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WHITHAM HIERARCHIES (WHM)

∂zα

∂tµn
= {Ωµn, zα}, α = 0, . . . M.

zα(p)=Sato functions= local coordinates near

M + 1 punctures qα (q0 := ∞) in the p-plane
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∑

n=1

d0n

pn
, α = 0,
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+

∞
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• Time parameters

t := (tαn), n ≥ 0, t00 := −
M
∑

i=1

ti0

• Poisson bracket

{F, G} :=
∂F

∂p

∂G

∂x
−

∂F

∂x

∂G

∂p
, x := t01.

• Hamiltonians

Ωαn :=















(zn
α)(α,+), n ≥ 1,

− log(p − qi), n = 0.

• mα = Orlov functions

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{zα, mα} = 1, ∀α,

∂mα
∂tµn

= {Ωµn, mα},

mα(zα, t) =
∑∞

n=1 ntαnzn−1
α + tα0

zα
+

∑

n≥2
vαn
zn
α

,



String equations

Systems of constraints for (zα, mα)














Pi(zi, mi) = P0(z0, m0),

Qi(zi, mi) = Q0(z0, m0),

i = 1,2, . . . , M,

where (Pα, Qα) are pairs of canonical variables (twistor

data)

{Pα(p, x), Qα(p, x)} = 1,

THEOREM

Let (zα(p, t), mα(p, t)) be a solution of a system of

string equations such that

Pα(p, t) := Pα(zα(p, t), mα(p, t)),

Qα(p, t) := Qα(zα(p, t), mα(p, t)),

are meromorphic functions of the complex vari-

able p with finite poles at {q1, . . . , qM} only. Then

(zα(p, t), mα(p, t)) is a solution of the Whitham hi-

erarchy.



Proof. From the hypothesis of the theorem

dzα ∧ dmα = dPα ∧ dQα, ∀α,

dzα ∧ dmα = dzβ ∧ dmβ, ∀α, β,

dzα ∧ dmα =
M
∑

µ=0

(dzµ ∧ dmµ)(µ,+), ∀α.

The terms in these decompositions can be found

by using the expansions of the functions mµ

(dzµ ∧ dmµ)(µ,+)

= d

( ∞
∑

n=1

(zn
µ)(µ,+)dtµn − (1 − δµ0) log(p − qµ)dtµ0

)

= d

(

∑

n
Ωµndtµn

)

.

Thus we find

dzα ∧ dmα = d

(

∑

µ,n
Ωµndtµn

)

, ∀α,



Solvable string equations

Given a splitting {1, . . . , M} = I ∪ J, I ∩ J = ∅, the

system of string equations

i ∈ I
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


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

z
ni
i = z

n0
0

1

ni

mi

z
ni−1
i

=
1

n0

m0

z
n0−1
0

,

j ∈ J


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















−
n0

nj

mj

z
nj−1
j

= z
n0
0

z
nj
j =

m0

z
n0−1
0

.

admits solutions verifying the conditions of the above

theorem which can be determined by means of a

system of implicit equations.



Scheme of solution

We introduce the ansatz

zn0

0 = zni

i = E1(p) := pn0 +

n0−2
∑

n=0

unpn

+
∑

l∈I

nl
∑

n=1

aln

(p − ql)n
+

∑

k∈J

Nk−nk
∑

n=1

bkn

(p − qk)n
, ∀i ∈ I,

z
nj

j = E2(p) :=

N0−n0
∑

n=0

cnpn

+
∑

l∈I

Nl−nl
∑

n=1

ãln

(p − ql)n
+

∑

k∈J

nk
∑

n=1

b̃kn

(p − qk)n
, ∀j ∈ J,

and look for functions mα of the form

mα(z, t) =

Nα
∑

n=1

ntαnzn−1
α +

tα0

zα
+

∑

n≥2

vαn

zn
α

,

The system of string equations and the required
asymptotic conditions lead to

mizi =
ni

n
m0z0, mjzj = −

nj

n
m0z0, ∀i ∈ I, j ∈ J,

m0z0 =

N0
∑

n=1

nt0n(z
n
0)(0,+) + t00 +

∑

i∈I

n0

ni

Ni
∑

n=1

ntin(z
n
i )(i,+)

−
∑

j∈J

n0

nj

Nj
∑

n=1

ntjn(z
n
j )(j,+),



The problem reduces to solving the system















m0z0 = E1(p)E2(p),

Res(mi, zi = ∞) = ti0, i = 1, . . . M − 1.

for the unknowns

(qi, un, cn, aln, bkn, ãln, b̃kn)

in terms of the Whitham times t.



Properties

The τ-function is given by

2 log τ =
∑

α

∑

n≥0

tαnvαn+1 −
∑

j∈J

t2j0

2nj
−

∑

j∈J

1

nj

∑

n≥1

n tjnvjn+1.

The solutions are invariant under the symmetries

generated by

Vrs = (P r+1
0 Qs+1

0 , . . . , P r+1
M Qs+1

M ), r ≥ −1, s ≥ 0,

and satisfy the identities

∑

α∈{0}∪I

∮

Γα

(zα

nα

)s
z(r−s)nα

α ms+1
α dzα

+ (−1)rs + 1

r + 1
nr−s

0

∑

j∈J

∮

Γj

(zj

nj

)r
z
(s−r)nj

j mr+1
j dzj = 0.



Example

M = 1, I = ∅, n0 = 2, n1 = 1, N0 = N1 = 3

z2
0 = p2+u0+

a1

p − q
+

a2

(p − q)2
, z1 =

b1
p − q

+c0+c1p.

One obtains the system

p3 : 3t03 = c1,

p2 : 2t02 = c0,

p1 : t01 +
9t03u0

2
= b1 + c1u0,

p0 :
9a1t03

2
− t10 + 2t02u0 = a1c1 + b1q + c0u0,

(p − q)−3 : −6b1
2t13 = a2,

(p − q)−2 : −2b1
2 (2t12 + 9(c0 + c1q) t13) =

a1b1 + a2 (c0 + c1q) ,

(p − q)−1 : −2b1

(

t11 + 4(c0 + c1q) t12

+9
(

c20 + 2c0c1q + c1b1 + c21q
2
)

t13

)

=

a2c1 + a1 (c0 + c1q) + b1
(

q2 + u0

)

,

and by solving these equations we find



z2
0 = p2

−
2

(

qt01 + t10 + 6t01t03t12 + 36t01t02t03t13 + 54qt01t032t13
)

3t03
(

q + 6t03t12 + 36t02t03t13 + 54qt032t13
)

+
4t10 (t12 + 6t02t13 + 9qt03t13)

(p − q)
(

q + 54qt032t13 + 6t03 (t12 + 6t02t13)
)

−
6t102t13

(p − q)2
(

q + 54qt032t13 + 6t03 (t12 + 6t02t13)
)2

,

z1 = −
t10

(p − q)
(

q + 6t03t12 + 36t02t03t13 + 54qt032t13
)

+2t02 + 3pt03,



where q is determined by the implicit equation

A(t)q3 + B(t)q2 + C(t)q + D(t) = 0,

A(t) := 3t03 + 324t03
3t13 + 8748t03

5t13
2,

B(t) := 54t03
2t12 + 324t02t03

2t13 + 2916t03
4t12t13

+17496t02t03
4t13

2,

C(t) := −2t01 + 6t03t11 + 24t02t03t12 + 216t03
3t12

2

+72t02
2t03t13 − 108t01t03

2t13 + 324t03
3t11t13 + 3888t02t03

3t12t13

+11664t02
2t03

3t13
2,

D(t) := −2t10 − 12t01t03t12 + +36t03
2t11t12

+144t02t03
2t12

2 − 72t01t02t03t13 − 108t03
2t10t13 + 216t02t03

2t11t13

+1296t02
2t03

2t12t13 + 2592t02
3t03

2t13
2.



CONFORMAL MAPS DYNAMICS

p-plane

unit circle

q

z-plane
Doil

γDwater

Dwater =simply-connected domain with boundary γ

in the z-plane

z(p)= conformal map : {|p| > 1} → Doil,

z(p) = r p +
∞
∑

n=0

dn

pn
, p → ∞, r > 0,

Observation

Certain types of deformations of z(p) (or γ) are

governed by integrable systems.



Example (Wiegmann-Zabrodin (2000))

Suppose that γ is determined by an equation of the

form

z̄ = S(z),

where S(z) (Schwarz function of γ) is analytic in a

neighborhood of γ.

t := (t0, t1, . . .) = exterior harmonic moments of γ

S(z) =
∑

n≥1

n tn zn−1 +
t0
z

+
∑

n≥1

vn(t)

zn
.

If the harmonic moments are considered as inde-

pendent parameters, then z = z(p, t) verifies the

dispersionless Toda (dToda) hierarchy.



Algebraic domains

Conformal maps z = z(p) given by rational func-

tions

z(p) = r p + q +

N0
∑

n=1

un

pn
+

K
∑

i=1

Ni
∑

n=1

ui,n

(p − ai)
n
,

with K poles ai 6= 0 or orders Ni inside the unit

circle.

p-plane

unit circle

q

z-plane
Doil

γDwater
aa

a

a

a
1 2

K

Problem

To characterize integrable deformations of alge-

braic domains



The Schwarz function S = S(z) is given by

S(z) = z̄(p(z)), z ∈ Doil.

where

z̄(p) := z(p̄−1)

=
r

p
+ q̄ +

N0
∑

n=1

ūn pn +
K
∑

i=1

Ni
∑

n=1

ūi,n pn

(1 − pāi)
n
.

S(z) is meromorphic in Doil with poles at

Zi := z(ãi), ãi := 1/āi.
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unit circle

q

z-plane Doil

γDwater
aa

a

a

a
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Z

1

Z

Z

K

K

2

a2

a

a1

K

If K ≥ 1 then there is an infinite number of nonzero

harmonic moments tn of γ.



Applications to random matrix models

Partition function of normal matrix models in terms

of eigenvalues:


























ZN =
∫

∏

i>j

|zi − zj|
2 e

1
~

∑

j W(zj,z̄j)
∏

j

dzj,

W (z, z̄) := −zz̄ + V (z) + V (z) (Potential)

In the large N limit (N → ∞, ~N fixed) the eigen-

values densely occupy a domain D in the complex

plane (support of eigenvales)

Saddle point approximation:























z̄ = Vz(z) +
1

2πi

∫∫

D

dz′ ∧ dz̄′

z′ − z
,

z ∈ D = Dwater.

For algebraic domains

Vz(z) =
∑

Principal parts of S(z) at ∞, Z1, . . . , ZK



DYNAMICS OF ALGEBRAIC DOMAINS

From

z(p) = r p + q +

N0
∑

n=1

un

pn
+

K
∑

i=1

Ni
∑

n=1

ui,n

(p − ai)
n
,

we generate solutions of a Whitham hierarchy

WH2K+1.

.

By introducing the change of variable

pnew = T pold := r pold + q,

we have

z(p) = p + O(1/p), p → ∞.

and z(p) and z̄(p) become rational functions with

poles at

q1 := q, qi+1 := T ai,

and

q1 := q, q̃i+1 := q +
r2

qi+1 − q
,

respectively (i = 1, . . . , K).



Whitham variables


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

























































z0 = z, m0 = z̄, (q0 = ∞)

z1 = z̄, m1 = −z, (q1)

zi+1 = z1/Ni, mi+1 = Ni z
Ni−1
i+1 z̄, (qi+1)

z̃i+1 = z̄1/Ni, m̃i+1 = −Ni z̃
Ni−1
i+1 z, (q̃i+1)

String equations

I type



























z
Ni
i+1 = z0,

1

Ni

mi+1

z
Ni−1
i+1

= m0

J type



















































z1 = m0, m1 = −z0



























z̃
Ni
i+1 = m0,

−
1

Ni

m̃i+1

z̃
Ni−1
i+1

= z0

.



Whitham times are introduced by imposing the

asymptotic conditions

Time parameters















































































































m0 =

N0+1
∑

n=1

nt0,nzn−1
0 +

t0,0

z0
+ · · ·

m1 =

N0+1
∑

n=1

nt1,nzn−1
1 +

t1,0

z1
+ · · ·

mi+1 =
Ni
∑

n=1

nti+1,nzn−1
i+1 +

ti+1,0

zi+1
+ · · ·

m̃i+1 =

Ni
∑

n=1

nt̃i+1,nz̃n−1
i+1 +

t̃i+1,0

z̃i+1
+ · · ·

and

t1,n = −t̄0,n, t̃i+1,n = −t̄i+1,n.



EXAMPLES

1) K = 0 (WH1)

No poles inside the unit circle (except p = 0)

z(p) = r p + q +

N0
∑

n=1

un

pn
.

• S = S(z) is holomorphic in Doil.

• z(p, t) satisfies the dToda hierarchy.

• The τ-function reduces to the Wiegmann-Zabrodin

expression

2 log τ =
1

2

∑

n≥1

(2− n)(tn vn + t̄n v̄n) + t0 v0 −
t20
2

,



multicusp solutions



























z = r p +
N t̄N rN−1

pN−1
,

N2(N − 1)tN t̄Nr2(N−1) − r2 + t0 = 0.

N=10:



2) K = 1 Aircraft wing (WH3)

z(p) = r p + q +
u

p − a1
,

3) K = 2 Double wing (WH5)

z(p) = r p + q +
u1

p − a1
+

u2

p − a2
.



t01 = q −
u1

a1

−
u2

a2

,

t10 = r(
ū1

ā2
1

+
ū2

ā2
2

− r),

t21 = q̄ +
r

a1

−
ū1a1

|a1|2 − 1
−

ū2a1

a1ā2 − 1

t20 = −
ru1

a2
1

+
|u1|2

(|a1|2 − 1)2
−

u1ū2

(a1ā2 − 1)2
,

t31 = q̄ +
r

a2
−

ū2a2

|a2|2 − 1
−

ū1a2

a2ā1 − 1
,

t30 = −
ru2

a2
2

+
|u2|2

(|a2|2 − 1)2
−

u2ū1

(a2ā1 − 1)2
.

The area of Doil is given by A = t10 + t20 + t30.



ASSOCIATED NORMAL MATRIX MODELS

z(p) = r p + q +
N0
∑

n=1

un

pn
+

K
∑

i=1

Ni
∑

n=i

ui,n

(p − ai)
n
,

Dyson picture

Partition function of a 2D Coulomb plasma



























































ZN =

∫

e−E(z1,...,zN)
∏

j

dzj,

E := −
∑

i>j

log |zi − zj|
2 −

1

~

∑

j

W (zj) Energy,

W (z) = −zz̄ + V (z) + V (z) External field energy



z-plane

γ

aa

Z

1

2
Z

Z

K

support of

eigenvalues

Vz(z) =
∑

Principal parts of S(z) at ∞, Z1, . . . , ZK.

• Each point Zi represents an external electro-

static source with a finite multipole expansion

up to the order Ni.

• Positions, charges and multipole moments are

functions of Whitham times.



Example

For a third-order pole Zi

V (z) = Qi log(z − Zi) +
Mi1

z − Zi
+

Mi2

(z − Zi)
2

where

Zi = −t̃i3, Qi = −t̃i0,

Mi1 = −
2

3
t̃i1 t̃i2,

Mi2 =
2

9
t̃3i2.



Examples

Ni V (z) Interpretation

1 Q
(1)
i log(z − Zi) point charge

2 Q
(2)
i log(z − Zi) +

M
(2)
i1

z−Zi
point charge+dipole

3 Q
(3)
i log(z − Zi) +

M
(3)
i1

z−Zi
point charge+dipole

+
M

(3)
i2

(z−Zi)
2 +quadrupole

Zi = −t̃i1, Q
(1)
i = −t̃i0,

Zi = −t̃i2, Q
(2)
i = −t̃i0, M

(2)
i1 = −

1

4
t̃2i1,

Zi = −t̃i3, Q
(3)
i = −t̃i0, M

(3)
i1 = −

2

3
t̃i1t̃i2,

M
(3)
i2 =

2

9
t̃3i2.


