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e An equation in 24+ 1. Motivation
e Singular Manifold Method

e Lax pair

e Darboux transformations

e Lumps

e EXxpansion in poles of the eigenfuntion



The system: (Fokas. Inv. Prob. 1994)

my + uw = 0

Ut Ugpre+2umy = 0, —wttwrr+2wmy = 0

e Real version Chakravarty et al, J. Math. Phys. (1995)

Radha and Lakshmanan, J. Math. Phys. (1997). Painlevé property

e Complex version Maccari, J. Math. Phys. (1996)

Porsezian, J. Math. Phys. (1997). Painlevé property



Painlevé test and Singular Manifold Method

e [ he Painlevé test requires that all the solutions of the PDE could
be locally written as:
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u(z1,....2n) = Y uj(21,....2n) [¢(21, ...2n)]? ¢
=0
where a is an integer positive number and ¢(zq,....zn) a totally
arbitrary function.

e Once the Painlevé test has been checked for a given PDE, the Sin-
gular Manifold Method (SMM) allows us to derive Backlund trans-
formations, Lax pair, Darboux transformations and tau-functions
for the PDE.



The Singular Manifold Method

Summary of the results of P.G. Estévez J. Math. Phys.
(1998)

e 1) Truncated expansion
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o(x,y,t) = 0 is the singular manifold



e 2) Useful quantities
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e 3) Singular manifold equations
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e 4) Seed solutions

,(0)

(0

m®

#Il—‘r\)\mwlm

YN
N
S

S

Slererdy

(zr-l-’u-l- )

Aazx BQZ‘$
+ =+

-I— By
—_ Z_
B

)



The above equations can be linearized by introducing two
functions v and ¢ defined as:

wx Px
= 4 7
° Y e
(5-%)
R _
v p
and therefore
L ¢y
A= o,
_ L 1y
B 20 4
g = 1 YPyoy

NORORRE



Iteration procedure

1) For a given seed solution
{1(0) w0 (001 determine its

eigenfunctions v and y

2
Oy —ug™py — (u?) @y =0

Do, — D (w<o>)2u<o>¢: 0

iy + Yoz + 2mEOp = 0

—ipt + oz +2mP o =0




2) The singular manifold can be

determined from ¥ and y as:
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d¢ = Ypdr + u(o)w(m%@y dy + i (p¥z — Ypg) dt I




3) A new solution can be constructed
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Darboux Transformations

Iteration of the eigenfunction: Let ¥, 1 and ¥5, o> be two
different couples of eigenfunctions for the seed Lax pair
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do; = pp;dr + u(o)w(o)%‘,ys&j,y dy + 1 (@j%‘,x — WO;‘,;B) dt




Iteration of the eigenfuntions

We can implement the truncated Painlevé expansion with
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where

1

dS2; ; = Yjpidr + u(o)w(o)wj,y%,y dy + 1 (%%‘,x — %’%,x) dt




Iterated Lax pair

»(1) and ¢(1) are eigenfunctions for the iterated solution
(D) w@) m(DY, It means that they satisfy the Lax pair
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Second iteration

We can iterate again to obtain

(1) (1) (1),,(1)
w2 = @) 1 9oy L2 — 1) _ L o by
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that gives us a second iterated solution
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u? = 40 RO) 01,y (V162 — Y2Q221) + 2,y (Y2d1 — P11 2) —
1 11
w2 = O _ M) h1,y(p1d2 — 92821 2) + Y2y (P21 — ©1£22.1) —

where 7= ¢1¢; = 195 — €21 28221




We can now determine the first and second iteration by using the trivial
seed solution ug =1, wo =1, In this case the Lax pair is:

O =Yjay—¥j, O =Pjay—¥j
0 = 7:wj,t + wj,xxa 0 = _igpj,t + Pij,xx

T he normal modes are:

kjaj, Bj0; and ; are complex constants. P and Q are:
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P(kj) — L — ?—I-szjt, Q(kj) — a:—l—?—l—zk]t
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If we are looking for rational solutions
(lumps), we need a polynomial
expression for the singular manifolds.
Therefore, the exponentials should be

removed by setting n; = kj. Essentially,

there are three different possibilities:



Lumps of type I

*

ap=71=ax=72=1,01 =01 =02=02=0,k =k, ko= -k

Eigenfunctions

hy = eP@ p1 =e "G, Yo =e F Y pp =M
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Real and imaginary part.:
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Singular Manifolds
¢1 = P, ¢o = P*
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and 7 iIs the positive defined expression
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that yields the solution
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Lumps of type II

a1 =01 =Po=mm=1,01=71=ar=0=0,k; =k, ko = —k"

Eigenfunctions




Singular Manifolds
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7 IS the positive defined expression
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Lumps of type III

Eigenfunctions

1 = PP

p1 = e—k’ QP, ¢2 — e—k*Q*P* 0 = ek*Q*P*




Singular Manifolds
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7 1S the positive defined expression
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Expansion in poles

Ablowitz and Villarroel

A third iteration provides:

$§) = y3— % [91,3 (¢1¢2 - ¢292,1> + €203 (¢2¢1 - lel,z)]

that allows us to obtain the second iteration wéQ) of the
eigenfunction through the seed eigenfuntions v, o, 13




For the Lump case
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where 0% and v; are easily determined.



Conclusions

e An equation in 24+ 1 dimensions is presented and the Painlevé test
IS successfully applied.

e The SMM is used to construct Darboux transformations and an
algorithmic method of deriving solutions

e [ he above method is used to obtain rationally decaying solutions
(LUMPS)

e Connection with other methods of obtaining lumps are presented



