e−)−ξ = (e+)−ξ · (−1)wT tr. If T is real then the bases e± indu
e a realstru
ture on L. In any 
ase the formulas P ((e+)tr, e−) := (−i)w ·1n and P ((e−)tr, e+) := iw ·1ngive a well-de�ned �at (−1)w-symmetri
 nondegenerate pairing on opposite �bers. This yieldsthe topologi
al data (H ′,∇, H ′
R
if T is real, P ).In the spe
ial 
ase T = 1n they de
ompose as⊕n

j=1(H
′
j,∇j , H

′
j,R, Pj). Then we write f± insteadof e±, and Lj denotes the lo
al system on S1 generated by f±

j . Put O(Hj) = Hj := OC ·z
w/2 ·f±

j ,then (Hj,∇j, H
′
j,R, Pj) is a regular singular TERP-stru
ture. Using (2.3), (5.4) and (5.5) one
he
ks that it indu
es a PHS of weight w if w is even and of weight w−1 if w is odd. Therefore⊕n

j=1 e
−uj/z ⊗ (Hj,∇j, H

′
j,R, Pj) is a mixed TERP-stru
ture of weight w with Stokes matrix

T = 1n.It remains to 
onstru
t, for arbitrary T , an extension H ∈ VBC of H ′ su
h that (H,∇, P )is a TEP-stru
ture formally isomorphi
 to ⊕n
j=1 e

−uj/z ⊗ (Hj,∇j, Pj). The key step is the
onstru
tion of two invertible matri
es A± ∈ Γ(I±(ξ),GL(A)) satisfying
(e+ · zw/2 · R0 · A

+)|bI(±ξ) = (e− · zw/2 · R0 ·A
−)|bI(±ξ). (10.1)Here R0 := diag(e−u1/z, ..., e−un/z). Then ω := e± ·zw/2 ·R0 ·A± de�nes an extension H ∈ VBC of

H ′ by H =
⊕n

j=1 OC ·ωj with all desired properties, namely: It is a semi-simple TEP-stru
ture.The isomorphisms Ψ± : L|I±(ξ) →
⊕n

j=1 Lj|I±(ξ), e±j 7→ f±
j , extend to isomorphisms as in (8.3)and (8.4). The pairing P satis�es

P (ωtr(z), ω(−z)) = zw · A±(z)tr · A∓(−z) if z ∈ Î±(ξ), (10.2)the entries of this matrix are elements in zwΓ(S1,A) = zw
C{z}, and the matrix z−w·P (ωtr(z), ω(−z))is invertible at 0. 46



The two 
onditions on A± in (10.2) are equivalent to the two 
onditions
(A+ · (A−)tr)|bI(ξ) = (R−1

0 · T · R0)|bI(ξ), (10.3)
(A+ · (A−)tr)|bI(−ξ) = (R−1

0 · (−1)wT tr · R0)|bI(−ξ). (10.4)As in the proof of theorem 9.3 2. one 
he
ks that both matri
es on the right hand side havethe asymptoti
 development 1n. [Mal83, proposition A.1℄ applies and gives the existen
e of
A±. By 
onstru
tion, T is a Stokes matrix of the TEP-stru
ture (H,∇, P ). This gives the
orresponden
es in 1. and 2.Remarks:1. In many interesting 
ases the Stokes matrix has a
tually entries in Z. This holds insingularity theory for the TERP-stru
tures de�ned by fun
tion germs (e.g. [Pha83℄[Her03,
h. 8℄) and by tame fun
tions [Sab℄[DS03℄[Sab05a℄, in quantum 
ohomology at least for themirror partners of tame fun
tions, and also in the massive supersymmetri
 �eld theories
onsidered in [CV91℄[CV93℄.2. It is a major point in [CV91℄[CV93℄ that for �eld theories 
onsidered therein, the quiteelementary data (u1, ..., un, ξ, T ) in lemma 10.1 2. determine a mixed semi-simple TERP-stru
ture and thus allow to re
over most of the geometry of the �eld theory.3. Contrary to PMHS, a semi-simple mixed TERP-stru
ture has at most one 
ompatiblelatti
e in H ′

R
, and that exists pre
isely i� the Stokes matrix has entries in Z.4. One might ask whi
h of the data (u1, ..., un, ξ, T ) in lemma 10.1 2. give rise to a polarizedpure TERP-stru
ture. [Dub93, proposition 2.2℄ resp. theorem 9.3 2. say that it issu�
ient to have that all di�eren
es |ui − uj| (i 6= j) are su�
iently large. The following
onje
ture proposes another partial answer.Conje
ture 10.2. Fix u1, ..., un ∈ C, ξ ∈ S1 with ℜ(

ui−uj

ξ
) < 0 for i < j and T ∈M(n×n,R)upper triangular with Tii = 1 and su
h that T +T tr is positive de�nite. Then the 
orrespondingmixed TERP-stru
ture of weight w is pure and polarized. Its spe
tral numbers at in�nity are inthe interval (w−1

2
, w+1

2
).Remarks: A
tually, the matrix (−1)wT−1T tr gives the monodromy with respe
t to the basis

e− in lemma 10.1. This matrix leaves invariant the pairing, whi
h is given by the matrix T+T tr.Therefore the monodromy is semi-simple with eigenvalues in S1 − {(−1)w+1}.If the 
onje
ture is true then it applies to all TERP-stru
tures in a family⋃r>0 π
∗
r−1(H,∇, H ′

R
, P )be
ause they have the same Stokes data and the eigenvalues are given by r · u1, ..., r · un. Thenthe TERP-stru
ture (H,∇, H ′

R
, P ) indu
es a Sabbah orbit, theorem 7.3 applies and yields asum of pure PHS of weight w and w − 1.Theorem 10.3. The 
onje
ture is true if T arises as follows. Consider a root system of typeADE, its root latti
e L ∼= Zn with pairing (−,−) and any basis of L 
onsisting of roots β1, ..., βnsu
h that sβ1 ◦ ... ◦ sβn

is a Coxeter element. Let T be the upper-triangular matrix de�ned by
Tii := 1 and Tij := (βi, βj) for i < j. 47



Proof. The proof 
onsists in putting together di�erent results on the ADE-singularities. Wepro
eed in eight steps.Step 1. There is a standard universal unfolding F (x, t) = ft(x) = f0(x) +
∑n

i=1 timi(x) on
Cw × Cn of an ADE-singularity f0 su
h that F (x, t) is weighted homogeneous in x and t withweighted degrees deg F (x, t) = deg(f0) = 1 and degmi < 1 (e.g. [Arn72, 8.4℄[Loo74, (2.2)℄).The parameter spa
e is M = Cn. Any fun
tion ft : Cw → C is tame (see the next 
hapter forthis notion).Step 2. Fix an arbitrary set of n di�erent numbers u1, ..., un ∈ C. By [Loo74, (2.4)℄ thenumber of parameters t ∈ Cn su
h that the 
riti
al values of ft are u1, ..., un is (n + 1)n−1 for
An, 2(n− 1)n for Dn, 29 · 34 for E6, 2 · 312 for E7 and 2 · 35 · 57 for E8.Step 3. By [Pha85℄[Her03, 
h. 8℄ the os
illating integrals of any fun
tion ft in the universalunfolding indu
e a TERP-stru
ture of weight w. It does not require a rami�
ation, and theregular singular pie
es are essentially the Brieskorn latti
es of the lo
al singularities. Be
ausethey indu
e PMHS ([Var80℄[SS85℄[Sai89℄, for the polarization see [Her02℄), it is a mixed TERP-stru
ture. The eigenvalues of the pole part are the 
riti
al values of ft.Step 4. By [DS03℄ the TERP-stru
tures for ft, t ∈ M , �t together to a variation of TERP-stru
tures. Be
ause of degw mi < 1 = deg f0, the spe
tral numbers at in�nity (and also the�ltration F̃ •

Sab) are 
onstant. At t = 0 they 
oin
ide with the usual spe
tral numbers. They liein the interval (w−1
2
, w+1

2
).Step 5. By [Sab05a, theorem 4.9℄ any tame fun
tion on an a�ne manifold gives rise to apolarized pure TERP-stru
ture via its os
illating integrals. This applies to the TERP-stru
tureof ft.Step 6. Fix n di�erent numbers u1, ..., un ∈ C and ξ ∈ S1 with ℜ(

ui−uj

ξ
) < 0 for i < j. Choosea fun
tion ft with 
riti
al values u1, ..., un.Claim: A Stokes matrix T (of the sign equivalen
e 
lass in lemma 10.1) of the TERP-stru
tureof ft takes the following form: (−1)(w−1)(w−2)/2·(T−1n) is the stri
tly upper triangular part of theinterse
tion matrix of a 
ertain distinguished basis δ of the Milnor latti
e Hw−1(f

−1
t ((−i)ξ ·r),Z)for some r ≫ 0. The distinguished basis δ is 
onstru
ted below.For the 
onstru
tion of δ, we 
hoose r ≫ max |ui|. We 
onne
t ui with ui + (−i)ξ · r bya straight line and ui + (−i)ξ · r with (−i)ξ · r by a straight line. Along this path from uito (−i)ξ · r the vanishing 
y
le of the simple 
riti
al point of ft with value ui is shifted tothe Milnor �ber Hw−1(f

−1
t ((−i)ξ · r),Z). This gives a distinguished basis δ = (δ1, ..., δn) of

Hw−1(f
−1
t ((−i)ξ · r),Z) [AGZV88, pages 14 and 31℄. It is unique up to the signs ±δi.For the proof of the 
laim one needs several fa
ts and formulas:(i) The bundle H ′ of the TERP-stru
ture is the bundle dual to the bundle of Lefs
hetzthimbles, and P = (−1)(w−1)w/2 · 1

(2πi)w · P ∗
Lef where PLef is the interse
tion form forLefs
hetz thimbles, see [Her03, 
h. 8℄.(ii) The Stokes stru
ture is determined by the Lefs
hetz thimbles along ⋃n

i=1(ui + (−i)ξ ·
R>0) and the Lefs
hetz thimbles along ⋃n

i=1(ui + iξ ·R>0).(iii) One needs the pre
ise relations between Lefs
hetz thimbles, vanishing 
y
les, theirinterse
tion forms and the Seifert form, see [AGZV88, 
h. 2℄.48



We omit the details of the proof of the 
laim. The 
laim is 
onsistent with the 
onventions in[AGZV88℄. The Pi
ard-Lefs
hetz transformations sδi
= s−δi

satisfy sδ1 ◦ ...◦sδn
= monodromy.Step 7. Fix u1, ..., un ∈ C, ξ ∈ S1 and r ≫ 0 as in step 6 and denotePar := {t ∈ C

n | ft has 
riti
al values u1, ..., un}.The Milnor latti
es Hw−1(f
−1
t ((−i)ξ · r),Z) for ft ∈ Par are 
anoni
ally isomorphi
.Now suppose that w is odd. It is well known (e.g. [Arn72℄) that in that 
ase an isomorphism

Hw−1(f
−1
t ((−i)ξ · r),Z)

∼=
→ L exists whi
h maps the interse
tion form to (−1)(w−1)/2(−,−) andthe monodromy to a Coxeter element c in the Weyl group of L.By [Del, �2℄ this isomorphism identi�es the set of all distinguished bases of the Milnor latti
e(de�nition in [AGZV88, pages 14 and 31℄) with the set B := {(β1, ..., βn) | βi ∈ L, (βi, βi) =

2, sβ1 ◦ ... ◦ sβn
= c}, and the natural braid group a
tion on this set is transitive.De�ne an equivalen
e relation on B by β ∼ β′ ⇐⇒ (β1, ..., βn) = (±β ′

1, ...,±β
′
n). Denote by

δ(t) ∈ B the distinguished basis of ft, t ∈ Par, whi
h was 
onstru
ted in step 6. In [Del, �3℄ theformula |Par| = |B/ ∼ | is proved. This and the dis
ussion in [Loo74, �3℄ show that the mapPar → B/ ∼, t 7→ [δ(t)] (10.5)is a bije
tion.Step 8. The steps 7 and 6 show that any matrix T in theorem 10.3 is realized as Stokes matrixof the TERP-stru
ture of a fun
tion ft with t ∈ Par. The steps 1 to 7 show theorem 10.3 forodd w. The 
ase of the even number w + 1 
an be treated by twisting the TERP-stru
turewith z1/2 or by using the formulas in [AGZV88, 2.8℄ for the interse
tion forms of ft(x) and
ft(x) + x2

w+1 with respe
t to distinguished bases.Remarks:1. The number of parameters in Par resp. of equivalen
e 
lasses of distinguished bases with�xed sign equivalen
e 
lass of Stokes matri
es is larger than one. It is n+1 for An, 2(n−1)for Dn, 12 for E6, 9 for E7 and 15 for E8. This follows from [Voi85℄[Klu89℄. There thenumbers of distinguished bases with �xed Coxeter-Dynkin diagrams are listed. It turnsout to be twi
e the number above: The Stokes matri
es 
orrespond to the Coxeter-Dynkindiagrams of the distinguished bases. In one equivalen
e 
lass in B/ ∼ exa
tly two dis-tinguished bases have the same Coxeter-Dynkin diagram, (β1, ..., βn) and (−β1, ...,−βn).This follows from the 
onne
tedness of the Coxeter-Dynkin diagrams.The number above is also the order of the automorphism group Rf0 studied in [Her02,13.2℄.2. The results on Landau-Ginzburg models in [CV91℄[CV93℄ are 
losely related to the 
ru
ialstep 5, [Sab05a, theorem 4.9℄. The ADE 
ase follows also from [CV91℄[CV93℄. But theproofs are 
ompletely di�erent.Proposition 10.4. Conje
ture 10.2 is true in the rank two 
ase.49



Proof. We only sket
h the proof. In [Dub93℄ and [CV91℄[CV93℄ it is proved that there is a 
or-responden
e between semi-simple TERP-stru
tures (H,∇, H ′
R
, P ) su
h that π∗

r−1(H,∇, H ′
R
, P )is pure polarized for all r > 0 and real smooth solutions on (0,∞) of the sinh-Gordon equation

(∂2
r + 1

r
∂r)u(r) = sinh u(r). It also follows impli
itly from [IN86℄. The hermitian metri
 withrespe
t to a 
ertain basis is given by the matrix

(
cosh(u(r)

2
) −i sinh(u(r)

2
)

i sinh(u(r)
2

) cosh(u(r)
2

)

)
.In [MTW77℄ a family depending on one real parameter of su
h solutions has been studied. In[IN86, 
h. 11℄ it is shown that the Stokes matri
es of these solutions are T =

(
1 t
0 1

) with
t ∈ (−2, 2); it is the 
ase A = B and Q =

(
0 ∗
∗ 0

) in [IN86, 
h. 11℄. This shows the �rst 
laimof the 
onje
ture.The behavior of the solutions for r → 0 [MTW77℄[IN86, (11.2)℄ shows that the spe
tral numbersat in�nity are in the interval (−1
2
, 1

2
). This shows the 
onje
ture for w = 0. For other w onetwists the TERP-stru
ture with zw/2.Remarks: Also singular solutions of the sinh-Gordon equation 
orrespond to families π∗

r−1(H,∇, H ′
R
, P )of semi-simple TERP-stru
tures of rank 2. At a singularity rk > 0 a solution has the asymptoti
form u(r) = −2 log(r− rk)−O(r− rk) [IN86, (11.6)℄. On one side of rk it is real, on the otherside it takes values in 2πi + R. Then π∗

r−1
k

(H,∇, H ′
R
, P ) is not pure, and the hermitian formde�ned by π∗

r−1(H,∇, H ′
R
, P ) is positive de�nite for r on one side and negative de�nite for r onthe other side.In [MTW77℄ also the solutions 
orresponding to Stokes matri
es T =

(
1 t
0 1

) with t ∈ R −

[−2, 2] are studied. By theorem 9.3 they are smooth for r → ∞. But they have in�nitely manysingularities for r → 0. Their distribution is studied in [MTW77, page 1090℄. Conje
ture 9.2predi
ts that all solutions with Stokes matrix T =

(
1 t
0 1

) with t ∈ C\R have singularities. In[IN86, 
h. 11℄ only solutions whi
h are smooth for small r with asymptoti
s [IN86, (11.2)℄ arestudied. For those the rank two 
ase of the 
onje
ture 9.2 is proved: Only the solutions in theone parameter family of [MTW77℄ do not have singularities. All other solutions have in�nitelymany singularities rk = π(k − 1
2
) +O(log k), k → ∞ [IN86, (11.10)℄.So in the semi-simple 
ases of rank two whi
h are studied, there are in�nitely many singularities,i.e. not pure TERP-stru
tures, if there are any singularities at all. This is in sharp 
ontrastto the regular singular rank two 
ases dis
ussed in [Her03, 8.3℄, where the TERP stru
tures inthe families ⋃r>0 πr−1(H,∇, H ′

R
, P ) are pure everywhere ex
ept for one parameter.11 Remarks on appli
ationsAs we already pointed out at several pla
es, one of the major sour
es of examples of TERP-stru
tures is singularity theory. Os
illating integrals of a holomorphi
 fun
tion with isolatedsingularities give rise to a TERP-stru
ture. Os
illating integrals have been studied sin
e long50



time ([Pha85℄[AGZV88℄ and referen
es therein). It is well known that they arise by a Fouriertransformation from the Gauss-Manin system and the Brieskorn latti
e.The map τ extending the bundle H to a bundle Ĥ on P1 was �rst 
onsidered for the TERP-stru
tures from os
illating integrals in the work of Ce
otti and Vafa [CV91℄[CV93℄ on Landau-Ginzburg models. These papers were a sour
e of inspiration for [Her03℄ and also for the presentarti
le. A similar 
onstru
tion, but using a hermitian metri
 from the very beginning insteadof a real stru
ture and a pairing P , is present in the work of Simpson on harmoni
 bundles[Sim90℄[Sim92℄[Sim97℄. Re
ently, this theory was generalized by Sabbah [Sab04℄ to what he
alls polarizable twistor D-modules.Let us give a very brief summary on the situation in singularity theory leading to TERP-stru
tures. We 
onsider simultaneously two 
ases, whi
h are 
alled lo
al and global:Lo
al 
ase. f : (Cw, 0) → (C, 0) is a holomorphi
 fun
tion germ with an isolated singularityat 0 with Milnor number n.Global 
ase. f : Y → C is a fun
tion on an a�ne manifold Y of dimension w su
h that f isM-tame (de�nition in [NS99℄ and [DS03, 2.a℄) and 
ohomologi
ally tame (de�nition in [Sab℄).We simply 
all su
h f tame. Then f has only isolated singularities. The sum n of the Milnornumbers of the singularities is the (global) Milnor number of f .In both 
ases there exists a semi-universal unfolding F (where in the global 
ase �semi-universal�refers to the Kodaira-Spen
er map being an isomorphism, see [DS03℄) with smooth base spa
e
M , isomorphi
 to the germ (Cn, 0). The deformed fun
tions Ft for t ∈M are de�ned on a somesmall or large Stein manifold (in the lo
al 
ase a small ball in Cw). In the global 
ase hereM-tameness is used [DS03℄.Theorem 11.1. In both 
ases one obtains a variation of mixed TERP-stru
tures ⋃t∈M TERP(Ft)of rank n on M . The notation TERP(Ft) = (H(t),∇, H ′

R
, P ) makes sense be
ause the topologi-
al data (H ′ = H|C∗,∇, H ′

R
, P ) are 
anoni
ally isomorphi
 for all TERP-stru
tures TERP(Ft).

H ′ is the bundle dual to the bundle of Lefs
hetz thimbles, ∇ is the natural �at 
onne
tion fromshifting Lefs
hetz thimbles. The pairing P is de�ned up to a 
onstant by the interse
tion form ofLefs
hetz thimbles. The se
tions in O(H) 
ome from the Fourier transform of the Gauss-Maninsystem.The pre
ise 
onstru
tion in the lo
al 
ase is des
ribed in [Her03, 8.1℄. In the global 
ase it isgiven for F0 = f in [Sab℄ and for any Ft in [DS03℄. It builds on the work of many people onthe Gauss-Manin system and the Brieskorn latti
e.The TERP-stru
ture TERP(Ft) is a mixed TERP-stru
ture: By 
onstru
tion, it does not re-quire a rami�
ation and the regular singular pie
es are essentially the lo
al Brieskorn latti
esof the singularities of Ft. Compatibility of real stru
ture and Stokes stru
ture is trivial, be-
ause the splittings of the lo
al system 
omes from topology, from the Lefs
hetz thimbles andvanishing 
y
les asso
iated to the singularities. The fa
t that the regular singular pie
es giverise to PMHS is due to [Var80℄[SS85℄ (for the polarization see [Her02, 
h. 10℄).The Landau-Ginzburg models of Ce
otti and Vafa [CV91℄[CV93℄ involve a lot of additionalstru
ture from physi
s, but the 
entral obje
ts of study are the TERP-stru
tures of tame fun
-tions f : Y → C (or at least a substantial subfamily of them). From physi
al 
onsiderationsCe
otti and Vafa derive the following. An independent 
ompletely di�erent purely mathemat-i
al proof was given re
ently by Sabbah [Sab05a, theorem 4.9℄[Sab04℄.51



Theorem 11.2. The TERP-stru
ture of a tame fun
tion f : Y → C on an a�ne manifold Yis pure and polarized.In [CV91℄[CV93℄ the resulting positive de�nite hermitian metri
 h is their ground state metri
.This fundamental theorem will 
ertainly play an important role in the future study of tamefun
tions. It 
an be 
onsidered as the analogue for tame fun
tions of the fa
t that the (primitivepart of the) 
ohomology of a 
ompa
t Kähler manifold 
arries (polarized) Hodge stru
tures.If we 
onsider a semi-universal unfolding F of a tame fun
tion f : Y → C, then most of thefun
tions Ft, t ∈M , have to be restri
ted to a Stein subset of Y , as they would have additionalsingularities �from in�nity� on Y . Therefore the theorem applies only to a 
ertain subfamilyof all fun
tions in the semi-universal unfolding, the subfamily along whi
h the global Milnornumber n and the tameness 
ondition are preserved.Let us dis
uss some appli
ations of the main results of this paper (theorems 7.3 and 9.3, thelatter 
ontaining theorem 6.6) to TERP-stru
tures 
oming from lo
al and global singularities.First we state a simple lemma.Lemma 11.3. Consider a fun
tion Ft in a semi-universal unfolding of a fun
tion f , in thelo
al or the global 
ase. Then for any r ∈ C∗

TERP(r · Ft) = π∗
r−1(TERP(Ft)). (11.1)Furthermore, the one parameter unfolding r · Ft, r ∈ C∗, of Ft is (for r 
lose to 1) isomorphi
to the Euler �eld orbit of Ft in the universal unfolding, and the pull ba
k of the Euler �eld isthe ve
tor �eld r∂r on C∗.Proof. The �rst part follows from the formulas for the Fourier transformation of the Gauss-Manin system. The 
entral point is π∗

r−1(e−θ/z) = e−r·θ/z; here θ is the variable for the values of
Ft. The se
ond part is proved in [Her03, lemma 8.6℄. The 
entral formula is r∂r(r·Ft) = r·Ft.The next result gives two major appli
ations of our 
orresponden
e. It shows ni
ely that bothimpli
ations of the 
orresponden
e are of interest.Corollary 11.4. 1. TERP(Ft) indu
es a nilpotent orbit. For |r| ≫ 0 the TERP-stru
ture

TERP(r · Ft) is pure and polarized.2. In the 
ase F0 = f : Y → C tame, TERP(f) indu
es a Sabbah orbit. Sabbah's Hodge�ltration makes the tuple (H∞, H∞
R
, N, S, F̃ •

Sab) (see theorem 7.3) into a PMHS of weight
w − 1 resp. w on H∞

6=1 resp. H∞
1 .Proof. 1. TERP(Ft) is a mixed TERP-stru
ture by theorem 11.1. The se
ond part of the-orem 9.3 shows that it a nilpotent orbit. Now formula (11.1) gives the se
ond 
laim.2. r · f is tame for any r ∈ C∗. By theorem 11.2 TERP(r · f) is pure and polarized forany r ∈ C∗. In parti
ular, TERP(f) indu
es a nilpotent as well as a Sabbah orbit. Nowtheorem 7.3 applies. 52



The �rst point of the 
orollary proves the main part of 
onje
ture 8.3 in [Her03℄. The se
ondpart strengthens a former result of Sabbah. Namely, it was shown in [Sab℄ (building on [Sab97℄)that (H∞, H∞
R
,W•, F

•
Sab) is a mixed Hodge stru
ture, where W• is the weight �ltration fromthe nilpotent part N of the monodromy and F •

Sab is the �ltration on H∞ de�ned in (7.1).Polarizations are not 
onsidered in these papers. To obtain a PMHS, we need to work with thetwisted �ltration F̃ •
Sab := G−1(F •

Sab), but as already said, it 
oin
ides with F •
Sab on the quotientof the weight �ltration.Remarks: It is interesting to ponder further on the logi
al interrelations.

• We know already that the TERP-stru
ture TERP(f) for f : Y → C is mixed. ButTheorem 11.2 and the unproved dire
tion of 
onje
ture 9.2 would give it again, be
ausetheorem 11.2 applied to all r · f shows that TERP(f) indu
es a nilpotent orbit. Thiswould give a new proof that Stokes stru
ture and real stru
ture are 
ompatible and thatthe Brieskorn latti
es of the singularities of f indu
e PMHS.
• The other way round, the �rst part of 
orollary 11.4 applied to tame f : Y → C showsthat theorem 11.2 is true for r · f with r ≫ 0.We 
on
lude with some remarks on quantum 
ohomology. The following ideas and spe
ulationssuggest that using mirror symmetry, theorem 11.2 it is not so far away from the 
lassi
al fa
tthat the 
ohomology of Kähler manifolds 
arries Hodge stru
tures.Mirror symmetry predi
ts that 
ertain tame fun
tions are related to 
ertain Fano manifolds,more pre
isely, that the TEP-stru
tures of the fun
tions are isomorphi
 to the TEP-stru
turesin the stru
ture 
onne
tions of the quantum 
ohomology of the Fano manifolds.By these isomorphisms, the natural real stru
tures on the singularity side indu
e real stru
tureson the quantum 
ohomology side. However, there seems to be for the moment no intrinsi
mathemati
al des
ription of this real stru
ture on the quantum 
ohomology side (possibly thestru
tures in [CV91℄[CV93℄) have to be studied 
arefully).If there were su
h a des
ription, one 
ould hope that the TERP-stru
tures from the quantum
ohomology of any manifold would be pure and polarized. This would probably only hold forthe TERP-stru
tures for parameters in or 
lose to the small quantum 
ohomology, be
ause insome known examples of mirror symmetry small quantum 
ohomology 
orresponds to the tameunfoldings Ft of F0 = f .The 
lassi
al 
ohomology of a Kähler manifold endowed with 
up produ
t and the sum of Hodgestru
tures is obtained as semi
lassi
al limit from the quantum 
ohomology ring. In some knownexamples the semi
lassi
al limit 
an be 
onsidered as the 
enter of a normal 
rossing divisoralong whi
h the family of TEP-stru
tures from quantum 
ohomology has logarithmi
 poles.If the quantum multipli
ation 
ould be used to de�ne a TERP-stru
tures, one 
ould hope toobtain a variation of pure polarized TERP-stru
tures on the 
omplement of the divisor. Thismay allow to get the 
lassi
al Hodge stru
tures as a limit PMTS (or a quotient of it by some�ltration, also an additional twist is possible) using results from [Mo
03℄ or [Sab05b℄.Referen
es[AGZV88℄ V. I. Arnold, S. M. Gusein-Zade, and A. N. Var
henko, Singularities of di�erentiablemaps. Vol. II, Monographs in Mathemati
s, vol. 83, Birkhäuser Boston In
., Boston,53
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