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The interest in Lagrangian fibrations (LF) has several sources. First, the irreducible symplectic
varieties (ISV) being a higher dimensional generalization of K3 surfaces, those with a LF are a generalization of K3 surfaces with an elliptic pencil. One will wonder whether the role of the LFs in the
theory of ISVs is similar to that of elliptic pencils in the theory of K3 surfaces. Second, the LFs are,
in another terminology, algebraically completely integrable systems (ACIS). So, the discovery of a
new LF is at the same time a discovery of a new integrable system, pending applications in physics.
Third, the known deformation types of ISVs being rather scarce, it is tempting to construct ISVs as
fibrations in abelian varieties endowed with a symplectic 2-form making them LFs.
As concerns the first item, it is natural to expect, by analogy with K3 surfaces, that a rational
Lagrangian fibration exists if and only if V has a divisor D with Beauville–Bogomolov square 0. The
necessity to go over to rational LFs is due to the fact that birational ISV’s have the same Beauville–
Bogomolov form, and a birational transformation (flop) can destroy the regularity of a LF making it
a rational map. In [M2], the question on the criteria for the existence of rational LFs on the punctual
Hilbert scheme S [d] of a K3 surface S is addressed. It is proved that S [d] admits a rational LF if the
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Beauville–Bogomolov form on the cohomology H 2 (S [d] ) = H 2 (S) ⊕ h2d − 2i has an isotropic
vector f + ke, where e is a basis of h2d − 2i = Ze, Pic(S) = Zf and k ∈ Z. The construction
of f uses a twisted Fourier–Mukai transform which induces a birational isomorphism µ between
S [d] and a certain moduli space of twisted sheaves on another K3 surface M , obtained from S as its
(twisted) Fourier–Mukai partner. The same result was obtained, simultaneously and independently, by
Sawon. Later Yoshioka strengthened this result in proving that the above birational isomorphism µ is
biregular, so that the LF constructed on S [d] is not just rational, but regular. However, if Pic(S) 6' Zf ,
an example given in [M2] shows that f may have a nonempty indeterminacy locus.
We plan to extend this result to the general case when the Beauville–Bogomolov form represents
zero on H 2 (S [d] ), that is, the case when there exists an isotropic vector v ∈ H 2 (S [d] ) of the form
kf + le with k, l ∈ Z mutually prime, f ∈ H 2 (S) a primitive class. The next question to investigate
is whether the orbits of such classes kf + le under the monodromy (resp. the full orthogonal) group
action exhaust all the integer isotropic vectors in H 2 (S [d] ). A positive answer would mean that for
each isotropic vector v ∈ H 2 (S [d] ), the hyperplane section v ⊥ of the period domain has a dense open
subset of points representing periods of regular LFs given by the linear system of the divisor class v.
Stated in this form, the result will imply a complete analogy with the description of periods of K3
surfaces having an elliptic pencil with class v.
Quite naturally, we will also think about possible new explicit constructions of Lagrangian fibrations that will extend this kind of results to other moduli spaces of ISVs, and generalized ISVs with
mild singularities (see the third item below).
As concerns the second item, there are rather few known Lagrangian fibrations on ISVs. Generally
speaking, they all are obtained by finding a birational isomorphism between the given ISV M and
some torsor T under the compactified relative Jacobian J of a complete linear system |C| of genus-g
curves on a K3 surface, or else between M and the fiber of the Albanese map T → Alb(T ) = A × Â,

where T is some torsor under the compactified relative Jacobian J of a linear system of curves on an
abelian surface A (see [M2], [Gu], [De] and references therein). The compactified relative Jacobian is
understood here as the moduli space of Simpson-semistable torsion sheaves with Euler number 1 − g,
supported on curves from |C| and having rank 1 when considered as sheaves on their support. The
LF map is the support map, sending each sheaf to its support ; its base is always the projective space
|C| = Pg for a K3 (Pg−2 for an abelian) surface, and the generic fiber is the Jacobian of a genus-g
curve for a K3 surface (or its abelian subvariety of codimension 2 with polarization (1, . . . , 1, g − 1)
for an abelian surface).
On the other hand, there are examples of LFs over a noncompact base. These are the Donagi–
Markman integrable system [DoM] of the intermediate Jacobians of the hyperplane sections of a
smooth cubic 4-fold in P5 , and the integrable system of intermediate Jacobians of the complete family of gauged Calabi–Yau manifolds [DoM] or of the complete family of Fano varieties with fixed
hyperplane section [B], [IM1], [IM2], [M3]. The case considered in [M3] is that of the relative intermediate Jacobian of the moduli space of the K3–Fano flags S ⊂ X, where S is a fixed K3 surface
and X a Fano 3-fold containing S as an anticanonical divisor.
The fibers of these LFs are in general not Jacobians of curves, and it is a very interesting question
whether their total space can be compactified into a smooth symplectic variety on which the LF
remains regular. If yes, this will give first examples of LFs on ISVs whose fibers are principally
polarized, but are not Jacobians of curves. The first case to look at is that of the K3–Fano flag in
which S is a degree-6 K3 surface and X is a cubic 3-fold, first considered in [B]. As show [B] and
a recent preprint of Hwang–Nagai, this LF is closely related to the sporadic 10-dimensional ISV of
O’Grady. This problem might be treated for more types of K3–Fano flags (say, for some flags with
Fano of index 1) in the case if we suggest this theme to a PhD student.
Another question that should be treated is that of a description of the bases of the LFs of [M3]. A
priori, they are Deligne–Mumford stacks, but are expected to be open sets of projective spaces.
Another way to associate an integrable system to K3-Fano flags is to take a pair of K3-Fano flags
(S, V1 ), (S, V2 ) with the same S, and consider the normal crossing variety X = V1 ∪ V2 , where V1 ,
V2 intersect transversely along S. Then X can be smoothed to a Calabi–Yau threefold. The Donagi–
Markman integrable system over the moduli space of gauged Calabi–Yau threefolds obtained by
smoothing X defines the “boundary” integrable system whose Liouville tori would be the products
J(V1 ) × J(V2 ) × J(C), where C is a curve running through the linear system of the line bundle
NS/V1 ⊗ NS/V2 . A similar construction was described in [Do], Section 6, where the normal crossing
Calabi–Yau was the union of two threefolds, each an elliptic fibration over a del Pezzo surface rather
than a Fano threefold, and the fibers of the boundary integrable system were just the products J(V1 ) ×
J(V2 ). We plan to write down the technical details justifying this construction and to determine the
heterotic counterpart of the boundary integrable system in the framework of the heterotic/F -theory
duality described in loc. cit.
As concerns the third item, we plan to continue the work, started in [MT] and aimed at new
constructions of generalized ISVs with certain mild singularities (with a hope that one may occasionally get nonsingular ones, too). This theme is extremely convenient for a work with a PhD student
and will be treated to a larger extent if there is one. Narrowly understood, this is the study of the relative compactified Prym varieties of τ -invariant parts of linear systems of curves on K3 surfaces with
an anti-symplectic involution. In a larger sense, these are components of the fixed loci of finite groups
of symplectic automorphisms of holomorphically symplectic varieties (the compactified Pryms are
particular cases of these). One may also consider fibrations in generalized Prym–Tyurin varieties as
those studied in the recent work of Izadi–Lange and try to find out, which of them admit a symplectic
structure making them LFs.
The case treated in loc. cit. is that of a quartic K3 surface S with an anti-symplectic involution τ .
The relative compactified Prym P is singular for generic (S, τ ), having 28 singular points of type
C4 / − 1, and we introduce a notion of an irreducible symplectic V -manifold (ISVM) so that P is
an ISVM. There is some evidence that any relative compactified Prym of polarization (1, 2) which
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admits a structure of a LF is obtained in this way. This would mean, that there are no nonsingular
ISVs with LFs of polarization (1, 2) ; remind that the known examples of LFs on nonsingular ISVs of
dimension 4 have polarizations either (1, 1)or (1, 3).
The following questions will be investigated :
– Describe the compactified relative Prym variaties associated to the linear systems on double
covers S of a Del Pezzo surface D with branch divisor in | − 2KD |. One should first look at the
linear systems of inverse images in S of curves on D of genera 1 and 2.
– Study the relative compactified Prymians P of genus-g linear systems on a generic Enriques
surface E for small values of g = 2, 3, . . .. For g = 2, P should be a K3 surface, and it is
interesting to find its relation to the K3 double cover S of E. Probably, P is a Fourier-Mukai
partner of S. For g = 2, P has a LF in principally polarized abelian surfaces which is not
constructed as the relative Jacobian of a family of genus-2 curves. However, it should be possible
to represent it as the relative Jacobian of a linear system of genus-2 curves on some K3 surface
S 0 , and the question is to find S 0 ; the latter might be a Fourier–Mukai partner of S.
– Prove the above conjecture on the nonexistence of smooth LFs with polarization (1, 2).
– Compute the Hodge numbers and the Beauville–Bogomolov form for the three ISVMs P , P 2
(a torsor under P ) and M (obtained by a flop from P ) constructed in [M1]. It is interesting to
compare their cohomology lattices H 2 to those studied by Gritsenko–Hulek–Sankaran. Probably,
these ISVMs will provide some of the lattices studied by these authors with a modular interpretation ; if not, one gets a new type of period domains to study. This question can be extended to
other ISVMs that will be discovered in the work on the previous points of the program.
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