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ABSTRACT. We obtain strong and uniform asymptotics in every domain of the complex
plane for the scaled polynomials a(3nz), b(3nz), and ¢(3nz) where a, b, and ¢ are the type
IT Hermite-Padé approximants to the exponential function of respective degrees 2n + 2,
2n and 2n, defined by a(z)e™* — b(z) = O(2*"*+2) and a(z)e* — c(z) = O(23"+2) as
z — 0. Our analysis relies on a characterization of these polynomials in terms of a 3 x 3
matrix Riemann-Hilbert problem which, as a consequence of the famous Mahler relations,
corresponds by a simple transformation to a similar Riemann-Hilbert problem for type
I Hermite-Padé approximants. Due to this relation, the study that was performed in
previous work, based on the Deift-Zhou steepest descent method for Riemann-Hilbert
problems, can be reused to establish our present results.

1. HERMITE-PADE APPROXIMATION

In this paper we consider quadratic Hermite-Padé approximation to the exponential
function. Type I quadratic Hermite-Padé approximation to the exponential function near
0 consists of finding polynomialS P, ny.ns, Gninens 0 Ty nyns Of degrees ny,ne and ng
respectively, such that

n1+n2+n3+2)
)

Pni,nans (2)e " + Any,na,ns (2) + T'nima,nsg (2)e" = O(z z— 0.

If we set the right hand side equal to zero and solve for e*, then we obtain the algebraic
function

_QRl,n2,n3(z) + \/qr%l,ng,ng - 4pn1,n2,TZ3 (Z)rnl,m,m(z)

2Ty ngyns (2)
as an approximation to e*. Type II Hermite-Padé approximation is simultaneous rational
approximation to e™* and e* and consists of finding polynomials @y, ny s, Onynens and
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Cnymams Of degrees at most ny + ns + 2, ny + ng and ny + ng respectively, such that

Qny,na,ng (2)e* — by nans (2) = O(an+n2+n3+2)a z2—0,

O(Zn1+n2+n3+2) (1'1)

anhm,ns(’z)ez - Cn1,n2,n3(2) = z — 0.

This gives the rational approximants by, n, ns(2)/@nyn.ns(2) 10 €% a0d €y ny s (2) /@y no.ns (2)
to e*, and both rational approximants have the same denominator. It is well-known that
for the case of exponentials, all indices n1, no, n3 are normal, i.e., the polynomials @, nyns,
biy nams a0 Cpy py g exist and are unique up to a normalization constant with degrees
exactly ng 4+ n3 + 2, ny + ng and ny + ng, see [12, Theorem 2.1, p. 129].

Hermite-Padé approximation to the exponential function have been of interest since
Hermite and have recently been investigated by Borwein [4], Chudnovsky [5], Driver and
Temme [8], and Wielonsky [23, 24]. The asymptotic distribution of the zeros for the scaled
type I Hermite-Padé polynomials,

P,(2) = pnnn(3n2), Qn(2) = @nnn(3n2), R, (2) = rppnn(3n2) (1.2)

and their asymptotic behavior as n — o0, have recently been studied in detail by Stahl
(17, 18, 19, 20] and by Kuijlaars, Van Assche, and Wielonsky [10], see also [9]. In [10]
a Riemann-Hilbert problem for type I Hermite-Padé approximation was formulated. The
asymptotic analysis of this Riemann-Hilbert problem with the Deift-Zhou [7] steepest de-
scent method for oscillatory Riemann-Hilbert problems and Stahl’s geometric description
of the problem, allowed the authors of [10] to find strong asymptotic formulas for the
polynomials (1.2) as well as for the type I remainder term

E,(2) = Py(2)e ™ 4+ Qn(2) + R, (2)e*™ (1.3)

that hold uniformly in every region of the complex plane. The paper [10] contained the first
instance of a steepest descent analysis for a 3 x 3 matrix valued Riemann-Hilbert problem.
It was followed by the papers [1, 3] which dealt the asymptotic analysis of 3 x 3 matrix
valued Riemann-Hilbert problems arising in random matrix theory. A Riemann-Hilbert
analysis for rational interpolants for the exponential function was carried out in [25].

It is the aim of this paper to show that the Riemann-Hilbert analysis of [10] also produces
the corresponding asymptotic results for the scaled type II Hermite-Padé polynomials

A, (2) = apnn(3nz2), B(2) = bpnn(3n2), Cn(2) = cnnn(3n2), (1.4)
and for the type II remainder terms
Efll)(z) = A, (2)e™ — B, (2), Eff)(z) = A, (2)e* — Cp(2). (1.5)

This is due to the fact that the type II Hermite-Padé polynomials are characterized by a
Riemann-Hilbert problem, which is directly related to the Riemann-Hilbert problem for
type I Hermite-Padé polynomials. This relation was first observed in [22] and also used
in [2, 6]. See also Section 2 below. So we follow the asymptotic analysis of [10], and the
reader is advised to consult a copy of that paper too when reading the proofs in this paper.

To illustrate the connection between type I and type II we have depicted in Figures 1
and 2 the zeros of the type I and type II Hermite-Padé approximants for the case ny; =
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FIGURE 1. Zeros of type I quadratic Hermite-Padé polynomials pgo 60,60 (the

diamonds on the left) ggoe060 (the circles in the middle), and 700,60 (the
boxes on the right)

ny = nz = 60. As it may be apparent from Figures 1 and 2, scaled zeros asymptotically
accumulate on specific curves in the complex plane, and the same system of curves is
relevant for both type I and type II approximants. More precisely, the subsets of zeros on
the left and on the right in Figures 1 and 2, once scaled, tend to the same limit curves as
the degree tends to infinity. A similar assertion holds true for some of the zeros of ggo 60,60 i
the middle of Figure 1 (those outside of the imaginary axis) and the corresponding subsets
of zeros of bgp 60,60 and ceo,60,60 respectively lying in the left and right half-planes.

2. RIEMANN-HILBERT PROBLEMS FOR HERMITE-PADE APPROXIMATION

In [10] we proved that the type I quadratic Hermite-Padé approximants for the exponen-
tial function may be characterized as the unique solution of the following Riemann-Hilbert
problem for a 3 x 3 matrix valued function Y : C\ I', where I' is a closed contour in the
complex plane encircling the origin once in the positive direction, cf. [10, Theorem 5.1],

(1) Y is analytic in C\ T
(2) Y satisfies the jump condition

1 273n72673nz 0
Yi(2)=Y_(2) |0 1 0

: zel, (2.1)
0 Zf3n7263nz 1

where Y, (z) and Y_(z) denote the limiting values of Y(z’) as 2’ approaches z € T
from the inside and outside of I', respectively.
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FIGURE 2. Zeros of type II quadratic Hermite-Padé polynomials ag 60,60
(the circles on the left and right outer curves) bgo 060 (boxes on the right
inner curve), and cg 6060 (diamonds on the left inner curve)

(3) For large z,

1 2n+1 0 0
Y(2) = (I +0 (—)) 0 =z 22 0 |, z — 00. (2.2)

o 0 0 ontl

The Riemann-Hilbert problem for Y has a unique solution and Ys1(2) = P,(2), Ya2(2) =
273720, (2) for z outside T, Yao(2) = 273" 2E, (2) for z inside T', and Ya3(z) = R, (2).

A similar characterization holds for the type II Hermite-Padé approximants. Consider
the following Riemann-Hilbert problem: find a 3 x 3 matrix valued function X : C\T" —
C3*3 such that

(1) X is analytic in C\ T
(2) X satisfies the jump condition

1 0 0
Xi(2) = X_(2) | —z73n2e73n7 1 —p3n72e3n7 | zel. (2.3)
0 0 1

1 b 0
X(z) = (I + O (—)) 0 =22 0 , Z — 00. (2.4)
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Comparing the two Riemann-Hilbert problems it is easy to check that the two solutions
X and Y are related by

_ t
X(z)= (Y '(»)". (2.5)
The matrix X (z) contains the type II polynomials (1.4). We have the following result.

Theorem 2.1. Let A, B, C,, Ef(ll), and E? be as in (1.4) and (1.5), where we assume
that A, is normalized to be a monic polynomial of degree 2n + 2. Then the solution of the
above Riemann—Hilbert problem for X is unique and is given by

27 2l i1 (302)  npni1(3n2) 27200 01 (302)

X(z) = 2732 B, (2) An(z) 27320 (2) : (2.6)

3In—2

Zﬁgninn,n-i-l,n(gnZ) an,n-l—l,n(gnz) zZ Cn,n+17n(3n2)

for z outside T', and

—273"72651172177“_1(3712) an,n,n+1(3nz) —273”’2622731771“(3712)
X(z) _ _Z_3n_2E7€L1) (Z) An(Z) —Z_3n_2E7(12) (Z) , (27)
—Z_gn_Qegzl,ZL+l,n(3nz) an,n-l—l,n(gnz) _Z—Bn—Qeg}Hrl,n(gnz)

for z inside T'. In the first rows of (2.6) and (2.7) we use the Hermite—Padé polynomials
of indices n,n,n + 1 normalized so that b, nn41(3nz) is a monic polynomial, and in the
third row we use the Hermite—Padé polynomials of indices n,n + 1,n normalized so that
Cnnt1n(312) s monic. In addition, we use

egl),ng,ng(z) = Gnqy,na,n3 (Z)e_z_bm,m,na(z)? €£L21),n2,n3 (Z) = Gnqy,na,n3 (Z)ez_cm,m,na (Z) (28)

Proof. The entries in the first and third column of (2.7) are analytic at z = 0 because of
the behavior (1.1) as z — 0. So X defined by (2.6) and (2.7) is analytic on C\I'. The jump
condition (2.3) is easy to check with the aid of (1.5) and (2.8). The asymptotic condition
(2.4) follows from the degree conditions on the polynomials and the fact that b, ,, »+1(3n2),
A, (2), and ¢, n41,(3n2) are monic polynomials. So X is a solution the Riemann-Hilbert
problem.

The uniqueness of the solution is a consequence of Liouville’s theorem for entire functions.
Alternatively, it also follows from (2.5) and the fact that the solution of the Riemann-
Hilbert problem for Y is unique, see [10, Theorem 5.1]. O

The fact that the Riemann-Hilbert problems for type I and type Il approximants cor-
respond to each other by applying the inverse transpose is another way to express the
well-known Mabhler relations between type I and type II Hermite-Padé approximants, see
[11] or [13, §2.1]. This simple relation of taking inverse transpose allows one to get the
asymptotic results for type II approximants directly from the asymptotic analysis that was
made in [10] for the solution of the corresponding type I Riemann-Hilbert problem. In
the next section, we introduce several definitions and notations, some taken from [10] and
some new. Then, we state the results.
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FIGURE 3. The Riemann surface R

3. ASYMPTOTICS OF TYPE II QUADRATIC HERMITE-PADE FOR THE EXPONENTIAL
FUNCTION

3.1. The Riemann surface and related objects. We define R as the Riemann surface
for the function

(w) L/t 1 1 w? — 3 (3.1)

z=2z(w)=-|— = . .
3\w w—-1 w+1 w(w? — 1)

The choice of this particular Riemann surface is motivated by the integral expressions for

the Hermite-Padé approximants to exponentials and the study of their main contributions

by the classical saddle point method, see [18, §2.2] or [10, §2.1] for details.

The rational function (3.1) has three inverse mappings. These are the three solutions of
the cubic equation

2w —w? — 2w+ % =0. (3.2)
The Riemann surface R consists of three sheets Rp, R, and Rr as shown in Figure 3.
The bijective mapping ¢ : R — C is the inverse of (3.1). We denote its restriction to
the three sheets by ¥p, ¥g, and ¥, respectively. So ¥p(z), ¥g(2), and g(z) are the
three solutions of (3.2), and we assume that the choice of the three sheets is such that
Yp(0o) = —1, Pg(00) = 0, and ¢r(0c0) = 1. The Riemann surface has four branch points
21 = z(wy), 22 = z(ws), 23 = z(ws3), z4 = z(wy), which are related to the points wy, ws, ws,
wy for which 2/(w) = 0. Simple calculations give

wy = 37V wg =1,2,3,4, (3.3)
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FIGURE 4. 1-image of the Riemann surface R

where wg = €2™/% is the primitive 8th root of unity. The corresponding values of z, = z(wy,)
are

27 =37VAT, 2y =37VAWNT g = 37VAWLY 2 = 37V4W3,, (3.4)
where woy = e2™/?* is the primitive 24th root of unity.

The sheets Rp and R are glued together along a cut I'p connecting two branch points
21 and 29 in the left half-plane, and the sheets Rq and Ry are glued together along a cut
['g connecting the other two branch points z3 and zy4, in the right half-plane. Moreover,
these cuts are chosen so as to satisfy

% ; (Yo —¢p)+(s)ds € R, =z e p, (3:5)
327 | Wo—Unl(ds R, zeTn (36)

In particular, T'p and T'g are trajectories of the quadratic differentials —(¢g — ¥p)?(2)d2>
and —(1g — ¥r)*(2)dz? respectively, see [15, 21]. The ¢-images of these curves are shown
in Figure 4.

Actually, there are four analytic curves such that (3.5), resp. (3.6), holds. We denote
them by I'p, I'p, I'g.1, I'g 2, respectively I'r, 'y, I'g 3, I'p 4, see Figure 5. The particular
geometry of these curves may be derived from the local and global properties of trajectories
of quadratic differentials, see [10, Proposition 2.2]. These curves divide the complex plane
into different domains. We denote the unbounded domains by Do p, Doo r, Doy and
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FIGURE 5. Curves for which either 52 [ (g — 1p)(s)ds or 5% [ (¥ —

27 27
Yr)(s)ds is real.

D 1, as shown in Figure 5. We denote by D} the bounded domain bounded by I'p and
I}, and by Dy, its mirror image with respect to the imaginary axis.

3.2. Definition of measures and weak convergence of zeros. We now define a mea-
sure on each of the previous curves. The complex line element ds is defined according to
the orientation of these curves given in Figure 5.

Definition 3.1. We define a measure pp on I'p by

3
dup(s) = 5 (Vg — p)s(s)ds 5 €T, (3.7
and a measure pugr on I'g by
3
dugr(s) = %(% —YRr)4(8)ds s € Ig. (3.8)
The measure py on I'p UT'g is defined by
HaA = pp + [R. (3.9)

We define a measure pp on I'p, by

dun(s) = 5o(q — wp)(s)ds s €Th (3.10)
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a measure (o on I'; by

3 *
duc(s) = %(@/}Q —Yg)(s)ds s €'y, (3.11)
The measures jtpa) on I'g; U I‘E 2 and ppe on 'psUlg, are defined as
dppa(s) = 2m (¢Q Yp)(s)ds selg1Ulge, (3.12)
d,LLE(Q)(S) = o (wQ wR)( ) S € FE73 U PEA- (313)

The facts that pup and pg are probability measures and that pza) and pge) are positive
measures of infinite masses are proven in [10, Theorem 2.4]. So p4 is a positive measure
with total mass 2. A similar proof shows that up and e are positive measures of total
mass 2, see also the first part of the proof of [10, Proposition 4.8].

Denote by va,, vp,, Ve, the normalized zero counting measures of the polynomials A,,,

B, C,. Furthermore, define the zero counting measures for the remainder functions e

and Eff) as
1 1
v =5 Do O v =5 Do 0

BN (2)=0 B (2)=0

2#0 z#0
where the normalization by 2n now corresponds to the degree of approximation and the

3n + 2 interpolatory zeros of EY and E? at the origin have been excluded. With all of
the previous measures, we can state our first result.

Theorem 3.2. We have

Va, = SHaA; VB, = ShB; ve, = ZHe, (3.14)

where the convergence is in the sense of weak* convergence of measures, i.e., jn — ju if
[ fdps, — [ fdu for every bounded continuous function f. Furthermore, we have

* *
Vg = [, Vo) = Lge), (3.15)

in the sense that

i [ F(5)dvy(5) = [ Fe)dugo (o). =12

n—oo
for every continuous function f such that f(s) = O(s72%) as s — oo.

3.3. Definition of g-functions. Next, we introduce the complex logarithmic potentials
of the measures pp, 1g, pa, ptp, and pc.

Definition 3.3. We set for S € {P,Q, A, B,C},

gs(z) = / log(z — s) dus(s), =€ C\ supp (us), (3.16)

which is defined modulo 27i.
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We will also need two more functions, namely,

er(:) =5 [ (o= vr)(s)ds (3.17)
and lz

en2) =3 [ o= vnis)ds (3.18)
where the paths of integration are in C \ (I'p UT'gr U {0}). These functions were used in
[10] and we refer to [10, Lemma 2.7] for their main properties. Note that the logarithmic

potentials in (3.16) have jumps on the support of their measures which can be expressed
in terms of pp and ¢g, namely we have

ga+(2) — ga-(2) = —20p4(2) = 20p-(2), 2€Tp, (3.19)
ga+(2) — ga-(2) = —20r4(2) = 2¢0r(2), 2 €T, (3.20)
95+(2) — g5-(2) = —2¢p(2), 2z €T, (3.21)
go+(2) — go-(2) = —2¢r(2), 2z €T} (3.22)

3.4. Strong asymptotics away from the zeros. As in [10], we will use the function
v 3w* + 1 which branches at the four points wy given in (3.3). We choose as cuts for this
function the two curves ¢p (I'p) and g, (I'gr) (see Figure 4), and assume that it is positive
for large positive w. So, in particular we have that +/3w?* + 1 = —1 for w = 0.

The following theorem gives the strong asymptotics of the polynomials A,,, B, C, and

the remainder terms ES and ¢ away from their zeros.

Theorem 3.4. With the functions defined above, we have

Ay(z) = 2 (Yh(2) — 1)%em9al) (1 Lo (l)) (3.23)

\/ 305 (2) +1 n

uniformly for z in compact subsets of C\ (I'p UT'g),

(Lo P WG —1“98 1+
—

G

3% (1>) for = € C\ (Db UTS),
B,(z) = (o (wQ( ngB(z)

1+ for z € Dy,

Q
YN
3|~
N———
N———

3%
(3.24)

uniformly for z in compact subsets of C\ I'%, and
— ngc (2) 1
—(—2)Z “(WR(2) — Ve (1 +O (—)) for € C\ (D5 UTY),
3YR(z) + n

O (wQ;@ZQ@;TZ} (10 (5)) sor=eon

(3.25)
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uniformly for z in compact subsets of C\ I'y,. Furthermore we have

p n(ga(z)—3z)
(@/)Q( z) —1)%em ’ (1 + 0 (l)) for z € Dy p,
3uh(2) +1 !

EW(z) = (—2)”22(%(2) _( 1))267%(2) (1 +0 (%)) for 2 € C\ (Duo,p U D5

3Up(z) +1 Ulp UTl'g1 Ulg,),

oy 2P Wh(2) — 1)%emor® ( (1)) .
\ (—2) 0L 11 1+0 - for z € Dy,

(3.26)
uniformly for z in compact subsets of C\ (I'g1 UT'g o) d

an
p 2 ,n(ga(z)+32)
P (Yg(z) — 1)%enioalt (1+@( >) Jor 2 € Do g,

3Y5(2) +1

E®(z) = (—2)"Zz(wégzqié_(zl)i_ezgdd( ( )

oy 2P (W (z) — 1)%e R ( (1)) .
\ (—2) 0T 1 1+0 - for z € Dy,

for z€ C\ (De.r U D3y
UPR U FE73 U PEA))

(3.27)
uniformly for z in compact subsets of C\ (I'p3UT'g.4).

3.5. Asymptotics near the curves I'p, I'p«, ', '+, and I'pw, i = 1,2,3,4. We
state in the next theorem uniform asymptotics which are valid in neighborhoods of the

(1)

curves where the zeros of the polynomials A,,, B,, C, and the error functions E,’ and

Eq(f) accumulate, see Theorem 3.2.

Theorem 3.5. Uniformly for z in compact subsets of the region (I'p \ {21, 20})UDs pUD}
(this is the shaded region in Figure 6), we have

R OB R 0)

(3.28)

where the +sign holds in Dy, p and the —sign holds in D7}.
Uniformly for z in compact subsets of the region (I'r \ {23, 24}) U Do g U D, we have

o [ 18 (o 1)) A2 o)

(3.29)

where the +sign holds in Do g and the —sign holds in D7,
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Uniformly for z in compact subsets of C\ Dy p, we have

B.(z) = _(—Q)He"(gs(Z)is&P(z)) 22(w22(2) — 1)267WP(Z) (1 +0 (l))
3Yg(2) +1 n

(wp(g@)yp( ))2en1sop<z) (1 Lo (%))] (3.30)

where the +sign holds in D} and the —sign holds in C\ (DOQP U D}Z).
Uniformly for z in compact subsets of C\ Dy g, we have

Cu(z) = —(—2)"en9eR)Eer(2) (g (31%(2))2 et (1 +0 (%))

zQ(wé(;;%_(;)fTRw (1 Lo (%))] (3.31)

where the +sign holds in D}, and the —sign holds in C\ Doy g U D3,
Uniformly for z in compact subsets of C \ D%, we have

EO(z) = o6 3Z>[ () - >2e271w<>(1+ o (1))

3¢p(2) + n

2 o)) s

Uniformly for z in compact subsets of C \ D%, we have

E@(z) = enloa)+32) [ (@/)R(?)LR( §262Tm<z) (1+O (%))

2012 2
e 1) (1 +0O (1)) . (3.33)
3Y5(2) +1 n
The formulas of Theorem 3.5 are valid on the curves where the zeros accumulate. For
example, (3.28) holds on I'p away from the branch points z; and z; and (3.29) holds on
I'r away from the branch points z3 and z4, that is on the two curves where the zeros of A,
accumulate.
It has been proved in [10, Lemma 2.7] that the real part of ¢p is negative in D, p U D}

and that it is positive in the remaining part of the complex plane, see Figure 6. For z away
from I'p so that Re pp(z) < 0, the asymptotic formula (3.28) reduces to (3.23). On I'p we
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F1GURE 6. The shaded region is where Re ¢p is negative. It consists of the

two parts Do, p and Dy, where D7 is bounded by I'p and I'%.

have Repp(z) = 0, and then the two terms in (3.28) are of comparable magnitude. For
z € I'p, (3.28) can be re-written as

i LV (1)) AP (1)

Similar remarks hold for the other formulas.

3.6. Asymptotics near the branch points. Asin [10] the asymptotic formulas near the
branch points involve the classical Airy function Ai. which is the solution of the differential
equation y”(z) = zy(z) that satisfies

. 1 _ _2,3/2 1
AI(Z) = mz 1/46 3 (]_ —+ O (W))

as z — oo with |argz| < w. Because of symmetry, we may restrict our study to the

)

asymptotic behavior of A,, B, and EY near z1. Similar results hold true near the other
branch points.

The asymptotics to be given involve a function f; that is defined in [10, Section 2.7] as

fiz) = ngp(z)} " (3.34)
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where we take the branch of ¢p(z) which behaves like
op(2) =c(z —2)** 4+ 0O ((z = 21)%?)

as z — z1, with ¢ # 0. The 2/3rd power in (3.34) is taken so that f;(z) is real and negative
for z € I'p. Then explicit calculations show that

filz) =c(z—2)+ 0 ((z = =1)?) (3.35)

as z — z; with
7 .
e = fl(z) = 213351275, (3.36)

Theorem 3.6. There is a § > 0, such that we have, uniformly for |z — z1| < 4,

An(Z) = —2'271673'2\/7_1-@("+1)(9A(Z)+90P(z))

y [nl/(’%l(z) Ai((n+ 12 f1(2)) (1 +0 (l))

n

+n Yoy (2) Al ((n+ 1)*2 f1(2)) (1 +0 (%))} . (3.37)

B.(z) = z_le_i”/6\/Ee(”‘f'l)(gA(Z)-i-wp(z)—Bz)
- ‘ .
X [nl/Ghl(z) Al (e73(n 4+ 1)?3 f1(2)) (1 +0 (_>>
n
1

0 Yoy (2)e 2 AT (723 (n 4 1)23 1(2)) (1 +0 (ﬁ))} . (3.38)

and

EW (z) = 5, 1p—im/6 \/7_1-6(”+1)(9A(Z)+<PP(Z)_3Z)

n [T i @ 0 1) (140 (1))

+n Yoy (2) AT (23 (n + 1) f1(2)) (1 +0 (%))} . (3.39)

where hy and hy are two analytic functions without zeros in |z —z1| < 8, which have explicit
ETPressions

B (2) = (Noa(2) + iz Noa(2) ) ful2)"/,

with the branch of the fourth root in fi(2)/* taken with a cut along T'p, and
ha(2) = (Nan(2) — iz Noa(2) ) f1(2) V.

Here

. 2 () — 1)2e9P(2)
N21(Z) — (wP( ) 1)

_ 20,12 _ 1)\2,—94(2)
O el

2¢/30p(2) +1 30 (2) + 1
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In Theorem 2.11 of [10] we used functions hy, ha, N2 and Ny to state asymptotlcs near
the branch point z; for type I Hermite-Padé approximants. The functions hl, hg, Ny and
N22 are the corresponding functions for type II Hermite-Padé approximants. Note that,
by (3.19), the function g4 + @p is analytic near z = z;.

From the asymptotics near the branch points, one can deduce the behavior of the extreme

zeros of A,,, B, C,, EY and EY(LQ) near the branch points. We only state the result for the

zeros of A,, B, and EY near z1. Recall that the Airy function Ai has only negative real
zeros, which we denote by 0 > —17 > —19 > - > —1, > - --.

Corollary 3.7. Let zl,n, v =1,....2n+ 2, be the zeros of A,, ordered by increasing
distance to z,. Then for every v € N, we have

A _ v _a3 (1>
2, = 21— n +0O|( -
’ AN n
- 1
= 427133 25T 2R L O (—) , (3.40)
n

asn — o0o. Let zyn, v=1,...,2n, be the zeros of B, ordered by increasing distance to
z1. Then for every v € N,

1

B 2mif3__ W by —2/3 _
2y, = 1€ +0 ( >
’ e n

- 1
2+ 2—1/33—5/126—%71'2Lyn—2/3 + O (_) ’ (34]_)
n

EM
as n — oQ. Letzl,n ,

Then for every v € N,

v > 1, be the zeros of ET(LI), ordered by increasing distance to z.

ED —omi/3__ v o3 (1)
2, = z1—e —N +0| -
’ ' fi(=1) n
, 1
= 2 + 27133752z, 723 4 O (—) : (3.42)
n

as n — oQ.

We note that the previous formulas are exactly the same as those obtained for the zeros
of the Hermite-Padé approximants of type I, P,,, @, and E,, near z; in [10, Corollary 2.12].

4. PROOFS OF THE ASYMPTOTIC FORMULAS

4.1. Transformations of the Riemann-Hilbert problem. In [10], the analysis of the
Riemann-Hilbert problem for the matrix ¥ was made through a sequence of explicit trans-
formations

Y—U—T+—S, (4.1)
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leading to a matrix valued function S that satisfies

S(z)=I+0 (%) (4.2)
uniformly for z € C\ Xg, where ¥g is a system of contours shown in [10, Figure 13], see
[10, Theorem 6.4].

The starting point of the asymptotic analysis is the Riemann-Hilbert problem for Y
on the contour I' as given in the beginning of Section 2. We choose I' so that it passes
through I'p and I'g, and the remaining parts are in Do,y and Do 1, see Figure 5. The
transformation Y +— U is given by

where L = diag (e/3, e72/3, ¢!/3) with ¢ = log 2 — i, see [10, Section 5.2]. This transforma-
tion has the effect of normalizing the Riemann-Hilbert problem at infinity (i.e., U(z) — [
as z — 00) and to introduce oscillatory jumps on the contours I'p and T'g.

The transformation U +— T consists of opening of lenses around I'p and I'r. We will
not give all the details about this transformation here, but we refer to [10, Section 5.3].
The result of the transformation is that 7" is the solution of a Riemann-Hilbert problem
on a complicated system of contours, but the jump matrices on all contours tend to the
identity matrix as n — oo, with the exception of the jump matrices on I'p and I'g, which
are independent of n.

For the final transformation 7" +— S we surround each of the branch points z; by a small
disk, and we define S = T(MW)~! inside the disk around z;, and S = TN~! outside
of these four disks. The matrix-valued functions N and M), j = 1,2,3,4 are explicitly
constructed parametrices that resemble 7" as n gets large. The result is that S = I+0O(1/n)
uniformly

Since X =Y ', we get from (4.1) the corresponding transformations for X

X—=U't—T"'"— 95 (4.4)

and from (4.2) we also get S™" = I + O(1/n) uniformly on C\ Xg. The proofs of the
theorems then follow in the same way as the proofs in [10, Section 7]. The role of the
exponential prefactors is now played by N:=N ~t and so to get the explicit formulas of
Theorem 3.4 we need to evaluate the entries of N.

4.2. Calculation of N. We have that N := N~* solves the following Riemann-Hilbert
problem (compare [10, §6.1]),

(1) N is defined and analytic in C\ (I'p UT'g).
(2) N has jumps on I'p and I'g given by
N N 0 z2z7'e3* 0
N, (2) = N_(2) | —ze** 0 0], z€Tlp, (4.5)
0 0
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and
R /10 0
Ni(z)=N_(2) |0 0 —ze3], z €Tp. (4.6)
0 zle* 0

(3) N(z) =1+0 (1) as z — 0.
Proposition 4.1. A solution of the Riemann—Hilbert problem for N is given by

Fwe(2)) Fbo(2) Fi(a(2)
N = | Br(=) Bo(z) Ba(wa) |, (4.7)
Bwr(z)) Blto(2) Fdn(2)

where

Fi(w) =

—w(w — 1)G(w ~ w? — 1)G(w ~ w(w + 1)G(w
(- DOw) o @ DEw) g w s DEw
3wt +1 3v3wt + 1 Jwt+1

with /3w + 1 defined and analytic in C\ (Y p+(I'p) Utr+ (I'r)), and such that it is positive

for large positive w. The function G is defined by

, (4.8)

( (w+1)(2w—1)
1 ST = forw € Y(Rp),
~ U}2
Clo) = (s5h) e forw e v(Ra) 9
(w—1)(2w+1)
\ ieﬁ forw € Y(Rr).

Proof. Rather than taking the inverse transpose of the solution found in [10, Proposition
6.1], we prefer to repeat the argument given there in the present situation. One checks
easily that the only difference lies in replacing the jumps in [10, Equation (6.14)] by their
inverse. Hence the function G used in the proof of [10, Proposmon 6.1] should be replaced

with G = G~1. This leads to the asserted solution for N. O

Corollary 4.2. The entries in the second row ofN can also be expressed as

v (wp< ) — 1)%eor®

Nai(z) = 305(2) + 1 (4.10)

R = _zzwé(z) “1pen) oy
3Y5(2) +1

¥ (¢R( ) — 1)%es

Nos(z) = TAOER . (4.12)

Proof. From (4.8) and the definitions of the functions F» and G in [10, Proposition 6.1],

we derive that
~ (w? = 1) (w? —1)2

F2(w) 3 /73104 G( ) (3w4+1)F( )
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Now, replacing w with ¥p(z), ¥g(z), ¥r(2), respectively, and using the expressions of

Noi(2) = Fa(¥p(2)), Naa(z) = Fo(¥q(2)), Nas(z) = Fa(vr(2)) that are given in [10,
Equation (6.20)], and also noting that g4 = gp + gr, we arrive at (4.10)—(4.12). O

4.3. Proof of Theorem 3.4. We get from (4.3) and (4.2), and the fact that U =T = SN
away from I'p and I'g, that

X =Y'=L""(I+0(1/n)) Ndiag (e*("ﬂ)gp, entga, e*("ﬂ)gﬂ") Lt (4.13)

uniformly in compact subsets of C\ (I'p U T'g).
From (4.13) and (2.6)-(2.7) we get that

An(2) = Xo9(2) = Nay(z)el+19a() (1 +0 (%)) :

uniformly for z in compact subsets of C \ (I'p UT'g), which by (4.11) leads to (3.23).
In the same way, we get from (4.13) and (2.6) that
~ 1
Bn(z) _ X21(Z)z3n+2 _ N21(Z)(_2)n+123n+267(n+1)gp(z) (1 +0 (_)) :
n
uniformly for z in compact subsets of the exterior of I. Using (4.10) and the fact that
g8(2) + gp(2) = 3log z for z € C\ D3, we find the formula (3.24) for z in the exterior of
I'. For z inside I', we have by (4.13) and (2.7)

B.(z) = An(z)e_gnz — Efll)(z) = ng(z)e_gnz + X21(2)23”+2

\T n z —onz 1
— NQQ(z)e( +1)ga(2) o3 (1 +0 (E)) (4.14)

~ 1
+ N21(Z)(_2>n+1z3n+267(n+1)gp(z) (1 +0 (_>> )
n
The first term in (4.14) dominates for z € D}, and this leads to the second asymptotic
formula in (3.24), since ga(z)—3z = gp+{ for z € Dj. The second term in (4.14) dominates
in the remaining part inside I' and this again leads to the first asymptotic formula in (3.24).
A more detailed analysis for z near I'p and I'g reveals that (3.24) is uniformly valid near

I'p and I'p as well.
The proofs of (3.25), (3.26), and (3.27) are similar. O

4.4. Proof of Theorem 3.2. The limits for the counting measures v,,, vg,, and vg,
follow directly from the strong convergence results in Theorem 3.4 and the unicity theorem
for logarithmic potentials, see e.g. [16, Theorem I11.2.1].

To establish the limits for Vg and V@ we follow the proof of [10, Theorem 2.5] given
in Section 7.2 of [10], which established the limit for vg, as n — oo. In following this
proof we have to make some obvious modifications to see that the proof applies to the
present situation as well. The only modification that may not be immediately obvious is
that in [10, Equation (7.13)] we used an integral representation for £, to conclude that

= log(z%"2E,(2))|,_, is bounded from below as n — oo. We do not have an integral
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representation for E{ and EY, but the fact that %log(z*B’"*QEy(Lj )(z)) is bounded
0

from below as n — oo for j = 1,2, follows easily from the asymptotic formulas (3.26) and

(3.27). 0

4.5. Proof of Theorem 3.5. This is similar to the proofs of Theorems 2.9 and 2.10 in
[10, Sections 7.3 and 7.4]. We omit the details. O

4.6. Proof of Theorem 3.6. The proof is similar to the proof of Theorem 2.11 in [10,
Section 7.5]. Applying the inverse transform to [10, Equation (7.19)] leads to an expression
of X (z) involving the matrices N and (S™')* = I+ O(1/n). Multiplying that expression by
the unit vector (1 0 O)t as in the proof of [10, Theorem 2.11] leads after some calculations
to the asymptotic formula (3.39) for Ey(Ll), while multiplying by the unit vector (O 1 O)t
leads to the formula (3.37) for A,,. In order to get the asymptotics (3.38) for B,,, one has
to choose z outside of the contour I' for the Riemann-Hilbert problem for X. Then one
performs similar calculations in the regions f;*(I) or f~'(II), as they were defined while
constructing the parametrices near the branch points in [10, §6.2], see also [10, Figure 12].
We note that the following relation between the Airy function and its derivative is used in
the above computations,
6z'7r/6

21’

where w = €2™/3, see e.g. [14, Ex. 8.1, p. 416). O

Ai(s) Ai'(ws) — w? Ai(ws) Ai'(s) = —

4.7. Proof of Corollary 3.7. The formulas for the zeros of A,, B,, and Eﬁl) near 2
follow from the asymptotics near the branch points given in Theorem 3.6. We refer to the
proof of [10, Corollary 2.12] given in [10, Section 7.6] for details. O
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