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1 Introduction

Nonlinear integrable models of dispersionless type [1]-[4] arise in several branches of physics and applied
mathematics. They have gained prominence after the discovery of their relevance in the formalism of quan-
tum topological fields [5]-[6], and of their role in the theory of deformations of conformal and quasiconformal
maps on the complex plane [7]-[9] . Recently, new applications have been found [10]-[16] which include dy-
namics of conformal maps, growth processes of Laplacian type and large IV limits of random matrix partition
functions.

From the point of view of the theory of integrable systems , these models turn to be furnished by members
of the so called universal Whitham hierarchies introduced by Krichever in [4]-[5]. A particularly important
example of these hierarchies is the dispersionless Toda (dToda) hierarchy [10]-[13], [17]-[18]. The solutions of
dispersionless integrable models underlying many of their applications satisfy special systems of constraints
called string equations, which posses attractive mathematical properties and interesting physical meaning.
Takasaki and Takebe [19]-[22] showed the relevance of string equations for studying the dispersionless KP
and Toda hierarchies and, in particular, for characterizing their associated symmetry groups. Nevertheless,
although some schemes for solving string equations in the dispersionless KP and Toda hierarchies were
provided in [23]-[25], general efficient methods of solution for string equations are still lacking.

In a recent work [26] a general formalism of Whitham hierarchies based on a factorization problem on a Lie
group of canonical transformations has been proposed. It leads to a natural formulation of string equations in
terms of dressing transformations. The present paper is concerned with the analysis of these string equations
and, in particular, their applications for characterizing exact solutions of Whitham hierarchies. Thus we
provide a solution scheme for an special class of string equations which determines not only the solutions
of the algebraic orbits of the Whitham hierarchy [5] , but also the solutions arising in the above mentioned
applications of dispersionless integrable models [24]-[25]. We characterize the 7-function corresponding to
these solutions and, by taking advantage of the string equations, we also derive the differential expressions
of the underlying Virasoro constraints.

The elements of the phase space for a zero genus Whitham hierarchy are characterized by a finite set

(qa,z(;l(p)), a=0,...,M,

of punctures qn, where gy := 0o, of the complex p-plane and an associated set of local coordinates of the
form

( e ) d
Pty a=0,
n:lp
o= (1)
d; >
— > dinlp—q)", a=i=1,...,M.
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The set of flows of the Whitham hierarchy can be formulated as the following infinite system of quasiclassical
Lax equations
02y,
Otun

- {levza}’ (2)

where the Poisson bracket is defined as
oF 0G OF %
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and the Hamiltonian functions are

(20) () n =1,
Qun = (3)
—log(p—¢q), n=0, pw=i=1,...,M.
Here (+)(; +) and (-)(o 4 stand for the projectors on the subspaces generated by {(p—qi) ™" }52; and {p" }72, in
the corresponding spaces of Laurent series. For M = 0 and M = 1 these systems represent the dispersionless
versions of the KP and Toda hierarchies, respectively.
In what follows Greek and Latin suffixes will be used to label indices of the sets {0,...,M} and

{1,..., M}, respectively. In our analysis we use an extended Lax formalism with Orlov functions
me(z,t) = intanz”_l + fa0 + Z Ua—n, tog := — %tio, (4)
n=1 ’ e i1
such that

{zZasma} =1, Va,

and verifying the same Lax equations (2) as the variables z,.

The basic notions about the Whitham hierarchy which are necessary for the subsequent discussion are
introduced in Sec. 2. String equations and symmetries are discussed in Sec.3, where the main results
concerning the construction of solutions from meromorphic string equations and their Virasoro invariance
are proved. Section 4 presents a scheme for solving an special class of string equations, which is illustrated
with several explicit examples. A formula for the corresponding 7-function is given which generalizes the
expression of the 7-function of analytic curves found in [10]. Finally, we analize the Virasoro symmetries
associated to the string equations and obtain the corresponding Virasoro constraints in differential form.

2 The Whitham hierarchy

In order to display the main features of the Whitham hierarchy it is convenient to use the following concise
formulation in terms of the system of equations

dze Admg = dw, Va, (5)
where w is the one-form defined by
w = Z Qundt . (6)
wn

To see how to get from the system (5) to the Whitham hierarchy, note that by identifying the coefficients
of dp A dt,y, and da A di,, in (5) we obtain

% Omg, _ Omey 0zq 0yn
dp Oty dp Otun op ’

% Omy, B Ome, 0z 0yn
0 Oty 0r Otun oxr




and, in particular, since Qo1 = p, for (g, n) = (0,1) , the system (7) implies

{zayma} = 1.
. . . 0z, Omg,
Thus, using this fact and solving (7) for and ——, we deduce
Otun Otun
024 Oomq
= Q ny ~a S . Q M af-
8t/1,n { 2 & } 8t/1,n { 1% m }

It is now natural to introduce the S-functions of the Whitham hierarchy. Indeed as a consequence of (5)
we find

d(ma dza+ 3 detun) —0, Va,
wn

so that there exist functions S, (zq,t) such that

dSe = Mo dza + Y Qundtym, Vo, (8)
w,n

and from (4) we see that they admit expansions of the form

v 1 1
Sy = ; Zotan + 108 zatao — Va1 (t) — ; 0‘77;—4_%, Zo — O0. 9)
n-= n-

It is important to notice that from (1)-(4) and (8) it follows that

dSp = Z (”Zo Yondzo + (2§ )(0,+)dt0n> + zloodzo + 0(?)(120, Zp — 00,
n>1 0

and consequently we may take
Vo1 (t) =0.

To proceed further some analytic properties of the dynamical variables of the Whitham hierarchy are
required. Thus we will henceforth suppose that there exist positively oriented closed curves I'), in the
complex planes of the variables z, such that each function z,(p) determines a conformal map of the right-
exterior of a circle v, := z;l(Fu) on the exterior of I', (we will assume that the circle g encircles all the
vi, (i = 1,...M)) (see figure 1). Moreover, for each a the functions S, and m, will be assumed to be
analytic in the exterior of I',. Under these conditions one can prove that

8ﬁ,mva,n+1 = aa,nvﬂ,m-i-la vaa /87 n,m. (10)

In other words, it is ensured the existence of a free-energy function F = F(t) , the logarithm F' = log7 of
the dispersionless T-function, verifying

dF = > vanridtan. (11)
(a;m)#(0,0)



Figure 1: Right-exteriors of v, and I,

We indicate the strategy for proving (10) by considering the case « =i, 8 =j > 1, n,m > 1 of (10). From
(4) and (8) it follows that

1
Vin+1 = %é zi'midz,  O0jmSi = (ZT)(J',H’

so that

1 1
i = g3 § 00 = 57 § G

(12)

1
= o j{ )G,z @4 = OinVjma1,

where we have taken into account that (27")(; 4+)0p(2]")(j,+) 18 a rational function of p which has finite poles
at ¢; and ¢; only and a zero residue at oo.

3 String equations and symmetries

As it was shown in [26], the analysis of the factorization problem for the Whitham hierarchy shows that this

hierarchy admits a natural formulation in terms of systems of string equations of the form

{B(Zz,mz) = PO(Z(),m()), i=1.2 M (13)

Qi(2i,mi) = Qo(20, mo),
where {P,, Qa}g[:O are pairs of canonically conjugate variables

{P.(p,x),Qu(p,x)} =1, Va. (14)

In what follows we consider the problem of finding systems of the form (13) which are appropriate to generate
exact solutions of the Whitham hierarchy:.



Given a solution (zq(p,t), ma(p,t)) of a system (13), if we denote
Pa(p,t) := Pa(za(pt), ma(p;t),  Qa(pt) := Qalza(p;t), ma(p, ),
then (13) and (14) imply
dPy NdQn =dPg ANdQg, Va,p (15)
and
dP, ANdQ, = dzy Adm,, Va, (16)
respectively. Hence solutions of the system of string equations verify
dPo ANdQ, = dzg Admg, Va,p. (17)
The next result provides a convenient framework for our subsequent discussion of solutions of (13).

Theorem 1. Let (z4(p,t),ma(p,t)) be a solution of (13) which admits expansions of the form (1)-(4) and
such that the coefficients of the the two-forms (17) are meromorphic functions of the complex variable p with
finite poles at {q1,...,qnm} only. Then (z4(p,t), ma(p,t)) is a solution of the Whitham hierarchy.

Proof. In view of the hypothesis of the theorem the coefficients of the two-forms (17) with respect to the
basis

{dp Adtan, dtan Adtgm}

are determined by their principal parts at g, (x = 0,..., M), so that by taking (17) into account we may
write
M
dzo Admg = Z(dzu ANdmy) 4y, Vo
n=0
Moreover the terms in these decompositions can be found by using the expansions (4) of the functions m,
as follows

= dt dv,n
dz, Admy, =dz, A (an:j_ldtun + z—“o + Z %)
n=1

H n>2 KB

> 1 doun,
:d(ZdetW—l—logsztuo—Z Y ),

n—1 o2 VT Lz
so that
(dzu A dmu)(u,ﬂ = d(i(zﬁ)(wr)dtun - (1= 5#0) log(p — qu)dtuo)
n=1
= (Y Q).
Thus we find

dzg A dmg = dw = d(Z Qundtw), Va,
e

and, consequently, this proves that the functions (z(p,t), mq(p,t)) determine a solution of the Whitham
hierarchy. O



Following the dressing scheme of [19]-[22] it can be shown [26] that each solution of the Whitham

hierarchy is determined by an associated system of string equations.

As it was shown in [26] a complete formulation of the symmetry group of the Whitham hierarchy is
obtained by considering deformations of the associated factorization problem. On the other hand, a natural
representation of this group is provided by the following symmetries of string equations implemented by

Hamiltonian vector fields:
Theorem 2. Given a vector function
F:= (F()(ZQ, mo), PN ,FM(ZM, 'mM)),

the infinitesimal deformation

Op Py = {FaaPa}, 5IFQa = {FaaQa}a

OFrza = {2a, (Fu)-}, Opmeq := {ma, (Fa)-},

where

(Fa)— = Fa— > (F3)(a4),
3

determines a symmetry of the system of string equations (13).

Proof. We have to prove that given a solution (z4,mg) of (13), then at first order in €

(Pz + € (S]FPZ)(ZZ + € dpzi,m; + ¢ (5sz) = (PO +e€ 5[E‘P0)(ZO + € dpzg, mo + € (5]Fm0),
(Qi + € 0vQ;) (2 + € Opzi, m; + € dym;) = (Qo + d¥Qo) (20 + € dr2z0, Mo + € Irmy),

foralli=1,..., M. Let us consider the first group of equations of (20), they can be rewritten as
oF; oF; 0F, 0F,
—O0rz; + —opm; + {F;, P;} = —§ — Fy, P
o7, F2; + B Fmi + {F;, P} 70 F2z0 + Bme rmo + {Fo, P},

or, equivalently, by taking (19) into account, as
{Fi — (Fy)-, P} = {Fo — (Fo)-, Ro}, Vi

By hypothesis P;(z;,m;) = Py(z0,mo). On the other hand

Fi—(F)-=Fy— (Fo)- =Y (Fs)s+),
5

so that (21) is satisfied. The proof for the second group of equations of (20) is identical.

(18)

(19)

(20)

(21)

O

We note that the condition for a solution (z,,my) of the string equations (13) to be invariant under a

symmetry (19) is

(Fo(za,ma))- =0, Ve,

(22)



or equivalently

Fo=> (F)g4) Ve (23)
nw

In other words, the functions F, (24, ms) must reduce to a unique meromorphic function of p with finite poles
at the punctures ¢; only. As a consequence it follows that, under the hypothesis of Theorem 1, solutions
of the Whitham hierarchy satisfying a system of string equations (13) are invariant under the symmetries
generated by

P = (Py(z0,m0),--. , Prr(zar, mar)), Q= (Qolz0,m0),...,Qn(za, mar)),
and, more generally, they are invariant under the symmetries generated by
Vs = (PFTL Q5T PR QSEY, 1> —1,5>0, (24)
which determine a Poisson Lie algebra W of symmetries
Vro Virgd = (r 4+ D' +1) = (¢ + 1)(s + D)V,
In particular the functions V,. :=V,y and ﬁ’s = —V, generate two Virasoro algebras.

Vi, Vi = (r = ") Vopyr, {@&@8’} = (s — Sl)@erS“

4 A solvable class of string equations

In [26] a class of string equations was introduced which manifests special properties with respect to the
group of dressing transformations. We next provide a scheme of solution for this class.
Let us consider systems of string equations associated to splittings

{1,... , M}=IUJ, INnJ=0

of the form

no mj no
n; __ _no —_——— = Z
zZ; =2 n; Z’I:L] 1 0
J
iel , jeJ , (25)
1 my; 1 mo 1 1 m
=1 n_ ng—1 —znj - -0
n; z. T —

where n, are arbitrary positive integers. For J = () these systems furnish the solutions describing the
algebraic orbits of the Whitham hierarchy [5], while the case I = () includes the systems of string equations
considered by Takasaki [18] and Wiegmann-Zabrodin [10]-[14] in their applications of the dToda hierarchy.
The discussion of our scheme for solving (25) requires the consideration of the two cases J = () and J # ()
separately. In what follows we consider solutions with only a finite number of times ¢,,, different from zero.



4.1 The case J =10

The corresponding system is given by

= 0,
=1 M. 26
1 mz B 1 mo 7 7’ ) ) ( )
n; 2t ng ol
The first group of equations (26) is satisfied by setting
M n;
2 =200 = B(p) := p™ + tpyg—op™ 2+ +ug + Z Z ~ ) (27)
=1 s= 1 v

and, obviously, appropriate branches of z,, can be defined which are compatible with the required asymptotic
expansions (1). On the other hand, notice that the remaining string equations in (26) can be rewritten as

dZ()
; = 28
m; mo dziv ( )
so that they are verified by taking
oS
My = %’ Ya, (29)

for a given function S(p,t), which means that all the S, are equal to S. Moreover, it is straightforward to
prove that the expansions (4) are satisfied if we set

S = Zt(mzo )0,4) +Z(Ztm )G+) — joln(p—q]'))- (30)

In order to satisfy the hypothesis of Theorem 1, the functions z° and mg/ 280_1 must be rational functions
of p with possible finite poles at the points g; only. In view of (27) this condition is verified by 2. On the
other hand, (26) and (29) imply that

1 mo o 61,5
no Z(T)lo—l - apE'

Therefore, the requirements of Theorem 1 are satisfied provided that

9yS(py) = 0, (31)
where p, are the zeros of

O E(pr) = 0.
We observe that the number of zeros p, is

M
M+n0—1—|—2ni,
i=1



which equals the number of unknowns {q;, ug, . .. ,un,—2, vis}. Equations (31) coincide with those formulated
by Krichever in [5] for determining the algebraic orbits of the Whitham hierarchy.

Example:M:2,n0:n1:n2:1,N0:2,N1:N2:1

In this case (27) reads

ta=E(p)=p+——+—2-, 0<ac<2,
P—q¢1 DP—Qq

and (31) leads to
—t10 — too + 2to2v1 + 2tgove = 0,

qitio + 2qot10 + 2qitao + gatoo + to1v1 — 4qatoov1 — t11v1

+to1v2 — 4q1toava — t21v2 = 0,
—2q1gat10 — q2%t10 — q1%t20 — 2q1q2t20 — 2qato1v1 + 2q2%tp2v1
+2got11v1 — 2q1to1v + 2q1%t02v2 + 2q1ta1ve = 0,
Q1q2%t10 + @12 qatao + @2 torvr — @2*ti1vr + @1 torva — @i taive = 0.
By solving this system we obtain

2t109 + t20
4 2to1t10 — 2t10t11 + 2t01t20 — t11t20 — t20l21
toz | p+
4tz (t10 + t20)

Ra = E(p): D+

t
+ 20 0<a<?2

Aty (p— —2to1 (t10 + t20) + 2taotar + tio (11 +t21) )’
02 4to2 (t1o + t20)

4.2 The case J # ()
Now we consider the system (25) for the generic case J # (). We look for functions m, of the form
Na v M
= Z ntong 1 + Z a:v too = — Z tio, (32)
n=1 n>2 o i=1

for arbitrary positive integers N,. In order to verify the hypothesis of Theorem 1 and the expansions (1),
we set

nok
200 = 21 = By (p) i= P + tng_op™ " 24 4t Z Z Z Z — Viel, (33)
o P s P a)”

100

21 = Ey(p) = chp +3 Z i +3 Z Vi€ J, (34)

el n— 1 p—aq)" keJ n—1 (» — )"

10



where ngg, no;, nox (I € I, k € J), the poles ¢; and the coefficients of E; and Es are to be determined.
By introducing the functions

Ma = Mol (35)

and taking (33)-(34) into account it follows that the system of string equations (25) reduces to

Mo="2M; = -"M; = Ex(p) E2(p) Viel, jeJ (36)

n; nj

On the other hand, due to their rational character, the functions M, can be written in terms of their
principal parts at the poles gg

M
M, = Z(Ma)(ﬁ,Jr)a
B=0
and by taking (4) into account we get
No
(Mo)o,+) anOn 20)(0,+) +too, too = tho,
n=1 i=1

Z ntm z +

Therefore (36) is satisfied by

M
Mo—ZntOn 20)(0,4) +t00+z Zntm )iit) — Z Zmﬁjn , too=—>_tjo
il " =1 jes M= j=1 (37)
M; = %Mo, M, = ——Mo, Viel, jeJ,
provided My verifies the equation
Mo = E1(p)E2(p). (38)

At this point notice that from (33),(34) and (36) it follows that (38) is the only equation to be satisfied
in order to solve the system of string equations (25). Both sides of (38) are rational functions of p with
finite poles at {q1,...,qa} only, so that (38) holds if and only if the principal parts of both members at
{qo,q1,-..,qm} coincide. Now we have that:

e At gy = oo, the function My has a pole of order Ny, while E(p)FE2(p) has a pole of order ngy + no,
consequently (38) requires that ngg = Nog — ng, so that identifying the principal parts at gg represents
Ny + 1 equations.

o At ¢;, (i € I), the function My has a pole of order N; and E;(p)E2(p) has a pole of order n; + ng;.
Hence ng; = N; — n; and identifying the corresponding principal parts leads to IV; equations.

11



o At gj, (j € J), the function M, has a pole of order N; and E;(p)E>(p) has a pole of order ng; + n;.
Hence ng; = N; — n; and identifying the corresponding principal parts leads to N; equations.

Thus, Eq.(38) leads to Ny + Zf‘il N; +1 equations. On the other hand we have Ng+ Zf‘il N; + M unknown
coeflicients given by

(¢, i=1,2,..., M,

Qily- - 5 Aing, &ila--- 7diNi—ni7 = I,

bj17"' ,ijj_nj, le,... 7l~)jn]-7 ] € J, (39)
UQy« -+, Ung—2

€0y - -+ yCNg—ny

The additional M — 1 equations required for determining these coefficients arise by imposing the asymptotic
behaviour (1)-(4) to (z4,mq). Note that (33) and (34) imply that the functions z, have the asymptotic
form (1). In what concerns the functions mg, from the expression (37) for My it follows that

No
1
Mgy = Zntonzg + too + (’)(—), 20 — 00,
n=1 0

so that mg satisfies an expansion of the form (4). But in order for m; (i = 1,2,..., M) to satisfy (4) we
must impose that

Res(m;, z; = 00) = tip, 1=1,2,..., M. (40)

However, let us see that as a consequence of the string equations (25) it follows that

M
Z Res(mq, 2o = 00) = 0, (41)
a=0

and, consequently, only M — 1 of the equations (40) need to be imposed. Indeed, we have

M M M
211 Z Res(maq, 2o = 00) = Z meadze = Z MaOpzadp.
a=0 a=0 Ta a=0""Ta

On the other hand (33),(34) and (36) imply

m;Opzi = moOpzo, €1,

1 .
m;Opzj = moOpzo — n—oap(El (p)E2(p)), Jj€J,
so that
M M
2mi Z Res(Mmaq, 2o = 00) = j{moapZOdp =0, ~v:= Z Ya
a=0 v a=0

12



where we have taken into account that
1
”ﬂﬁ%20::555b0ﬁ5%31Qﬁ,
is a rational function of p with finite poles at ¢; only, and the fact that

vy~0 in C\{q,...,qm}

In this way we have a system of

M
A@+§:NHJW
=1

equations to determine the same number of unknown coefficients. Therefore, according to Theorem 1, this
method furnishes solutions of the Whitham hierarchy.

4.3 Examples

1) le, I:®, n0:2, nlzl, N0:N1:3

Note that in this case all the equations come from (38). We set

2 2 a1 a2
Zp =p  +up+ + 31 21 = —— + ¢+ C1p
p—q (-9 pP—q
From (38) one obtains the system
P 3toz = c1,
P 2tp2 = co,
9tosu
p': tor + —20 — by + cyup,
9aqt

P’ L0 t10 + 2togup = arer + b1q + coup,
(p—q)2: —6b1%t13 = as,
(p—q)%:  —2b1%(2t12+ 9 (co + c19) t13) =

a1by + az (co + c1q) ,
—2by (tn + 4 (co + c1q) t12
+9 (cg + 2coc1q + c1by + C%q2) t13> =

ascr + ay (co + c1q) + b1 (¢ +u)

13



and by solving these equations we find

2 2
20 =D

2 (qtor + t10 + Gtortostiz + 36to1toztostis + Sdqtortos®tis)
3tos (q + 6tost12 + 36toztostis + 54qtosti3)

At10 (t12 + 6to2t13 + 9qtostis)
(p — q) (g + 54qtozt13 + 6toz (t12 + Gtoatiz))

6t102t13
(p — 9)*(q + b4qtos>ti3 + 6toz (t12 + Gtoat13))”

t10
(p — q) (q + 6togtiz + 36tgatostis + Hdqtos>t1s)

21 = —

+2t02 + 3pt03,
where ¢ is determined by the implicit equation

—2qto1 + 3q°tos — 2t10 + 6qtostin — 12to1tost1z + 24qtestostia
+54¢%t03 12 + 36tz t11t12 + 144t0atos’tia? + 216qtos>t1o>
—T2to1tostostis + T2qto2 tost1s — 108qtortostis

+324¢°toatos t13 + 324¢°tos t1s — 108tz tiot1s + 216teatos t1ites
+324qtoz’tiitrs + 1296t02°toz *tiat1s + 3888qtoatos’tiztis
+2916¢%to3 t1at13 + 2592023 t03 137 + 11664qt0a oz t13°
+17496¢%tgatos 132 + 8748¢3to35t132 = 0.

2)M:2,I:®, noznlzngzl,N(]:]\h:Q,Ng:l

In this case there are three punctures {gy = 00, q1,¢2} and we have to impose equation (40) for i = 1. We

take
aq b1 bo
Z0 =p+ ) 21 =29 = + + co + c1p.
bp—q1 Pp—q1 DP—Qq

14



Then, by identifying powers of p, (p — q1)~! and (p — g2)~! in (38) the following system of equations arises

P 2tp2 = c1,
p': to1 = co,
P’ daitor — ti0 — too = b1 + b2 + aicy,
(p—aq)%:  —2bitiz =ay,
_ by
(p—aq) " —bit11 — 4by (Co +cq1 + > tig =
q1 — q2
bo
bigi + ay ( co+ciq1 + ;
q1 — 42
_ aq
(p—q2) ' —to1 = q2 — .
q1 — 42

Moreover, by taking (37) into account, from (40) we get

—qitor — 2 (2a1 + 1) toz — (Co +ecaq +

b2 > t11
q1 — Qg2
b b 2
-2 20 <01 - 722> + <Co +caq + 2 ) t12
(1 —a2) q1 — 42

bot
g+ — = 0.
q1 — g2
These equations lead to
1 ( 9
20 = p— 77 (1 + 4tpat12) — 2t12 (f10 + 20
0 P 2 (1 + 4toati2) (p — q1) ( ) ( )
+r (t11 + 2toitia — to1 — 4toatiator) ),
! <2a+u t13) — 2t12 (t10 + t20)
21 = r 02t12) — 2t12 (t10 + t20
! 4t1o (1 + 4tooti2) (p — q1)

+r (t11 + 2toitie — to1 — 4t02t12t21))

b1 ( 2 (1 + 4toatia) — 2t12 (10 + ta0)
—_— - 02t12) — 2t12 (t10 + t20
4t12 (p — q2)

+r (—t11 — 2tortiz + to1 + 4t02t12t21)>

+to1 + 2ptoe,

15



where
1

2
= T 1 4 4tgot 2t12 (t t
N 2r (1 + 4toat12) (T (1 + 4tozt12) + 2t12 (f10 + t20)

=7 (t11 + 2to1t12 + to1 + 4toatiatar) ),

1

2
= ——————(7r“ (1 + 4tgot1s) — 2t19 (t10 + ¢
72 2 (1 +4t02t12)( ( 02t12) 12 (t10 + t20)

+7 (t11 + 2toit12 + ta1 + 4toatiator) )7

and r is determined by the equation:
3r4(1 + dtoatin)” — 4t12*(t1o + ta0)’

+4r% (1 + 4toati2) (t11 + 2tortrz — (1 4 4tozt1z) to1)

+7? (75112 + dtor *t12” + Atrotrz (1 + 4toat1z) — dtiatao — 16tgat12°tao
—dtgtiotar — 16to1toatintar + tor? + Stoatiatar” + 16t t12°t0; >
+2t11 (2to1t12 — (1 + 4toat12) t21)) =0.

3) M:2, I:{l}, J:{Q}, n():nl:nQ:NO:l, N1:N2:2.
In this case we take
Wa1 w11

o=z =E(p) =p+ + . 2= Es(p) = +
b—q1 p—q Pp—q2 p—q1

16



By equating the coefficients of p', p°, (p — ¢;) 77, 4,7 = 1,2 in (38) one finds

D to1 = co,
P’ —t10 — top = w11 + wou,
(p—aq1)%: 2t19v11% = V11w,

_ U
(p—q1) o V11 <t11 + 4t12 (Q1 + 2 >>
q1 — q2

V21 w21
= ((I1+ )wn-l—vn (Co+ >,
q1 — q2 q1 — Qg2

(p—q2)%: —2togwy? = vaywat,

w11
— (t21wa1) — 4t22 <Co + 7) wa1
( ) —q1+ @2

vprwin + (= (q1g2) + @2* + v11) war

[y

(p—q2)”

= CoU21 + ;
—q1+q2
and (40) leads to the equation
v
t11v11 11 vy <q1 T CI131(12)
—q2tor +ti0 — ———— — 212 5 +
-1+ g2 (—q1 +q2) -1+ q2

2
w w 2w w
by (CO N é) 9y (CO N é) _ Zwnwa )
—q1+q —q1+q (g1 — q2)
By solving these equations one obtains

Ei(p)=p

_27“12t12 + (t10 + t20) (1 + 4t12t22) — 71 (to1r — t11 + 2t12t21 + 4toitiatas)
4(p—q1)tiz (1 + 4tiaten)

la (2r12t12 — (t10 + t20) (1 4 4t1atoz) — r1 (to1r — 11 + 2t12ta1 + 4to1ti2tez))
(p — q2) (1 + 4t12ta2) ’

Es(p) = to

 2r1%hg + (fio + too) (1 4 4taotan) — 1 (for — t11 + 2tiatar + 4tortiatan)
2(p— @) (14 4t12te2)

2r12t12 — (t10 + tao) (1 + 4t1atan) — 11 (to1 — t11 + 2tiatar + dtortiotas)
+ ;
2(p —q2) (1 + 4t1at22)

17



where
o (t10 + tao) (1 4 4t1atan) + 71 (t11 + 2t19ta1 + to1 (—1 + 4t1ataz))

n= 2 4?"1t12 ’
_ 1 (tio+te0) (1 +4tiatay) + 71 (B + 2tiotor +tor (=1 + 4t19t20))
© 2 4T1t12 ’

and r1 satisfies the equation:

—12r 1% + (tio + 7520)2(1 + 4t12t22)2

+8r13t12 (tor — t11 + 2t1ato1 + 4toitiatan)

—ry? (tll2 — 4t11tiatar — 2tor (t11 — 2tioter) (1 + 4t1oten) + (tor + 4tortiatas)?

+4t1a (—t1o + tao0 + tiotor” — Atiptiotos + At1otootar) ) =0.

4.4 S-functions
According to the identities
0pSa = Madplog zo, My =maza,

it follows at once from (33),(34) and (36) that the functions 0,5, are rational functions of p with finite poles
at the points ¢; (i =1,... , M) only. Thus we may decompose the functions 9,5, into their principal parts

0y S0 = Zﬁ: (954 ) sy (42)

and, in view of the assymptotic behaviour (9), we may write
9) Sa) = OpR,. 43
( (4 (a4) P (43)

where

R = Z(ZZ)(a,-&-)tan — (1 = ba0)tao log(p — qa)- (44)

n>1

Furthermore, from (33), (34) and (36) we obtain

8p5i = apSO, Viel, (45)
0pSj = 0pSo — 750p(E1En), Vj € J,
which leads to
1
ZRﬂ—'—n_()Z(ElEz)(j?"‘)’ ae{0}UI,
B jeJ
S = (46)
1 1
%:Rﬁ - n_O(El E2)(0,+) - n_o ;(EH EQ)(i7+)7 a € J.

18



In principle (45) implies the expressions (46) plus additional p-independent terms w,(t). However these
terms can be removed by using (8) and (9). Indeed, the assymptotic behavior (9) for Sy requires wg = 0.
On the other hand (8) says that

dSZ — dSO = midzi — TYLQdZQ,
so that by using the string equations (25) we deduce

dS; —dSy =0, iel,
dwi:

dS; —dSo+ £=d(E1 Ey) =0, i€ .

4.5 7-functions

Theorem 3. The 7-function for the solutions of the Whitham hierarchy associated with the class of string
equations (25) is given by

1 log
2logT = Za: 57 }1{& (ng:l Zptan) Madze — ; 47” " 7{ Z;ms§ “dz; + Z tiovi1 — Z tiotjo

i#£]

(47)

2
=30 tantanii = 3 — LS o = Y Qtjf bg DS tinto

a n>0 JjeJ Jn>1 jeJ 1#]

Proof. Our strategy to prove (47) is to start from the free-energy function for the algebraic orbits of the
Whitham hierarchy [5]

Fy = Z Ami % Z, 7fcvm madza+ thovzl’ (48)

and determine the appropriate modifications to get the free-energy function for the solutions of the class of
string equations (25).
By differentiating F{y with respect to t;,, n > 1 we get

61 nFO = —% 2] mldzl + Z T % Z 24, tam ( Z] )(l +))dp + = Ztloal nVil, (49)

and arguing as in the derivation of (12), we find that

F (O e () = § 40, (30 et tam )

VY m>1 " m>1

On the other hand, for ¢ # | we have

1
WnSi = (21'),4) = —Oinvir + O(;) p— @,

(2

19



so that

n 1 (Zn) ,
Onvir = —(21") 1,4 (@) = _j{ P g
s

27t Jy, P — G

1 1 .
=5 ¢ (@)anIploglp —ai)dp = —5— ]{ 21 Oplog(p — qi)dp, i #1,
Y

21 -

and the same expression turns out to hold for ¢ = [. Hence (49) can be rewritten as

ko = vzn+1 + j{ 2" 28 (26 ) (a,+)tam — (1 = ba0)ta0 log(p — qa)>dp
m>1

= U1+ 1 7{ (ZaR 8pSl>dp (50)

1 n
= U1 + Z Ani 7’{”(21 )(l,+) (8pRa - (8psl)(a,+)>dp‘

Furthermore, we have that

1

4ri 4

1
&)t (Bofe = @S0 = =1 F G (OB = (BpSias))dp
Yo

n

1 n
- j{a(zl )4 (apsa - 8p51>dp,

so that from (45) and by taking into account that

M
f (Zln)(l,Jr)a (El E2 Z% Zl lJr E1 E‘Q)dp7
Y0 Yi

=1

we get

1 1
I nFo = Viny1 + "o ZE; T ﬁj(zf)(l,+)ap(El Ep)dp
J

(51)

1
= Vipt1 + E 47”” j{ z2im;0p pm;dz; —Uln+1+81n< E 8m’n-j(€ zjm?dzj),
: J J j
je

which shows that
Onlog 7 = vipy-
By a similar procedure one finds

aO,n log 7 = vopt1, m=>1.
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Nevertheless, proving that
al,ologT:vll, lZl,...,M.

requires a more involved analysis. Firstly we differentiate Fjy with respect to tj
1 1 1
OoFy =S — my a(—l _ )d =S ti0BLovi + =it
1,050 %:47% jﬁa(nglza am)Op og(p —q) )dp + 2; i001,0Vi1 + 5

and use the following relations

1
j{ Z zmtam - —dp=— 7{1 ( Z(z;”)(a7+)tam)mdp, a # 1,

l

Yo m>1 m>1
7{ D ftim) o dp = ~2mi Tmn (3 (" = (") a)tim ).
N m>1 P>t

O ovit =log(qi — @), i #1, v = I}ijr;l log(zi1(p — q1))-

Then (53) becomes

1 1
ok = = —
1,0£0 21)11-1-4m —a

(Z Z 26 )(a,+)tam — (1 = da0)tao log(p — o)

a#l m>1

N——~7

1 . . log(
+ = lim ( Z(Zz — (") 1,4 ) tum + tiolog(zi(p — @) ) g Zt 0-

m>1 1#l

Furthermore, from the asymptotic expansion (9) of S; we have that

v = lim ( Z 2] tim + tio log 21 — Sl),

N
pP—q m>1

which allows us to rewrite (54) in the form

LS Ruct g dim (50— 1) + 2D S

a#l 1#£l

1
O0F0 = v + —
Ami Jy p—

1#£l
Now by using (46) it is straightforward to see that

1 dp 1
— R—S): %—E - 74 midomidz;, (56
Ari (Z ! ny ¢ Z Ari 1452 _]EZJ dming Jr, Zjmj01,0m;dz; (56)

’ylp_ql

which shows that (55) is equivalent to (52).
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Figure 2: Conformal map z = z(p)

4.6 Conformal maps dynamics

We will outline how our scheme applies for characterizing dToda dynamics of conformal maps, and, in

particular, how (47) gives rise to the expression of the 7-function of analytic curves found in [10].

Given a simply-connected domain D bounded by a closed path I' in the z-plane, there exist [27] a unique

circle v in the p-plane and a unique conformal map z = z(p) satisfying

. d
2p)=p+ Y — z— 0,
n—lp

(57)

such that z = z(p) transforms the exterior of 7 into the exterior of I' (see figure 2). Note that the conformal
map used by Wiegmann-Zabrodin [10] is given by z(r p + ¢), where ¢ and r are the center and the radius of

v, respectively.
Let us define the function

z(p) = 2(Z+(p)),
where 7., denotes the inversion with respect to the circle
2

T
,(p) i =q+ ——.
+(p) 7

It is clear that

Z(p) = 2(p), Vpen.
If ' is asssumed to be an analytic curve, then it can be described by an equation of the form

z=8(2),

(58)

(59)

where S(z) := Z(p(z)) (the Schwarz function) is analytic in a neigborhood of v. Thus, if I' encircles the

origin, §(z) can be expanded as

n-1, to ’Un(t)
S(z):Zntnz +;+Zzn+1’

n>1 n>1

22
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where the coefficients t, (n > 0), the exterior harmonic moments of I', determine the curve I' and the
conformal map (57). Note , in particular, that the coefficient ¢

represents the area of D.
In this way, by considering the harmonic moments as independent complex parameters, if we define

a=q, 2()=2z2p), =) =2z20p),
ton == tn, tin= _ETU n > 07

mo = S(20), m1 = —z(p(z1)),

we obtain a solution of the system of string equations

—-m1 = 29, 21 = mg. (61)
Furthermore, by taking into account that
Vint1 = —Uop+1 = —Up, N >1,
and the identity
tg +2 Z Nty Uy = L zS(z)zdz = i 7{ 272dz
27 Jr 2w Jr

n>1

1 _
= ;/D |z)?dady = 3 + 2 Zntnﬂn,

n>1
we see that (47) reduces to
1 _ t2
2log T = 52(2—n)(tnvn+tnvn)+tovo—5, (62)
n>1
where vg := —vy1, which is the expression for the 7-function associated to analytic curves obtained in [10].

Notice that (61) is the simplest nontrivial case (I =0, J = {1}, ng = n; = 1) of the class of string equations
(25) .

4.7 Symmetry constraints

As we proved above, solutions (zq, M) of systems of string equations (13) are invariant under the symmetries
Ves = (BT Q5T ... Py QY r>—1,s>0.
Moreover, as a consequence of (13) we have that the following identities hold
PO’"H Q(S)H _ Pir+1 stJrl _ Pjr+1 Q;H _ Pg“ Q;H’ Viel, jelJ, (63)

for the values of the functions P, and @, at a solution (24, m). In particular these identities lead to the
following expressions for the constraints arising from the invariance of (25) under the action of V..
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Theorem 4. If (z4,m) is a solution of the string equations (25) then it satisfies the identities
zOé r )Ny S+1 S +1 Z] (s—7)n; 1"+1
3 j{ iz + (1) g Z dz =0, (64)
ac{0}UI
for allr,s > 0.

Proof. From (33)-(36) we find that (63) takes the form

no&+4)<;L mo >8+1__2nwr+1)(j£ mi >8+1<_ (fZi>s+1(__ no_my >T+1
— . _

%0 ng 250! ! Nz 1o n; zJT.Lj !
(65)
, Viel, jed,
g
and we have that
1 mg \st 1 m; \st! (9, BT EsT!
z"o<r+1><_ 0 ) "9, log E "Z“*”( i ) Oylog By = ~2—1 )=
N P T 8= T A
(66)
n; 1 ps+1
25 s+1 n mi r+1 ’I“+1 1 m s+1 ErJrE
S -0 ]) d,log By = — "0(’"“)( —0) d,log E 8(7)
(no) ( nj ;1 P08 2 s+1 “0 ng zg()*l p OB 1 Cp (s + 1)n; s+1

for all r,s > 0 and i € I, j € J. Hence if we proceed as in the proof of (41) and take into account that

Oplog By = ng0plog zg = ni0plogz;, Viel,
Oplog By = n;0plogz;, Vje€J,

it is straightforward to prove that

2o (r+1) me \$T1  dzg 5 +1 S+1 ng mj; \"t1 dz;
Z m> na—— T n-—l) i
ac{0}ur Na Za “a yad T+1 no nj 2 2
(67)
1 s+1 OB EST
:7{230”“)(— 0r) Bylog Evdp = 7{ GBI )BTy,
v o ZOO ¥ (T + 1)
where 7 := ZQ/IZO Ya- This proves that the identities (64) hold. O

By evaluating the integrals of the left-hand side we obtain the symmetry constraints in terms of differ-
ential equations for the free-energy function F' = log 7.

Examples

For r = s = 0 the equation (67) reduces to (41), so that it implies
> tan =0.
[
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The cases (r,s) = (1,0) and (r,s) = (2,0) correspond to the Virasoro constraints induced by V; and Vy,
respectively, and lead to the identities

no 1
Z aOC,naF - Z n_( Z ntjnajvn/_lF + njtjn]tj() + 5 Z nn/t]nt]n’) = 0,
J

ac{0}UI jeJ n—n'=n;—1 n+n/=n;

> Onon,F +Z<%>2< 3 i (D1 F) Qg1 F)+2 > ntjntjodsw—1F
J

ac{0}UI jeJ n—n/—n'"=2n;—2 n—n'=2n;—1

+ Z nn/tjntjn’aj,n”—lF + antj 2n; t?O + Z nn/tjntjn’tjo

n+n/—n'"=2n;—1 n+n’'=2n;

1 1
+ g Z nnmn tjntjn’tjn”) =0.
n+n/4n''=2n;
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