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Description of the proposed project work: numerical study of the small
dispersion limit of the Korteweg-de Vries equation near singular points.
In a previous paper [GK] we have presented a quantitative numerical comparison between
the solution of the Cauchy problem for the Korteweg-de Vries (KdV) equation
ut + 6uux + ǫ2 uxxx = 0,

u(x, 0) = u0 (x),

(1)

in the small dispersion limit ǫ → 0, and the asymptotic formula obtained in the works of Lax
and Levermore [LL], Venakides [V2] and Deift, Venakides and Zhou [DVZ] which describes
the solution of the above Cauchy problem at the leading order as ǫ → 0. The asymptotic
description of [LL], [DVZ] gives in general a good approximation of the KdV solution, but is
less satisfactory near the point of gradient catastrophe of the hyperbolic equation, ut +6uux = 0
[D]. This problem has been addressed by Dubrovin. Furthermore after the point of gradient
catastrophe an oscillatory region is formed and the description of [LL], [DVZ] is not very
satisfactory at the leading and trailing edge of the oscillatory zone. In this project we address
the asymptotic description of the KdV equation in the small dispersion limit at the leading
edge of the oscillatory zone. The asymptotic description is obtained via a special solution of
the Painlevè II equation.
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