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String equations

Systems of constraints for (zq, ma)

(P;(zi,m;) = Po(20,m0),

< i=1,2,.... M,

| Qi(zi, m;) = Qqo(20, mo),

where (P, Qq) are pairs of canonical variables (twistor
data)

{POé(pa SU), QOé(pa CU)} — 17

THEOREM

Let (za(p,t), ma(p,t)) be a solution of a system of
string equations such that

POé(pa t) .= POé(ZOé(pa t)a mOé(pa t))a

QOé(pa t) L= QOé(ZOé(pa t)7 mOé(pa t))a

are meromorphic functions of the complex vari-

able p with finite poles at {q1,...,q)} only. Then
(za(p,t), ma(p,t)) is a solution of the Whitham hi-

erarchy.




Proof. From the hypothesis of the theorem
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Solvable string equations

Given a splitting {1,...,. M} =1UJ, INnJ =, the
system of string equations
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admits solutions verifying the conditions of the above
theorem which can be determined by means of a
system of implicit equations.



Scheme of solution

We introduce the ansatz
No—2
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and look for functions m, of the form
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The system of string equations and the required
asymptotic conditions lead to
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The problem reduces to solving the system

(mozg = E1(p) E2(p),

| Res(my,z; = 00) =tj0, +=1,...M —1.

for the unknowns

(Qia Un, Cny Alp, bkna 6~llna bkn)

in terms of the Whitham times t.



Properties

The r-function is given by
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The solutions are invariant under the symmetries
generated by

Ves= (B Qe P QYY), 1> —1,52>0,
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and satisfy the identities

Z % Za (r $)Ng S'Hdza

ac{0}UI

rs_l_l r—s zj " (S—T)”j r+1 —
‘|‘(_1) r+1n0 ;7{_] (n—]> Z; m; de—O.



Example

M=1,1=0,ng=2,n; =1, Ng= N7 =3
a a b

22 = pPtugt——t—2 55 21 = ——+coterp.
p—q (p—q) p—q

One obtains the system

P 3to3 = c1,

P> 2to2 = co,

ph: to1 + 9t023uo = b1 + c1uo,

p° 9a;t03 — t10 + 2to2uo = aic1 + biq + couo,
(p—q)>: —6b1°t13 = ao,

(p—q)?:  —2b1"(2t12+ 9 (co + c1q) t13) =

a1b1 + a2 (co + c1q),
(p—q) ' —2b1 <t11 + 4 (co + c1q) t12
+9 (C% + 2coc1q + c1b1 + C%QQ) t13> =

azc1 + a1 (co + c1q) + b1 (¢° + wo) ,
and by solving these equations we find
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where ¢q is determined by the implicit equation
At)¢®> + B(t)¢* + C(t)g+ D(t) =0,

A(t) 1= 3toz + 324t03°t13 4+ 8748t03°t132,

B(t) := 54tos’t1o + 324toatoz*t13 + 2916t03 t1ot13
+17496t0ot03 t137,

C(t) := —2to1 + 6tost11 + 24toatostiz + 216t03°t127

+72t02%tost13 — 108to1to3 t13 + 324t03°t11t13 + 3888t0ato3 t1at13
+11664t02°t03°t13°,

D(t) := —2t10 — 12to1tosti2 + +36t03°t11t12

+144tooto3?t12° — T2to1toatost1s — 108to32ti0t13 + 216t0ato3t11t13

+1296t02°t03°t12t13 + 2592t02°t03 t13°.



CONFORMAL MAPS DYNAMICS

Dyater =Simply-connected domain with boundary ~
in the z-plane

z(p)= conformal map : {|p| > 1} — D,;,

Observation

Certain types of deformations of z(p) (or ~) are
governed by integrable systems.




Example (Wiegmann-Zabrodin (2000))

Suppose that ~ is determined by an equation of the
form

z = 5(z),

where S(z) (Schwarz function of ~) is analytic in a
neighborhood of ~.

t := (tg,t1,...) = exterior harmonic moments of ~

S(z) = Z ity 2" 1 —I—t—o—l— Z vn(t).

mn
n>1 Z p>1 F

If the harmonic moments are considered as inde-
pendent parameters, then z = z(p,t) verifies the
dispersionless Toda (dToda) hierarchy.




Algebraic domains

Conformal maps z = z(p) given by rational func-
tions

z(p)—v“p-l-q-l-z +ZZ Yin

i=1n=1 (p—a))™
with K poles a; # O or orders N, inside the unit
circle.

Problem

To characterize integrable deformations of alge-
braic domains




The Schwarz function S = S(z) is given by

S5(z) = 2(p(2)), z€ Dy

where

Z2(p) == 2z(p~1)

= 47+ zunp s z in P

i=1n=1 (1 _paz)n.

S(z) is meromorphic in D,;; with poles at

—~

Zi = z(Zi@), a; .= 1/5,7!

If K > 1 then thereis an infinite number of nonzero
harmonic moments ¢, of ~.



Applications to random matrix models

Partition function of normal matrix models in terms
of eigenvalues:

2= [TLJei = F 5GP o,

1>]

W(z,2) i= =22+ V(2) + V(z) (Potential)

In the large N limit (N — oo, AN fixed) the eigen-
values densely occupy a domain D in the complex
plane (support of eigenvales)

Saddle point approximation:

[ dz’ /\dz
2=V Z”%//D -

|z € D = Dyater-

For algebraic domains

V2(z) = > _Principal parts of S(z) at oo, Z1,...,2Zk




DYNAMICS OF ALGEBRAIC DOMAINS

From

2(p) =rp+a+ Z +Z Z

i=1ln=1 (p_ aZ)n
we generate solutlons of a Whitham hierarchy
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By introducing the change of variable

Pnew = T Poiq “= T Potd + 4,

we have
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and z(p) and z(p) become rational functions with
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Whitham variables
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Whitham times are introduced by imposing the

asymptotic conditions

Time parameters
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EXAMPLES

1) K =0 (WH7)

No poles inside the unit circle (except p = 0)

Un,

No
(W) =rp+a+ Y 2
n=17P

e S = S5(z) is holomorphic in D,;.
e z(p,t) satisfies the dToda hierarchy.

e T he r-function reduces to the Wiegmann-Zabrodin
expression

1 _ t3
2logT = — Z (2 — n)(tnvn + Tn Un) + tovg — -2,
27121 2



multicusp solutions




2) K =1 Aircraft wing (W H3)

z(p) =rp+q+
p—ay
3) K =2 Double wing (W Hg)
dp)=rp+at—t 42
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ASSOCIATED NORMAL MATRIX MODELS

Z

2(p) =rp+aq+ Z +Z S o

1=1 n=1

Dyson picture

Partition function of a 2D Coulomb plasma

(ZN:/ e_E'(Z]_,...,Z]\[)]i[dzj7
J

1
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W(z) =—-2z24+V(2) +V(z) External field energy




z-plane

support of
eigenvalues

V.(z) = > _Principal parts of S(z) at oo, Z1,...,Zk.

e Each point Z; represents an external electro-
static source with a finite multipole expansion
up to the order N;.

e Positions, charges and multipole moments are
functions of Whitham times.



Example

For a third-order pole Z;

M, M;o
V(iz) =0Q;:l0og(z — Z; ! !
where
Z; = —ti3, Q; = —to,
2.
M;1 = —3 ti1 132,
2
Mo = —t?z



Examples

Interpretation

point charge

point charge—dipole

point charge—4dipole

M)
—I—(Z_Z§)2 +quadrupole

~ 1 ~
Z; = —t1, QZ( ) = —t;0,

- 2 - 2 1.
ZZ — _t227 QZ( ) — _tan MZ(]_) — _Ztizla

~ 3 ~ 3 2.
Z; = —1;3, QZ( ) = —1;0, Mz-(l) — _gtiltz’Qa




