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Abstract

A new description of the universal Whitham hierarchy in terms of a factorization problem
in the Lie group of canonical transformations is provided. This scheme allows us to give a
natural description of dressing transformations, string equations and additional symmetries
for the Whitham hierarchy. We show how to dress any given solution and prove that any
solution of the hierarchy may be undressed, and therefore comes from a factorization of a
canonical transformation. A particulary important function, related to the 7-function, appears
as a potential of the hierarchy. We introduce a class of string equations which extends and
contains previous classes of string equations considered by Krichever and by Takasaki and
Takebe. The scheme is also applied for an convenient derivation of additional symmetries.
Moreover, new functional symmetries of the Zakharov extension of the Benney gas equations
are given and the action of additional symmetries over the potential in terms of linear PDEs is

characterized.
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1 Introduction

Dispersionless integrable models, see [11],[31], [32] and [/ 1], appear in the analysis of various
problems in physics and applied mathematics from the theory of quantum fields, see [12] and
[2], to the theory of conformal and quasiconformal maps on the complex plane, see [5]-[10]. The
new millennium brought new applications of these models, see [29]-[28], in different areas, as
for example integrable deformations of conformal maps e interfacial processes.

The Krichever’s universal Whitham hierarchies, see [11]-[12], are the integrable systems in-
volved in these applications. These hierarchies include as particular cases the dispersionless KP,
dispersionless modified KP and dispersionless Toda hierarchies, see [29]-[1] and [8]-[23]. The
role of twistor or string equations for studying dispersionless integrable models was empha-
sized by Takasaki and Takebe in [23]-[27]. Solutions of these string equations have attractive
mathematical properties as well as interesting physical meaning.

The objective of this paper is to formulate the factorization problem for the zero genus
Whitham hierarchy within the context of Lie groups of symplectic transformations, and to give
a natural and general formalism for string equations and additional symmetries. In particular,
we characterize an special class of string equations, related to a Virasoro algebra. It turns out
that this class determines not only the solutions of the algebraic orbits of the Whitham hierarchy
[12] but also the solutions arising in the above mentioned applications of dispersionless integrable
models [18]-[19].

The layout of the paper is as follows. In §2 we introduce the Lie algebraic splitting for Hamil-
tonian vector fields and the corresponding factorization problem for canonical transformations.
Then, in §3 we show how deformations of the factorization problem of canonical transformations
lead to solutions of the Whitham hierarchy. We remark a particular system of equations within
the hierarchy: The Boyer—Finley—Benney equations, which extend the Boyer-Finley and the
Benney equations, respectively. Here we also introduce a potential function of the hierarchy
from which all the fields of the hierarchy are gotten by appropriate derivations. In a forthcoming
paper [20] we show that this function is the x-derivative of —log 7, where 7 is the 7-function of
the hierarchy. We proof that any solution of the Whitham hierarchy may be obtained from a
factorization problem; i.e. it may be undressed. To conclude the section we extend the factor-

ization scheme to get the dressing of any given solution of the Whitham hierarchy. In section



4 we consider the string equations in the context of the factorization problem. For that aim
we introduce the Orlov—Schulman functions, and show that the factorization problem leads to
string equations. Thus all solutions of the Whitham hierarchy fulfill certain set of string equa-
tions. In [20] we show that any solution of the string equations is a solution of the Whitham
hierarchy. We finish this section by introducing some particular factorization problems and
the corresponding string equations which generalize and contains as particular cases, the string
equations of Krichever and of Takasaki—Takebe. Finally, §5 is devoted to the study of additional
symmetries of the Whitham hierarchy. First we derive the additional symmetries from the fac-
torization problem, and then characterize its action over the potential function of the hierarchy.
We compute the additional symmetries of the mentioned Boyer-Finley—Benney system and ob-
tain a set of explicit functional symmetries. In particular, for the Zakharov extension of the
Benney system we get explicit functional symmetries depending on three arbitrary functions of
variable. We conclude by considering the action of Virasoro type of additional symmetries on
our extension of the Krichever and Takasaki—Takebe string equations and showing that solutions
of string equations are invariant solutions under a Lie algebra of additional symmetries, which

contains two set of Virasoro algebras.

2 The factorization problem

2.1 Lie algebraic setting

We present a splitting which is inspired in [22] and in [15], where it was used for a better
understanding of harmonic maps and chiral models. The factorization problem technique was
applied to the dispersionless KP hierarchy in [7], and is inspired in the dressing method proposed
by Takasi and Takabe in the series of papers [23]-[27].

Given the set {qflo)}l]f[:o c C, q(()o) = 00, of punctures in the extended complex plane, we

introduce the local parameters p;l where



and
S:={1,...,M}.

For each set of punctures we consider the set R of rational functions in p with poles at the
punctures; i.e., the functions f = f(p) of the form

M Nu

F=Y0) atpl,

pn=0n=0
where N, € N. In this paper we use Greek letters like i to denote an index that runs from 0 to
M, and Italic letters like ¢, when it runs from 1 to M.
For each puncture q,go) we consider the set £, = C(p,) of formal Laurent series in p, and

the subset E; defined as

p IC[[p71)], foru=0,

Cllp— ")), foru=ies.

)

E; =

Here C[[p]] denotes the set of formal power series in p. Finally, we define

M M
=Prc. =P,
pu=0 n=0

Given an element (fo, f1,...,fum) € £, let f(, 1) be the polynomial in p;l such that f; =

Ju— Fu+) € £,,- Then, there exists a unique rational function f € R whose principal parts at

(0)

qu0 are given by f(, ) (observe the normalization condition at 00), namely

M
fZZf(u,ﬂ-
n=0

Moreover, we have a unique splitting of f,, of the form
Ju="Tfa + [

with

=g =2 0 e L
vEp
Therefore, we conclude that the following splitting

L=LT®R (1)



holds.

The above construction can be extended in the following manner. Let us consider, for i € S,
(0)

the disk D; containing the point ¢;  with border the clockwise oriented circle ; := 0D;, and
also the disk Dy, centered at 0, which contains all the other disks D;, ¢ =1,..., M, with border
the counter-clockwise oriented circle vy := 0Dg. Let D := D§U (Ulj\i 1 Di) and v := U/]y:o Vs
here Dj := C\Dy is the complementary set of the disk Dg. We will consider the completion
of £ as the set of complex functions over I'. We complete the rational splitting by extending
L, as those complex functions over v, which admit analytic extensions to its interior, and for
1 = 0 such that the extension vanishes at co. Then, L~ = @ﬂ/[:oﬁfb and R is the set of complex
functions on I' such that they do have an holomorphic extension to C\ D. In this context (1)
also holds. We refer to Figure 1 for a graphical illustration of the rational splitting and its
completion.

Now, we shall extend the above splitting to the Lie algebra of symplectic vector fields. In
spite that normally the coordinates (p,x) are real, here we will consider that they take complex

values. This extension does not affect the standard local symplectic constructions.

The local Hamiltonian vector fields

0 0
X = A(p,z)=— + B(p,z)—,

Op ox
are the divergence free vector fields A, + B, = 0, and locally there exists a Hamiltonian function
H such that
OH H
o oi o on
ox dp

The Poisson bracket in the set F of differentiable functions of p and z is locally given by
OHOH 0HOH

HHY = "——— - =
{H, H} Op 0r  Ox Op’
and the pair g := (F,{-,-}) is a Lie algebra. The set of inner derivations of g
OH 0 0H 0
dH ={H, =222 229 _
& {4 Op Ox  Ox Op a

may be locally identified with the set of Hamiltonian vector fields. If fact, the set of locally
Hamiltonian vector fields constitute a Lie algebra under the Lie bracket given by the Lie deriv-

ative of vector fields, and we have that
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so that the mapping H — X g is a Lie algebra homomorphism with kernel given by the constant
functions; i.e., the center of the Lie algebra of Hamiltonian functions.

We denote by gy, g,,, and v, the Lie subalgebras of g such that the corresponding Lie algebras
of Hamiltonian vector fields ad g, ad g,, and ad v are built up from vector fields with coefficients
in £, £, and R, respectively. Here, we suppose that the coefficients of the vector fields are

complex valued functions. Let us describe in more detail these Lie algebras:

1. The Lie algebra v . The components A and B of a Hamiltonian vector field

0 0
H=A—+B—
ad Bp + B cadr

are A= —H, and B = H,, with
S (£ S 0y~ hul@)
H = T;)hn(w)p + ; (hio log(p —q; ") + ; o) )
and h;p, = 0.
2. The Lie algebras g,. The components A, and B,, of a Hamiltonian vector field

0

adHu—Aa 6

cadg,

are A, = —H, , and B, = H,, with

=h Olog pu Z hun pM ) huO,az = 0.
n>—oo

3. The Lie algebra g~ . The components A, and B, of a vector field

6 0
adH,=A4, 8 8 SN
are A, = —H,, and B, = H,, , with
Ho=hoologp+ Y hon(z)p™", H;= Z hin(@)(p — ¢{”)",

n=1

with hgg = 0.

Now, we define the Lie algebras

M M
~Pow. o =Ps,.

pn=0 u=0



and realize that, modulo constants, the splitting (1) in this context is
adg=adg” +adt
which in turn is equivalent to
g=g +r
The Lie algebras g;, for i = 1,..., M, have a further splitting into three Lie subalgebras:
g =0+ o7,
where

0 = {ho@)}, o = (@) =)} o7 = {he@)r - ") +his(@) e - ")+ }

and {g¥ +g!,97} C g7. The above splitting induces the following splitting into Lie subalgebras

of divergence free vector fields

adg; =adg) +adg; +adg;.

2.2 Lie group setting

We now extend the previous construction from the context of Lie algebras to the corresponding
Lie groups of canonical transformations. Associated with each Hamiltonian vector field X g =
ad H we have the corresponding Hamilton’s equations p = —H,, & = H), that when integrated
provides us with a flow ®/, a 1-parameter group of symplectic diffeomorphims, (p(t),z(t)) =
®H (pg, o) for given initial conditions (p, z)|t=o = (po, z¢). The exponential mapping is just the
evaluation at t = 1; i.e. exp Xy = @fil. The group of symplectic diffeomorphims is a smooth
regular Lie group with Lie algebra given by the set of Hamiltonian vector fields [9]. Symplectic
diffeormorphims are also known as canonical transformations.

It can be shown [9] that the adjoint action of the group of symplectic diffeomorphims on its
Lie algebra (i.e., the set of Hamiltonian vector fields) is given by the action of the corresponding

induced flow:

Adexp(SXH)(X]ZI) - (q)]—;ls)*X]ZI = T(I)gl ° X]:I © (I)I_fs = X(@fls)*lzl = XAdexp(sH)ﬁ’ (2)



where
o H>|<”_saudH”_OO(Sad]{)l~
Adexp(sH)H := (% )*H = 5241 [T = ZZ — A
=0

That is, modulo constants, the adjoint action of a symplectic diffeomorphism of the form

exp(X ) acts on the Hamiltonian functions as e #:

exp(X g) Ad, gad H

The rational splitting of Lie algebras of Hamiltonian vector fields may be exponentiated to

a Birkhoff type factorization problem
exp(X,) = exp(le)f1 oexp(X) with X, € adg,, X, €adg, and X € adr,

where we are now dealing with complex vector fields.

We will consider a particular class of Hamiltonians, namely those of the following form

o0
Ty = (1= u0)tuologpu+ > tunpl. (3)
n=1+5uo
Given initial canonical transformations @, u = 0,..., M, we consider deformations exp(X,)o

®,, which area new canonical transformations that now depend on the deformation or time

parameters
t:= (tun)
We will consider the factorization
exp(Xr1,)o®, = exp(X;)_1 oexp(X) with X, € adg, and X € adr. (4)
Equation (4) is fulfilled if the following factorization problem is satisfied
2T g2d Gy — gmad Hy gad H (i) H, €g, and H €, (5)
where,

Oy =expXq,, X, =X, X =Xy

The existence problem for (5) will not be treated here. Anyhow, we will assume that all
times |t,,| and initial conditions are small enough to ensure that such factorization exists (notice

the trivial existence for 7), = 0 and G, = 0).



Observe that given a set of initial conditions {G u}fyzo the factorization problem (5) consists
in finding H,, p = 0,...,M, and H as functions of . Let us right-multiply both terms of
the equality (5) by a term of the form ¢, where G € r. On the left-hand term we have

e@dTu ad Gu where the new initial conditions are

Gy = C(Gy G) = Gy + G + %{GM, G)+ %({Gu, (GG} +{CAGC. G V) + -, (6)

and C(-,) is the Campbell-Hausdorff series in Dynkin form, so that

eadGM eadG _ ead G ) (7)

A solution of this new factorization problem is given by H ., = H, and H=C(H,G) €, so
that H, remains invariant. Let us now left-multiply both terms of the equality by eaden ()
with ¢, € ¢, being ¢, C g, the Abelian subalgebra of Hamiltonians in g, which only depend
on p. As {c,,T,} = 0 we have et gad Ty gad G — oad T gad Gy yith G, = C(c,,Gu). The
solution of the transformed factorization problem (5) is given by H . =Clc,,H,) and H=H.

Therefore, once we have a solution (H,, H) for an initial condition G, it is trivial to find
solutions (H 0o H) for initial conditions C' (¢, C(Gy,t)). The orbits e?du eadGu gadt describe
the moduli space of solutions to the factorization problem (5). Thus, if we concentrate on the

adGu eadt (or the Hamiltonian

right action of v, we may take G, € g, and the right coset e
C(G,,t)) as the point in the moduli.

As we will see the factorization problem (5) for the action of symplectic diffeomorphims on
the set of functions (observables) implies the Whitham hierarchy. Therefore, the factorization
problem (4) for symplectic diffeormorphism is also associated with the Whitham hierarchy.
To get these results we will use a well known tool in the theory of regular Lie groups: the
right logarithmic derivative as defined in [9], see the Appendix. If we have a smooth curve
H : T — C®(N), assuming that 7 is the time manifold with local coordinates given by

t = (tun) and denoting Oy, := , the right logarithmic derivative is

9

Ot
1

Fexp(X m)Oyn) = [ (@) (T X 1(0y))d5 = X,

where




In particular,

dexp(XT,)(Oun) = X o1, With ﬂ " o

ot ,
otn H log(p —q; )a n= 07 n=1.
Now, we are ready to take right logarithmic derivatives, using (95), of the factorization problem

(4),

dexp(X,, )(Oun) + 0 Adexp(X ) (XM) = dexp(X)(Oun), (8)

Dtyn

Which, using the corresponding Hamiltonian generators

X, =X Hyo X=Xy
we get, modulo constants, the following system
— - 0T,
§ ety (Opn) + O e (a%(w) = 5eH(8W), 9)
un

which may be derived directly from (5) by taking right logarithmic derivatives.

3 Dressing methods for the Whitham hierarchy

In this section we analyze how the factorization problem (5) is related with the Whitham hier-
archy and its dressing transformations. We first show that (5) leads to the Whitham hierarchy,
defining the Lax functions a zero-curvature forms. Then, we construct a potential function hgy
of this hierarchy, and as we shall show in the forthcoming paper [20] hg1 = —(log7), in terms
of the 7-function of the hierarchy. We also proof that any solution of the Whitham hierar-
chy is related to a factorization problem, via an undressing procedure. Finally, we show how
the factorization problem scheme can be extended to generate dressing transformations of the

Whitham hierarchy.

3.1 From the factorization problem to the Whitham hierarchy

We are now ready to proof that (5) is described differentially by the Whitham hierarchy

11



Theorem 1. Given a solution of the factorization problem (5),

eadT# eadGu — efadH/I eadH’ H; c g;’ Her,
then:
1. The Lax functions

== (10)
are of the form

p+ Y2 dup™, w=0, .
TN dig 0o . . (11)
+ > 20dalp —q;)', p=1i€eS.

P—q
for some functions q; and dy,, defined in terms of the coefficients of H,, .

2. The functions

2" , n > 6,0,
Qi | 0 . (12)

_log(p_%)v n =0, M:ZGS

where (+)(; 4+ projects in the span {log(p — ), (p — ¢:)~'}72; and (-)(4) onto the span of

{pl}fio, satisfy the zero-curvature equations

0y Oy

Oty Otym

+ {Qun, Qui} =0, (13)
moreover
Qun = 615 (9,,,).

3. The Lax functions z, are subject to the Whitham hierarchy:

0z,
— =1, 2 L. 14
5= () (14)

Proof. We now proceed to show that (9) implies the Whitham hierarchy. In the analysis of (9)

is convenient to distinguish between the cases u =i # 0 and p = 0.

12



1. The case p=1i € S.

We factor e2d Hi' = ead Hio gad Hir gad Hi> - ith
Hio = hio(z), Hi =ha(@)(p—a), His = hio(@)(p — 4 + his(2)(p — ¢\”)* + - -

Now, we study the cases m > 0 and m = 0:

(a) m>0

We get

(SeadHiO(am) + eadHio (5eadHi1 (am) + eadHil (5eadHi> (am))> + zzn _ (5eadH(am)
(15)

It can be proved that

5 e Hi0(9,,) = 0, hi,

Oin X Xi dgx
gerdHin(g, ) = 22y x; g 'th/ =1
€ ( ) Xi,x (p ) ql )’ w1 v h@l (x) )

5" Hi>(0;,) = Oinhia(p — qz(O))Q + (Oinhiz + hi20inhiz x — hi2 2 Oinhiz) (p — q§0))3 o
0 (f(@)(p— a")") = F@)p — g ~hios)".
55 () (p — V) = L=

Xiz)"
()

(p - qui(o))n, and in particular e i1 3 = X;

—~

1 n
+ hize + (hise + hizhizas)(p — a°) + - ) :
p—q”

I
/N

Therefore, defining

(0)

0
qi = Xiz2q; + hiog,

we deduce that (15) can be written as

(Oinhi2)|z=x,
(Xi,:v)2

Oin X
X,. (P—a)+

)

Oinhio + (p—q)’+- +2= 5eadH(3in) (16)

with

5 edd Hy 1 _ dia + id (p— ,)l
(2 (0) - . il p (Iz 9
P—q; P—4 I

where, for example,

(hi3e + hith2,xx)|x:Xi
Xi,:v '

di—1 = Xiz, dio = higzle=x;, din =

13



We have assumed that T}, and G, are small enough to ensure that the function
¢ = Xiquz(o) + hjo» belongs to the interior of Uq(O) (so that X, ~ 1 and hsp, ~ 0).
Thus, (16) implies

t> (5eadH(aZ‘m) = (sz)(L_i_) =: Qim.

For example,

di—1 Ay +2di—1di0
(p—ai)? P—qi

(b) m=0
In this case we have

00X
Jiohio + %(p —qi) +
i,T

(Oiohi2)|z=x,

(Xi0)? (p—q:)?+ - +logz = e (9).  (17)

Notice that

log 4 = — 108 — 1) +108 (X + hinalom, (p — g + 2 Rl g2y,
and hence
v3 67 (9;0) = (log 2;) (i, 1) =1 Qo
with
Qijo = —log(p — i)
2. p=20
In this case we have
5o (9y,,) + 25 = 51 H (9y,). (18)

with
eadHO_ _ eadHo> ead(too logp)’ Hys = h01p_1 + h02p—2 NE
where tgg, which is not a time parameter, does not depend on x. Notice that

oo
2= (p) =p+ > dup™
=1

14



where, for example,
dor == —ho1,z, do2 == —ho2,z.
An analysis of equation (18) allows us to write
3 6™ (o) = (28) (04) = Qon,
for example
Qo2 = p° + 2do;.
From
Qun = 5eadH(aun)

and (96) we deduce the zero-curvature conditions (13).

3. From (97) we have

0z ad H=
ot~ {de d Hy (Oun), 20}
un
that recalling (9) reads
0z,
ot = {5eadH(a;m)’ZV}
un

and we deduce (14).

As a byproduct of the above proof we have the following

Proposition 1. Given solutions H,, and H of the factorization problem (5) such that

B ead(zz)il hoy (x)p_l) ead(tOO logp)7 n= O,
ead H, _

eadhio(@) gad hir (2)(p—0,")) ad (S, ha@-a™)) = €,

then

M
too = — Y _ tio, (19)
i=1

15



and the coefficients of the Lax functions satisfy

X.
¢ dx
= Xiaq©@ b / _1
qi i,2q;  + Moz, . hzl(x) )
di 1= X 4,
dit = (hit42,2 + fu(hirg1, - 7hi2))’m:XiXi:ia >0

do = —hoie + for(hoi=1,-- -, hot),

where f,; are differential polynomials.
Proof. We only need to prove (19). We will consider the equations

t
5eadHo> (aun) + gtﬂ ]Og 20 + 5MOZ6L = 5eadH(8W),
un

(20)
8 & Hi (0,) + 0, (1 — 6,0) 27 + Snolog z;) = 6™ H(8,,,), i €S,
which are derived from (5) by taking right logarithmic derivatives.
We take the p-derivative of (20) to get
d re adHes Olgo 1 n—1\920  d [ aam
dp [56 (a“”)] * (6750” 2 T mou0z ) dp  dp [56 (a“”)]’ 1)
d e adm- , n—1 INdzi  dre aam .
W (6621 (Bn)| + G (1 = 600)20 " + 80 Z) b 567 (0], ies.
Now,
d ad H
i (56 (0]
is analytic in C\D and therefore
d o od
= ) eadH(aW) dp = j(I{ ) eadH(aW) dp
f b @mli=3f o)

but from (21) we deduce

d d Otoo 1
- 5eadH Oun) | d :% e 5eadH0> Oun) |d +% 0o +nd zn—l dzo,
ﬁodp[ (@ym)]dp . p|: (Om)]dp Fo(atmzo oz ) dzo

a
7{ d (5624 (8,)]|dp = 7{ d [ @) dp + 6§ (n(1 = 5,0)27 " + 5n0$)dzi, ics,

dp ; dp T, i

i

16



where we have changed of variables z, = z,(p) with I, = 2,,(7,). Now, recalling that

d _
d_p |:5eadHO> (8/1%)} - O(p 2)’ p — o0,

d _
o {5 e i (aw)] is holomorphic at D; for i € S
p

we get

Ot

= —(1 — (Suo)éno.

3.2 Some dispersionless systems within the Whitham hierarchy:

the Boyer—Finley—Benney system

We consider the equations involving the times {t;o =: x;,tj1 =: yj,to2 =: t}i j—es. Now, we
write
s
QiO = — lOg(p — Qi)’ Qil = ! and QOQ = p2 — 2’[1), with V; = difl, and w := —d()l.

b—4q

and the corresponding Whitham equations (13) are

o on 5y -
gZ N gac (23)
353 - _W’ (24)
gzi - _M%W)’ (25)
gg}i N %’ (26)
4 2 _
% - W’ (27)
% N 2%’ (28)
gzq/i - %’ (29)

where i # j.

17



Observe that equations (23) and (25) imply

82 eq’i 62(1)1
— =0, &;:=loguv; 30
5o gy, =0 b= logw, (30)
which is the Boyer—Finley equation, which appears in General Relativity [4], or dispersionless

Toda equation for ®;, and that equations (27)-(29) form the Benney generalized gas system
[32].
Notice also that from (24), (22), (26) and (29) we deduce the local existence of a potential

function W such that

ow v-—aW w_@_W
ox;” ' Oy oz

q; =

Therefore, this system of equations may be simplified as follows

W,

Wiy, — <ﬁ%>m =0, i # 7, (31)

Waie; + (log(Wy, — ij) " 32

) i s (32)
Waiz, + (log(Wy,))e (33)
) (34)
) (35)

Wit + (W, — W2),

T4

34

Wyt — 2(Wa, W) 35

We stress again that (33) is a form of the Boyer-Finley equation, and that (34) and (35) is
a form of Benney system. Therefore, the whole system may be understood as an extension of
these equations. This fact, have induce us to propose the name of Boyer—Finley—Benney for the

mentioned system.

3.3 On the existence of a potential for the Whitham hierarchy

In the previous section we have seen that the Boyer—Finley—Benney equations can be reformu-
lated in terms of a single field. We will show now that this is a general fact for the Whitham

hierarchy, being the potential the coefficient
h01 (log ’7')

as we will see in a forthcoming paper this is essentially due to the existence of a 7-function for

the Whitham hierarchy [20].
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The Whitham hierarchy is determined in terms of the functions z, or its coefficients d,,
as given in (11). In fact, as was stated in Proposition 1 the coefficients d,, are determined in

terms of hy, and its a-derivatives. We will consider inversion formulae for (11)

-1 —2
P=20+ 0012y + 00229 +-,

(36)
p=qi+onz  +ony 4,
where the inversion coefficients o, are polynomials in d,,, for example
oo1 = —do1, 002 = —dp2, 003 = —(dos + dy), (37)
ol = d;i_1, oip = diod; 1, oi3 = d; _1dio + d7_1d;1. (38)

In the following we will use the geometry illustrated in Figure 1. We first show the following

Theorem 2. The following identity holds

1 z _
5eadH0>(aun)} ()= -5 ¢ log (1—1%)7123 Ldz,
I3

T (1- 6M0)5n0(10g ( - qf) - QLm }é log (1 . f%)zo—ldzo), peC\Do. (39)

In the above formula we must understand that when p = 0 the second term of the r.h.s.

vanishes even if ¢y = oo.
Proof. We first introduce
5ead Ho> (a,un) = (I),un = (I)un,lpil + q),un,2p72 +

and observe that
1 m AP
— —(p)dp = —m® =1,2,... 40
omi 7{0 p dp (p) p mPunm, M y 4y ( )
Now we consider (20) with the explicit form for g
5 H0> (9 Y+ 6,028 — (1 — 8,0)0n0 log 20 = 6 e*1H(9,,,,), )
41
5 i (9,,) + 8, (1 — 0,0) 27 + Snolog z;) = e H(9,,), €S

d
which are derived from (5) by taking right logarithmic derivatives. We act with pmd— on (41)
p

to get
d - _1,dz m d
pmd—p {5 eadH0>(aun)} + ™ (0028 — (1 = 6,0)0n0% 1)d—po =g [5 eadH(am)],
(42)
P dp{ée «%”ﬂ_+®““wi +(;"OZZ'))dp__p dp[ée (@mﬂ'
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We observe that

and therefore

From (42) we derive
d o B
0= 7{ pmd— {5 e2d Ho> (@m)}dp —|—j<1{ P(20)™ (n602) L (1 —8,0)0n0% 1)dzo
Y0 p T'o
M d B
+ Z (7{ pmd—p {5 ead H; (a,m)] dp + 0, p(zi)m(nz?_l + (5n0zi_1)dzi>. (43)

i=1 Vi i

Therefore, recalling (40) and

dg;
m 2 -

1

we may write (43) as follows

1 _ 1 p(z)™ p(z0)"
mPn m = o d p(zu)"nzy 1dzu + 5n0%<7€ %dzu — 75 %dz()).
© w K 0

and (36) implies

1 1 20)™
— j(I{ p(zu)mnzz_ldzu + (1 —8,0)dn0 (qL” ~ 5 j(I{ Mdzo). (44)
'y To

m®,nm =
s 27 ! 20

where it must be understood that when p = 0 the second term of the r.h.s. vanishes. Hence, as
o
1 m
10g(1—g) :—Z—q—m, ‘Q‘ > 1,
p = mp p
we immediately derive (39). O
As a byproduct of the above proof we get

Corollary 1. The following relation

1 J(log )4
n + (1 — 5H0)6"0 8tun ’

Oun = — go1 = —(10g T):m: (45)

holds.
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Proof. We prove the Theorem in the following steps:

1. If we put m =1 in (44) we get

Ohoy _ 1 n—1 1
D =5 FM(nzu +(1- 6M0)5nozu )p(2p)dzy, (46)

where we have taken into account that

7{ p(20)75 'dzo = 0.
To

2. We use the inversion formula (36) in (46) we get

8h01 1

Ot > s g (nz ™" + (1= 60)0n0, )ojudzy, (47)
1=—1,0,1 n

) [ARN

and the desired result follows at once.

3. From the identity

! _
g o (%) = - (p)—p=—2—p

we get
8h01 1 dZO 1
O o yiop D p=5= jgo p(20)dzo = o0
]

Observe that all the coefficients o, are determined in terms of ho; and its time derivatives.

Moreover, as all the coefficients d,,, are rational functions of the o, for example:

2
dor = —oo1, do2 = —002, do3 = —003 + 01,
2
Ti2 03031 — O}
di—1 = 041, dio = P din = — 3 =,
71 il

all the Lax functions may be written in terms of hg; and its t-derivatives.

Finally, we may write the contents of Theorem 2 as follows

Corollary 2. The following identity holds

5eadHo>(a )} (p) = 1 log (1 — Q) %dq
un = N
2mi ), p/ dq
Gy 1 g dlog(z0(q)) ~
(1= g (108 (1~ %) = & f 1o (1- ) LBy ey
R P 27 Jy, P dg
For example, if we exclude the times t;y from the discussion we get the suggesting formula
1 q dz"
5 ad Ho> } - 1 (1__) Hd
[ e (On) | (P) = =5~ b o (1= ) gy Y
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3.4 Undressing solutions of the Whitham hierarchy

In §3.1 we have proved that the differential version of the factorization problem (5) may be

described in terms of the Whitham hierarchy. Here we show the equivalence between both
descriptions by proving that any solution of the Whitham hierarchy may be formally undressed;

i.e., it comes from a convenient factorization problem.

Theorem 3. Any set of Lax functions z, and zero-curvature functions Qum as in (11)-(12)
satisfying the Whitham hierarchy (14), may be obtained by a dressing procedure based in the

factorization problem (5) as described in Theorem 1.

(0)

Proof. If we take as given the complex numbers ¢, and the functions ¢;, d,,, from Proposition

1 we may determine the coefficients X; and h,, up to z-independent terms. This last fact

is clear from the construction of z, as a dressing of p,. Indeed, we have that et Hy Dy =
ead Hy gad fu(p) Dy = ead Hy pu, where f, € ¢,.

We now undress, using the canonical transformation e~ 2d#u  the Lax functions and zero-

. 0 wi
curvature forms: z, — p, and €, — €, with

00, = de M (9,,) + e Q. (48)
Then,
0= aunpu = {anvpy} (49)
and
o, oY
pn vi 0 0
——2 4+ {Q,,., Q. =0.
Oty Otun 8 a} =0 (50
From (49) we deduce that
0
Qunz =0 (51)
so that (50) implies
o9y, a0
[ — vl (52)
Ot 8t/m

Moreover, for n > 0 we have
Qun — 2, €9,
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Thus, e~ 245 Q) —pj; €9, and (48) and (51) allow us to deduce

0 — —
Qun—PZECu C O

0 -
Q?O—i—log(p—qz( )) € Cg,; -

Hence, recalling (52) we get

Ty + fu)

), = :
wn Otyn

for some f, € ¢,
and we can write

Se 2 n(g, ) +e 2l = 5edTu(g,,).
Therefore, if

H, = C(fl;,fu) €g,;le, ey — gad Hy gad fu

where C' was introduced in (6), we have
Q,un — 5eadH; (a,un) +eadH; 6eadT”(8,m) — 5(eadH; eadTu)(a‘un)’ 2z, = eaLdH; eadTu Dy (53)

Finally, from definition the zero-curvature connection €2, € t and there locally exists H €t

such that
Qun = 5eadH(8un)a (54)

so that (53) and (54) leads us to the factorization (5) for some G,,. O

3.5 Dressing transformations for the Whitham hierarchy

In this section we show how to dress any solution of the Whitham hierarchy by using the
factorization problem technique. Let z(!) be Lax functions as described in (11), with coefficients

M and d&ln)z, and Qf}%, as defined in (12), so that the Whitham hierarchy (14) is

)

denoted by q
satisfied:
az,(,l)

D (), 2V}

(1)

Let us assume that ¢; * € D; so that there exists a Hamiltonian H @) e v with

Q(l) = (Sead HD (aﬂn)

un
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Given new initial conditions G, = 0,1, ..., M, the factorization problem
ead HY Lad Gy _ —adHy eadH(Q)’ H, g, H® ¢ T, (55)
will lead to a dressing procedure of the solution z&l) of the Whitham hierachy as described below

Proposition 2. The new Lax functions

2 = M Hi ()

i

are of the form (11) with new coefficients q(2) and d;(fl) determined by H, . The functions

2)\n
((z/g )) )(H7+)7 n > 6M07
02 —
wm
—10g(p—q§2))7 n=0pu=1=1,..., M,
(z'n this case (')(i,-i—) projects in the span {log(p _ qz@))’ (p _ qz@))in ;100:1 and (.)(07_‘_) onto the

span of {p"}°_y) have zero-curvature. Moreover, the Whitham hierarchy

6252)

is satisfied.
Proof. We take right logarithmic derivative of (55) to obtain

5eadH; (ayn) + eadH; (Qz(/lrg) _ 5eadH(2)(ayn) = 91(1272 (56)

As Q(Vln) is holomorphic in D,,, for all u # v, we deduce that Q(fn) is also holomorphic in D,

Yu # v. When y = v we have a singular behavior at p = q&l) and we obtain Q(V2n) with the same

ad H,,

structure as in (57). If we write the factor e*®”# as in Proposition 1 and X; is defined by

/Xi dz
o ha()

we get, for example, the following coefficients of z,(f):

qz(z) = Xz,xqz(l) |z:X~L + hiOa

d®

1)
i—1 dz(fl |33=XiXi733’

diy) = (dly) + hinodV) + 2hi2d§121,x)’$:Xiv

dy = diy) — hous-

Moreover, the analysis of (56) leads to the proof of all the other properties. For example, from

Qfﬁz = §eadH® (Oun) we deduce the zero curvature condition for the {QLQ)}. O
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Now, we introduce

M
HO =T@p)er, T:=> Tup)
pn=0
for which
pn7 n = 0,
QO = 5 () = { —log(p—q\”), w=i, n=0, (57)
! > 1

) /’I’ = 7’7 n )

(p—a”)m

H(0)

for this reason we say that e®d is a vacuum solution of the Whitham hierarchy. Indeed, its

dressing

(0) —ad B (€] T — _
eaLdH eadG# —e ad H, eaLdH , HH e 90 H(l) €t

—giving H® and a new solution {Q,(}Tz} of the Whitham hierarchy— is just the factorization

problem (5) when we replace

ad H, jad(},, tv) _ jadHy - -
e e vAL ) = ¢ H,eg,.

)

4 String equations in the Whitham hierarchy

In this section we study the formulation of the Whitham hierarchy in terms of twistor or
string equations and the relation of this formulation with the dressing method described above.
We first introduce the Orlov—Schulman operators for the Whitham hierarchy in terms of the
factorization problem and then obtain the string equation formulation as a consequence of the
factorization problem. In the forthcoming paper [20] we will show that, in fact, the string
equations give all solutions of the Whitham hierarchy. Then, string equations and factorization
problem are equivalent tools to formulate the Whitham hierarchy. Finally, we introduce a
very special class of string equation whose construction is based on centerless Virasoro algebra
within the Hamiltonian functions, and therefore we refer to this as the Virasoro class of string

equations.
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4.1 Lax and Orlov—Schulman functions of the Whitham hierar-
chy
The Lax functions (10) may be written as

2y = e?d Hu eadT“pH, nw=0,1,..., M.

Observe that if we define (p,(p), z,(x,p)) by

(p,z), p=0,
(p,uaxu) = (58)
(0=t =20 —a)?), n=ies.
we have
{pp,z,} = 1.
In terms of z,, the Orlov—Schulman function m,, is defined as follows
my, = e i o@dTu g (59)

so that is canonically conjugated to z,; i.e,

{ZM’ m/i} =1

Notice that the quasi-classical Lax equations also hold for the Orlov—Schulman functions:

om,,
at— = {le,m,,}. (60)
un

We now give a closer look to these functions

Proposition 3. The Orlov—Schulman functions have the form

o
_ [ _
my, = Z ntunz,, Ly ZL + Zvlmzu", where tg :=x (61)
n=1 Ko n>2
and
-X; p=1=1,...,M, n=0,
Vpntl = _(nhin+gin(h’in—17"'7h’i2))|x:Xi7 ,LL:Z: 7"'7M7 n>07
—(nhon + gon(hon-1,---,ho1)), p=0,n=>0,

being g,y differential polynomials.
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Proof. From (59) we deduce that

oT,
m,, = e*dHu (:c —l——“),
2] H apu
so that
my = e 4 (1 -6, Moz Z ntunz, !
n= 1+(5u0

Now, we evaluate

T g — (X + Z(nhm + Gin(Rin—1, - .. ,hiz))b:Xi (P - qi>n71)Z;2’

n=2 Xi,:v
) (62
™ Ho g =z 4+ toop ™! Z nhon + Gon(hon—1,---,ho1))p "
n=1

where g, are differential polynomials, but as

= 57+ hiale=x 7+ Oz,
Pt =z oz + O ")
we get (61). O

Observe that the first coefficients of m,, are

v = —Xj,

Vi3 = —2hi2|e=x;,
vo2 = —ho1

vo3 = —2hg2.

4.2 The factorization problem and strings equations

Let us define new canonical pairs (Z,,m,) and (]3”, Qu) given by

7:,” — eadH; eadTu D, PM - eadGu D,
_ (63)
iy, = e @@dTu g Q= ¢ Cu g,

27



Observe that

2z = pulZu),

my = (M, 24,

where the functions are defined in (58).

Now, we are ready to give a first version of the string or twistor equations for the Whitham

hierarchy:

Proposition 4. For any given solution of the factorization problem (5) with associated canon-

ical pairs (2,,1,), (Pquu); as defined in (63), the following string equations hold

A ~

P,(2,,my) = Py(2,,m,) €,
Qu (s 1) = Qu(Z, 1) € T
Proof. The factorization (5) implies

Pu(immu) — eadH/: eadTH eadGHp — eade =TI

)

A dH, eadTHeadGux:eade:@‘

Qu(Zu,my,) =€
Notice that

~ N A~

¢u(pa$) = ( u(p7$)vQ,u(p7$))

is a canonical transformation; i.e.,

>

{P,u) Q,u} = ]-7

that together with (65) ensures that

~ A~

¢u(2uvmu) - ¢V("3mmu) - (H7 @)7

and (64) follows.

(64)

(65)

(66)

The string equations (67) have an interesting interpretation in terms of transition functions

between different canonical pairs
(Eu’mu) = ¢/LV(2V)mI/)a ¢pu = Qb;l o qb,,.
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Now, we define the canonical transformation

wu(p7 x) = (pu(p)7 xu(p7 x))

in terms of which the associated solutions of the Whitham hierarchy are

(2 M) = (2, 1M0p).
We also introduce
(0)

o _ (p'+q ,—p'x), p=ics,
¢:u‘ = (PH’QH) = ¢H O%la Q;Z)Hl = (WH,GH) =

(p,2), n=0,
so that
P, = Pu(”u(pw'ﬂ)v 9u(p,x)), Qu = Qu(”u(pax)»eu(l?#ﬂ)) (69)

and

{P,,Qu} =1.

Observe that this definition is equivalent to

A~

Py(pp, xp) = Pu(p,a:), Qupu: zp) = Qup, ).

Then, the connection among the different Lax and Orlov—Schulman functions are given by

(Zuam,u) = ¢uu(zuamu)a ?b,uu = ¢u o Qg,uu © Q;Z);l = ¢;1 o Py

Therefore,

¢M(2M7mu) = (20, m) = (I, ©)
and

Proposition 5. Given a solution of (5) and functions (P,,Q,) as defined in (69) the string

equations
P,(zy,my) = P,(z,,m,) €,
Qu(zy,my) = Q,u(z,uamu) e,

hold Vu,v =0,1,..., M.
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Notice that new initial conditions éu of the form
e@dGu _ qadG LadGu . @u = C(G,G,),
lead to
PM = P(Pquu)v Qu = Q(Pquu)-

Thus, the corresponding string equations are constructed in terms of the initial non-tilded ones.

4.3 A special class of string equations related to a centreless
Virasoro algebra

Consider the Hamiltonian

X

GO = -
SR A ()

which generate the canonical transformation

(p,x) = (Fulp) 2/ F(0)),  fui= &1 (14 Eulp))-

Observe that these Hamiltonians close a Lie subalgebra vit := {x f(p), f : C — C} as{zf(p),zg(p)} =

z(f'(p)g(p) — f(p)g'(p)) C vir. In fact, vir is a centerless Virasoro algebra with generators
Iy == ap" ! (72)
satisfying
{ln;lm} = (0 —m)lpgm.-

The functions éu, fu corresponding to the Virasoro generators (72) are

2—n 2—n 1

) Dz (2—n)<1+p )2‘", n+2,
§,=4{2-n f, = 2—n
I3 B

logp, n=2, ep, n = 2.

We will also use the harmonic Hamiltonian

1
R:= 5(172 +7)
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which generates the canonical transformation

(p,l') - (—Sﬂ,p)
Let us consider a splitting S=ITU.J, INJ =0, and define the initial conditions

0ad G adR
ad G, ’
e =

(0)
e2d G/ , e JU{0},

1 €1,

)

in terms GLO as defined in (71). It is easy to realize that

(FusQ0) = (fop). 7).
(P Qi) = <j%;fi(p))’ i€l
(fi(p),%) e

St

and the corresponding string equations are

folio) =~ €%, filsi) = fa@w criel,
s\ _ Fys. mi 1o ,
fO(ZO) - fl(zz) €, f;’(éo) fé(éo) SRS J.

(73)

(75)

Taking into account the invariance described in (7) we deduce that he string equations (75)

also appear for the following set of initial conditions

ad G\¥ -
i 1
Gy e ) 1€1,
ead G emd B e Ju{0}.
where now
N N x ~
(Fo, Qo) = ( 5 rfo(p)),
0(]?)
A €T .
o ( Z(p)7 A/(p)>a Ze]v
( 17Qi) - ( x _f@)) c
fAZ/ p)a [ )
We introduce the functions f, subject to
X folp) = folp), p=0

fu(pu) = fu(p) =

(77)



so that

x
(Po, Qo) = (— m,fo(p)),
T
(fz(p)v_ ’ )’ iEI,
(P, Q;) = N fl(p)
- )fi p)), t€ J
(= 767 )
Therefore, we get the string equations
folzo) = = €%, files) = 5o~ €vi €T,
ey fiCe0) -
m; mo )
fo(z0) = fi(2) €, = erield
o) = A € i) T Tt
These string equations reduces to Krichever type of string equations considered in [12] for

J =S and to the Takasaki-Takebe type [27] for J = ().

5 Additional symmetries for the Whitham hierarchy

This section is devoted to the analysis of the additional or master symmetries of the Whitham
hierarchy. For that aim we we characterize the additional symmetries in terms of deformations of
the factorization problem (5). We compute then some explicit examples of additional symmetries
leading to functional symmetries of the generalized Benney gas equations. Finally, we study its

action on Virasoro string equations.

5.1 Deformation of the factorization problem and additional
symmetries

The treatment of functional symmetries of dispersionless hierarchies as additional symmetries
was first given in [17] for the dispersionless KP hierarchy. Then, its formulation as a deformation
of a factorization problem for the r-th dispersionless Toda hierarchy was considered in [16].

In this section we allow each initial condition Hamiltonian G, to depend on a external

parameter s



Then, the factorization problem (5) also depends on s
T 2 Guls) — gad Hy(s) (ad H(s)  with H,(s) €g, and H(s) €. (79)
Thus, we deduce that

Theorem 4. Additional symmetries of the Whitham hierarchy are characterized by functions

Fy(zy,my) as follows

0z,

s = am ZM7mM M+)7ZV}7
om,,

a — Z{ Z’u,m’u H+),my}.

Proof. Taking the right logarithmic derivative of (79) with respect to s we get

0

L (68

) + Fu(z,my) = 02 H (;8) (80)

where

o . . 9

Observe that from the splitting

M
F,=F, +F, F:=)» F,
v=0

with

and from (80) we get that

(81)
o ()
Therefore, from
2y _ (o adm; (9 Omy o aam; (9
e = e () T = et () ma)
we get the desired result. O
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An important reduction is given by t,, = 0 for n > N,. If we assume that

Fu(zu,my) = ¢y log 2, + Z Cu,ijzflmfu (82)
1,JEL
and
N, y
my = Zntunzﬁfl + LO + Zvunzljn7 (83)
n=1 &z n>2

imposing F),(z,,m,) to have no terms proportional to zj; for n > N, we ensure that the

constraints are preserve. We request this for each of the products zzmﬂ:

o . No—1 . L 4 .
L p—— K - J
z,my, = Zu(NutuNuzu +o At oz, +ouez, T Fousz, )

— (N, Yz NV e = 0if i+ (N, — 1) > N,

Hence,
Nu
m
Fyu(zp, my) = ¢y log 2, + Zaun(ﬁ)z:} (84)
n=1 N/LZM g

with «,, being analytic functions.
Some times is convenient to consider that only one of the initial conditions is deformed, say

the a-component:

oG, 0G
— = — Yu=0,1,..., M.
68 Ho 88 ) 1% ) ’
In this case we get the following symmetry equations
0z, OF,
. = 61/a—a + {(Fa(zaama))(u,+)a Zl/})
Os Omy, (85)
om,, oL,

5o = ~vag  {(Falear ma)) oy v}

5.2 Action of additional symmetries on the potential function

Observe that if we express m,, = m,(t, z,) we get F},(z,, mu(2,)) =: fu(z,). Then, inspired by

Theorem 1, we get

Theorem 5. The following relation

d(log 7)., 1 dfy,
TR =55 plaltan,
p=0 K
holds.
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Proof. From (80) and
M
d d 0
— —1s ad H d el adH d
0= P gl () Jw =3 § vg;loe” (5)]ow
we conclude that

oziw

v=0 YW

pd% {563“1; (%)]dzﬁjg pdip[fu(zu)]dp]

v

But

is holomorphic in D; and

p% [5eang (2)} _ _%pﬂ L o) atooz_lpdzo

and the stated result follows.

Let us assume the expansion

o0
> fwmd

n=—oo

and perform a change of variables p — z, to get

B f (X e )( T s

I=—1,0,1,...
= Z nfuno-un =—fo-1+ Z nf,uno',un
n=0,...,M n=0,....,M
n=—1,0,1,. n>1
Therefore, (47) gives

8h0 8h01 8h01
55 = Jo-1 T Jop =+ Z flmat,m

n>1+5uo

(86)

This will be a linear PDE for hg; if we ensure that the coefficients f,,, that the dependence

on the functions v, is restricted to vo2 = —hg1, i.e. do not depend on rational functions of

ho1 and its derivatives. This is the case always for the time reduction ¢,, = 0 for n > N,

VYu=0,1,..., M. For example, we take

FM:OJM<%> n n:1,...,NM.
N,U'H
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Then,

_ My —|-N”_ t z 4 —i—it Zy —|—Lv Nl
Nuz,ﬂv”_l Ny Nu wNp—=1<y Nu no<p Nu H27H )

and therefore

Nuz,]:[‘ﬁ1
with
Apo = au(tun,),
N, —1
Ap = aL(tuNu)l;Ttuer’
Ny —2 1 (Nu — 1)2 2
Apz = aL(tuNu)TMtuNuﬂ + §aﬁ(tuNu)T3tuer’

(NM B 1)Nll« tNI»L
pwN,—17

/
ZrJrs:N# turtus (Nu)

+otay (tuNu)

tuo
AHNH = OCL(tMNH)L + aZ(tMNH)

Ny Ny NN
!/
_ turt N, — 1)Nu+1
0 Vu2 " ZrJrs—Nqul HT TS (Nu+1) ( n N,+1
AuN,+1 = O‘u(tMNu)NM + O‘u(tuNu) N, +otap " () (N, + 1)!N,]LV“+1 u?\ﬁﬁlv

(87)

Here Y means that if r = s then we multiply this contribution by 1/2. We see that all the
coefficients A, ..., A, N, do not depend on the functions vz, for all the others the coefficients
vun contribute. In particular, in Ag n,+1 depends on wgs.

We have the formula
f,um = Au n—m>

and (86) reads

8h01 8h01 8h01
ghot _ _ g ghot Y A 88
gs ~ Jortfug s pnm g (88)
pn=0,...,M
1+6,0<m<n

Forn =1,...,N, —1 the coefficients A’s that appear in the above equations do not depend

on any v’s, vga = —hg1 and for p = 0,n = Ny the coefficient Agn,+1 do depend linearly on

vo2 = —ho1.
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Notice that (88) and (87) allows us to describe the motion of the potential hg; of the Whitham

hierarchy under additional symmetries via a linear PDEs.

5.3 Functional symmetries of the Boyer—Finley—Benney system

Let us take Ng = 2 and N; = 1, so that the involved times are {t;o =: z;,t;1 =: yj, to2 =: t}%zl

and the PDE’ system is the one presented in §3.2. Now, we have

mo = 2tz0 + T+ toozg | + V0220 >+, too =14+ Ty
My =y Tz vz A

so that

mo Tr _ too 562 _
ao(g) = ap(t) + 046(75)520 L+ (046(75)7 + ag(f)g)zo SEERE

_ I\ _
au(my) = ailys) + af(w)zizt + (alwivis + ol (g) 5 ) 572+

We put €, = 0 as these symmetries corresponds to the first flows

0
. Then, in the context of
a.%'i
(85) we have three different type of generators:

m x t x
Fél) = (—0>z0 = ap(t)z0 + af(t)= + (o/o(t)ﬂ + o/o'(t)—)zo_l o
220 2 2 8
20+
2

m
Fy? = ag (2—22)23 = ag(t)z5 + ap(t) 520

Fi = aj(mi)z = oi(yi)zi + a;(?/i)xizfl +

Therefore,
OR _ 1 (o)
8m0 N 2 0 220 ’
OR _ 1 (o)
8m0 N 20(0 220 0
OF; ,
o, = i)z,

(]
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and

X
(Fo(l))(o,+) = ao(t)Qo1 + O‘()(t)?

z t a?
() 0,49 = ao(t)Q02 + ap(t)5 Qo1 + 0/0(75)% + O‘g(t)g’

(Fi) (i) = ai(yi)S1-

Hence, the evolution of the Lax functions under these three types of symmetries is charac-

terized by the following PDE’ system

( 82’0 o 1 , (T 82’0 1 ’ 620
o ol 20 (520) TGy — 3eb 05,
N [NV S PP
o5 o 2 op?
820 o 1 yauk 820 1 / 820 1 / 820 /"
oo = 2%(220)20 +aolt) G+ 50b(0r ) - 30b(p ) — ol
5
0z 0z 1, 0z 1, 0z; oo T 0%
83(02) - Oé()(t) ot + 2a0(t)$ Oz 2a0(t)p ap aO( )4 6p7
(020 = oy )%
0s; Oy
0z; 0z;
S’i N J = : : J ] )
95, a;(yi) u;” j#i
621‘ Y N A 6ZZ
a_si - az’(ml)zz + aZ(yl)ayi’

We now analyze how the dependent variables {w,v;,¢;}}; evolve under these symmetries

(89)

(90)

(91)

e The Sél) equations (89) implies a transformation that only involves the independent vari-

ables (z,t) characterized by the following PDEs

ow ow T ., .
as—él) — Oéo(t)% + Zao(t) = 0,
an 6’[)1‘
T ) =— =
8561) O[()( )61' 07
94 dgi 1 , .
85(()1) - Oéo(t)a—x + 5040(75) 0,
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and the symmetry transformation is

w(@,t) — w(z + f(1),1) - f/;ft) (= + @)

vi(z,t) = vz + f(t),1),

gi(z,t) = qi(x + f(t),t) — f’Q(t)

with f:= s(()l)ao. For the potential W this symmetry reads

W (2, t) — Wz + f(£),£) — f/;(t)x(:v b 1)) - f'ét) >

e In this case the 5’82) equations (90) implies a transformation characterized by the following

PDEs
ow ow 1 ow t x?
@ ~ ool ~ 5o Mg — ab(hw + Fag(t) + Fpag' () =0,
S0
v, ov; 1, . Ov; 1, _
8862) ao(t) ot 20{0( )$ B 2a0(t)vl - 0’
dq; dgi 1 dg; 1 1
oo® WG ~ 50005, ~ 500 = gos(tr =0,
S0

and the symmetry transformation is

w(x, t) — T ()w(/T )z, T(t)) — t?TOJ;II((f)) + 1—16{T,t}ssc2,

vi(x,t) — /T ()i (VT' (t)2, T(t)),

ai(z,t) = VT (0 g T'(t)x,T<t>)+i?,/((f))w

with T := T(séQ),t) characterized by the following relation

/T dt (2)
- - 80 ,
¢ ao(t)

and we have used the Schwarztian derivative

e () - T -3

which must be not confused with the Poisson bracket.

T 2

For the potential W this symmetry reads

1T"() & 1 5
Wz, t) — /T OW (/T (), T(t)) + 1T Y @i+ gD tsa™
=1
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e The S;-symmetry characterized by equations (91) implies a transformation that only in-

volves the independent variables (z,y;) as follows

g—z - az‘(yi)g—: =0,

S - il g = j#i
g—z z(yz‘)g—zz — aj(yi)vi =0,

gzz — o z)gzz =0,

Thus, if Y;(s;,y;) is defined by

then, we have

)
i(Yi(yi)), j#i

which in terms of the potential W reads
Wyi) — W(Yi(yi))-
If we put My = 1; i.e, we not consider the t-flow, the transformation is
vi = X'(2)vi(X (2)),

"

g — X'(2)q;(X () + too

X/
where
/X da
= 0.
. aoa)
That in potential form is
t2 X"
X' X D=
W X ()W (X (@) + 0



This symmetry together with the S; symmetries described above constitute the well-known
conformal symmetries of the extended Boyer—Finley system. When the ¢-flow is plugged in, and
the extended Benney system appears, then this z-conformal symmetry disappears.

Nevertheless these additional symmetries, to the knowledge of the authors are not known

for the generalized Benney system [32]

g 0(¢* —2w)

ot ox ’

ov d(qu)

- _ 92
ot 2 ox ’ (92)
ow_ ov

oy Oz’

In fact, we have proven

Proposition 6. Given any three functions Y (y), f(t),T(t) and a solution (w,q,v) of (92), then

we have a new solution (W, q,v) given by

& =TT + FO)Y 0. T0) - L0 4 L ase+ o7 - E2 o+ 1),
= VI TW e + )Y O T) + o+ £0) = 0
5= VIOY (VT + 1(0).Y (). ().

We must notice that the above functional symmetries do not respect the shallow water
reduction that appears in the limit = —y.

5.4 Additional symmetries of Virasoro type and its action on
string equations

As we have seen in §5.1 additional symmetries appears when deformations of the initial con-
ditions are considered. Here we will consider initial conditions as in (73) and (71) with G&O)

depending on a s parameter as follows:
x
&.(p,s)

so that in the string equations (78) we will have functions

0) _
Gf) - (93)

)

Ju= f,u(s)-
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Notice that (93) describes a curve in the Virasoro algebra vir, and therefore describes the
more general motion for the set of initial conditions G,.
The right logarithmic derivative of the initial conditions (73) with respect to the additional

parameter s is

fs(Pu, 8)

0
5 e2d G (&) = BuPu)Tus,  Bu= _fp (pu»s)’

and the corresponding additional symmetry generator is

Fy = Bu(zu)my

so that

0z M
asy = ﬁy(zy) =+ Z{F(Nv+)’ Zl,}.
pn=0

Now, if we freeze times t,,, = 0 for n > N, so that

Ny o)
_ n—1 —1 -n
my = E ntlmzu —f—tﬂozu + E UunZ,
n=1

n=2

and we require the additional symmetry to leave those times invariant, we must have

Bulzu) = Z bulZ;l'

l=—1

Let us take, for simplicity, Virasoro type generators

1—ny

By=cz, ™, n,=1,....N,, ¢, €C

so that

— =czm "4+ g (n+mny)t c%
os 7" T

u=0,....M Il
n=1,...,Ny,—n,

whose integration, leads to

2,(s) = " cunys + 2, (E(s)).

where

tui(s) =t + (nu + 1)30utunu+lv

tuN,—n,(8) == tuN,—n, + Nuscutun,,

tﬂNu*"quj(S) = tHNu*"uJF]" J=zL
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Integrating

of of
5s T Oul u)a—zl; 0

we get

Pl ) = £ Y =aumus + 5(5)) = Fulut(3)))

5.5 Invariance conditions for additional symmetries and string
equations

We note from (81) that the invariance condition under an additional symmetry

M
F,=> (F)us) —Fu=0, (94)

v=0
Thus, all the functions F), must reduce to a unique function F,, = F' € t. Given a solution

of the string equations (70) we may take
Fu= P;}HQ};FS’

and conclude, that F,, = I’ € v, Vu. Hence, string equations determine solutions invariant under

additional symmetries characterized by the generators
Virs = B, 7Q",
which close a Poisson algebra
Visrs; Vs } = ((r + (8" + 1) = (" + (s + 1) Vi 5ot

In particular the functions Vo generate a Virasoro algebra.

A Appendix: The right logarithmic derivative

Here we follow [9]. Given a manifold 7, a Lie group G with Lie algebra g and amap ¢ : 7 — G
we define the right logarithmic derivative 6f € Q1(7,g) as the following g-valued 1-form

SP(E) = Ty () o Tp(€) VE € TT, te T,
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where p9(h) = g - h is the left multiplication in the Lie group. Recall that the right Maurer—

Cartan form x € QY(G, g) is a g-valued 1-form over G given by

kg =Ty ),
in terms of which
M =Y k.
Given two maps ¥, ¢ : T — G then
o1 - @) = o¢ + Ad2p(99) (95)

and therefore
S(1) = — AdB(30).
It also holds for w := § and z = Ad¢(Z) that
dw + %[w,w] =0, (96)

dz = [0, z] + Ady(dZ). (97)

If there is an exponential mapping exp : g — G we have the formula
Tx exp(Y) = T,u™PX . /01 Ad(exp(sX))Yds.
Thus, if v = exp X with X : 7 — g we have
0(&) = Ty’ (Tx exp) Ty X (€) = Typ” " o Tep? - /0  Ad(exp(sX)) (TeX (€)ds
= /01Ad(exp(sX))(TtX(é))dSN& € TiT,

that when we are allow to write Adexp X = >~ j(ad X)"/n! —for example if G is a Banach-Lie

group— reads

51— i (ad X)" T X

1
=~ (n+1)!

Given a smooth curve X : R — g we consider the problem

() =X(t), v:R—G
¥(0) =e.
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If there exists a solution is unique an local existence implies global existence. We write evol :
C*(R,g) — G, with evol(X (t)) = ¢g(1) and say, following Milnor, that the Lie group is regular
is evol exists and is smooth. That is smooth curves in the Lie algebra integrates, in terms of

the right logarithmic derivative, to smooth curves in the Lie group.
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Figures

Figure 1: Graphical illustration of the splitting.
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